Prednaska 2

Optimalizacné metddy pre funkcie
1 -premennej

Studujme realnu funkciu 1-premenne;
f:R>R

Nasou ulohou bude rieSit  nasledujtcu
optimaliza¢nu ulohu

Xt = arg min f (X)
Tato uloha moze byt rieSend mnohymi metddami,
v tejto prednaske si ukdZzeme niektoré z tychto
metod

1. Newtonova (a Raphsonova) metoda

Povodna verzia tejto metddy bola navrhnutd pre
rieSenie rovnice f(X)=0, t.j. h'adanie korenov tejto
rovnice. Bude pouzita pre rieSenie rovnice f'(X)=0.

Matematika | pre PGS, Prednaska 2 1



(a) Jednoduché odvodenie Newtonovej metody.
Nech riesenie f(X)=0 je vyjadrené v tvare X=X,+0,
dosadenim do pdvodnej rovnice dostaneme
f(x,+0)=0. Aplikovanim Taylorovho rozvoja
dostaneme
f(%)+f'(%)d+..=0

RieSenim tejto rovnice dostaneme priblizny vyraz
pre "vychylku" o

Potom riesenie x vyjadrime takto
f (%)
4

F'(%)

Tato formulu moézeme interpretovat’ tak, Ze jej
pouzitim zostrojime nové riesenie X;, toto rieSenie
budeme povazovat’ za vstupne, ¢iZe pomocou neho
zostrojime nove riesenie Xp, atd’. Tuto skutoCnost’
vyjadrime pomocou rekurentnej formule

X~ X, —

X1 = X, —M (prek=0,1,2,...)
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Opakovanym rieSenim tejto rovnice dostaneme
postupnost’ bodov
{Xk}k=1

Budeme hovorit, ze Newtonova metdda
konverguje, ak postupnost’ je konvergentna a jej
limita je rieSenim rovnice f(x)=0

limx, =x", kde f(x")=0

k—o0

(b) Geometricka interpretacia Newtonovej
metody. Newtonova metéda ma jednoduchu
geometrickll interpretdciu  pomocou postupnosti
doty¢nic ku grafu funkcie f(X)

A
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Dotyc¢nica v bode X, je urena rovnicou

Y T) (s,

Jednoduchymi tipravami dostaneme
y=f(x)+ (% )(x=x,)

PrieseCnik X; dotyCnice s osou x je uréeny

podmienkou y=0

&:x-—f(&)

TF(%)

Tato formula je totoZznd s rekurentnou formulou
odvodenou pomocou Taylorovho rozvoja.
Pomocou geometrickej interpretdcie  l'ahko
"dokazeme" nasledujicu vetu o konvergencii
Newtonove] metddy.
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Veta. Nech funkcia f(X) je definovana na intervale
<a,b>, pricom na tomto intervale je 2-krat
diferencovatelna a plati f(a)f(b)<0. Newtonova
metdda je konvergentna ak plati jedna z
nasledujucich 4 podmienok

(1) f(a)<f(b) A f'(X)>0 A X,=D, alebo
(2) f(a)<f(b) A f'(X)<0 A X,=a, alebo
(3) f(a)>f(b) A f'(X)>0 A X,=a, alebo
(4) f(a)>f(b) A f'(X)<0 A X,=a.

Jednotlivé podmienky maji tuto geometrick

interpretaciu
/ G i / e

(1) (2)

\ : \\ :
a\ b a \b

(3) (4)
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2. Modifikacia Newtonovej metody k hPadaniu
minima funkcie

Newtonova metoda bude pouzita k rieSeniu
rovnice f'(X)=0, tj. budeme hladat’ stacionarne
body funkcie f(x). Rekurentnd formula ma potom
tvar

(pre K = 0,1,2,...)

Za predpokladu, ze iteracne¢ rieSenie tejto formule
konverguje, potom postupnost’ bodov

{Xk }::1
konverguje k stacionarnemu bodu X*, kde f'(x)=0.
Znamienko  druhej derivacie f'(X")  bude
rozhodovat’ o tom, €1 sa jedna o minimum alebo o
maximum. Iteracné¢ rieSenie sa koncCi ak pre
existuje také K, ze pre Vk>K plati
‘Xk+1 - Xk‘ <€

kde € je dan¢ kladné malé Cislo.
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Algoritmus Newtonovej metody k najdeniu
stacionarneho bodu funkcie

read(X, e, Kpax) ;
norm:=w; k:=0;
while (norm>g) and (k<k,ax) do
begin k:=k+1;
X" 1=xX-F"(X)/T""(X);
norm:=abs(x-x");
XI=X";
end;
write(X,fF(X),F (X)), " (xX));

Matematika | pre PGS, Prednaska 2



3. Numericky vypocet derivacii funkcie
Z definicie prvej] derivacie mozZeme zostrojit

nasledujuce dva priblizn¢ vyrazy pre vypocet prvej
derivacie funkcie f(X) v bode X,

f(x,+h)—f(x,)

fix) =L =T00) g ()
(%)~ f(x")_;(x"_h)+o(h)

kde h je malé kladné ¢islo a symbol 0o(h) znamena,
ze chyba vypoctu je prvého radu (vzhl’adom k h).
Chyba vypoctu o(h) mdéze byt jednoducho uréena
pomocou Tazlorovho rozvoja

0, (h)= %f”(xo)h+%f’”(xo)h2+...
o (h) :_% f”(xo)h+% £7(x, )0 + ...
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Aritmetickym priemerom dvoch formuli pre prva
derivaciu dostaneme

(x,) ~ f(x0+h)2—hf (XO_h)+o(h2)

kde kvadraricka chyba o(h) je ur¢end pomocou
tretej derivacie f(X) v bode X,

o(h?) :% £7(x, ) + .

Takto zostrojeny vyraz pre numericky vypocet
derivacie je vhodnejsi, ako predchadzajuci,,
pretoze jeho presnost’ je kvadraticka na rozdiel’ od
linearnej presnosti povodného vyrazu.

Vyraz pre numericky vypocet druhej derivacie
moze byt’ zostrojeny ako derivacia prvej derivacie

f7(x,) ~ f(xo—h)—th(2x0)+ f (xo+h)+0(h2)
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4. Metoda kvadratickej interpolacie

Tato metdoda patri medzi tie pristupy k
optimalizacii  funkcii l-premennej,  ktoré
nepozaduju vypocet derivacie, su zaloZené len na
vypocte hodnoty funkcie.

Majme tri body X;, X; a X3, funkéné hodnoty f(X) v
tychto bodoch su

F1=f(X1), Fzzf(X2) a F3:f(X3)
Nech
¢(x)=ax’ +bx+c

je kvadraticka parabola, ktorej koeficienty a, b a C
su urcené tak, aby jej funkéné hodnoty v bodoch
X1, X a X3 boli totoZzné¢ s funkénymi hodnotami
funkcie f(x) v tychto bodoch

o(x)=ax +bx, +c=F

o(x,)=ax; +bx, +c=F,

o(x,)=ax; +bx, +c=F,
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to znamena, ze koeficienty paraboly st urcCené
systémom linedrnych rovnic, postupnym rieSenim
dostaneme

Fox 1
F, x, 1
o F, X 1 B
e ox 1]
1 1
X, X, 1
X; X 1

_ F (%=X )+ F (% =% )+ F (X —X,)
XX (X, =X )+ X X (X5 = X )+ X%, (X, — X))

Ak pozname hodnotu koeficieta a, potom prvé dve
rovnice systému mozeme upravit do tvaru v
ktorom st nezname koeficienty bac

bx, + c= F, — ax?
bx, + c= F, — ax;
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RieSenim tohto systému dostaneme koeficient b

F-ax’ 1
. F, —ax’ 1| _ FZ—Fl—a(xf—xf)
X 1 X=X
X, 1

Konecne, poznajuc koeficienta a a b , koefient C je
urceny prvou rovnicou takto

2
c=F —ax —bx,

Tymto spésobom mame plne urCenu parabolicku
funkciu o@(X) , tato funkcia ma stacinarny bod
ur¢eny podmienkou ¢'(X)=0

y =L

Y 2a
Charakter tohto stacionarnecho bodu je urceny
znamienkom 2. derivacie

¢"(x)=2a
To znamena, Ze ak a>0, potom parabola @(X) ma v

bode X4 , ak a<0, potom parabola ma v tomto bode
maximum.
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Optimalizacna metdda kvadratickej interpola-cie je
zaloZzena na tom, Ze postupne (rekurentne)
obnovujeme body X;, X3, X3 a X4 podl'a schémy

b
Xl(—Xz,XZ(—X3,X3(—X4aX4(——2—a

Algoritmus je ukonceny, ak plati napr.
X, —x,|<e

kde € je malé kladné ¢islo (presnost).

Geometricka interpretacia optimalizacnej
metody kvadratickej interpolacie

A

\

(P(X},"
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Algoritmus metody kvadratickej interpolacie k
najdeniu stacionarneho bodu funkcie

read(X].’XZ,S’kmaX);
X3:=0.5*(X1+X5);

norm:=owo; k:=0;

Fi:=F(X1); F:=F(X); F3:=F(X3);
while (k<kmax) and (norm>g) do
begin k:=k+1;

calculate a and b;
X4:==b/(2*%a); F;i:=F(X4);
norm:=abs(X3-X4);
X1-=Xo, Xo-.=X3, X3-=Xy,
Fii= Foi=F3; F3:=F4;
end;
write(Xs,Fs,a);
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Quickpropagation Algorithm
for Adaptation Process of
Feed-Forward Neural Networks

Basic reference:

Scott E. Fahlman: An Empirical Study of Learning Speed in
Back-Propagation Networks. School of Computer Science,
Carnegie Mellon University, Pittsburgh, September 1988.
Technical Report CMU-CS-88-162.

Note: In many textbooks on neural networks this algorithm is
discussed as a simple alternative to the commonly used
steepest-descent algorithm accelerated by momentum term.

The manuscript of this famous paper is still available on
anonymous FTP server:

ftp://ftp.funet.fi/pub/sci/neural/
neuroprose/fahlman.quickprop-tr.ps.Z
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Simple derivation of quickpropagation algorithm
Two independent derivations are presented:

(1) Simplification of Newton's method
(2) An optimization of quadratic function

1. Simplification of Newton's optimization method
Let is consider a function f:R—R, which has the first and
second derivatives for all xeR. A solution of optimization
problem can be found by an iterative application of the
recurrent formula

N N f(xy)
kt1 — K = g 70 N
F(x)
A solution Xopt = lim x, (postulating that it exists) is a local
k—o0

minimum if f'(Xep)=0 and "' (Xop)>0.
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The second derivative f'(X) may be approximated by

fr(x,)—f'(x,_
-frr(xk)z ()IZ)_X ( Kk 1)
k k-1

An introduction of this approximate formula for the evaluation
of the second derivative into Newton's recurrent formula gives

f'(x)
Fr(xep) = F/(X)

Risr = Xy T (X = Xi-1)

This recurrent formula can be used in a similar way as
Newton's formula for looking for local extremes of functions
that are at least one-times differentiable.
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2. An optimization of quadratic function
Let us consider a quadratic function

f(x)=ax”+bx+c

where a,b,c are constants. Its first derivative is simply

determined by
f'(x)=2ax+b
For two different points we have prescribed values of first

derivatives
2ax, +b = f'(x,)
2ax, +b=f'(x,)

This means that constants a and b are determined by above
system of linear equations, we get

f ’(Xz)_ f ’(Xl) b= Xzf ’(Xl)_xlf ,(Xz)

2(X, = X;) Xy, =X
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A global minimum of the above quadratic function is
determined by

b _ le '(Xz)_xzf ’(Xl)

f' (X, )=0=X,,, =—
(o) =0 2o == 2 = ) ()

After simple algebraic manipulations it can be rewritten in a
form as follows

f'(x,)
f ’(Xl)_ f ’(Xz)

We see that for quadratic functions the used approach gives
immediately after one step correct solutions, for other than
quadratic functions this formula can be generalized to the
following recurrent form

X3 :Xopt =X, + (XZ_XI)

fr(x,)
(%)= /() Xk

The derived recurrent formula is fully identical to those one
derived by a simple modification of the standard Newton's
recurrent formula.

Xiy1 = X T

Note: The method is finished if a difference between two last
solutions is smaller than a prescribed precision &.
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f(x)=

12

[\ o))

Illustrative example

1

Quickpropagation method:

iteration # 1
iteration # 2
iteration # 3
iteration # 4
iteration # 5

x;= 1.000000
x;=2.000000
x;=0.765035
x;=0.742299
x;= 0.739103

Newton's method:

iteration # 1
iteration # 2
iteration # 3
iteration # 4

x;= 1.000000
x;=0.750364
x;=0.739113
x;= 0.739085

0.4
0.2

5 x> —sinX, Xgy =0.73908

/

0.5
-0.2

-0.4

X,=2.000000
X,=0.765035
X,=0.742299
x,=0.739103
X,= 0.739085

x,=0.750364
X,=0.739113
Xo= 0.739085
Xo=0.739085

1 1.5 2

x3= 0.765035
x3=0.742299
x3=0.739103
x3=0.739085
x3= 0.739085
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