2. prednaska

Per ceptron




1. Uvodné poznamky

o Logicky neuron McCullocha a Pittsa nie je schopny ucenia, jcho parametre
(vdhové a prahove koeficienty) su pevne nastavene tak, aby neurdn
vykonaval pozadovanu Boolovu funkciu (logicku spojku alebo konjuktivnu
klauzulu). Podobne, neur6nové siete zostrojené ztychto neurdénov su
navrhnute tak, aby taktieZ vykonavali Boolovu funkciu vSeobecného tvaru.
KonStrukcia neurdnovej siete ma ,,stavebnicovy charakter®, pouzivame
vopred dané neurdny s pozadovanymi vlastnostami, neSuréonoveé siete sa
neucia (neadaptuj) tak, aby vykonavali pozadovani Boolovu funkciu.

e A7 zasluhou Franka Rosemblatta bolo zahrnuté ucenie do konStrkcie
neuronu typu McCullocha a Pittsa, vahove koeficienty a prahové koeficienty
boli pokladané za premenné parametre ,,modelu®, ktoré sa nastavia procesom
ucenia.
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Frank Rosenblatt (1928 - 1969)
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Rosenblattova predstava o perceptrone

projekcna
area o
asociacnd

informacny tok

Oblast’, kde sa premieta optickym systémom oka pozorovany objekt, sa nazyva sietnica. T4 prenasa

binarne hodnoty do vrstvy nazyvanej projekcna area, kde sa binarne kodovany obraz numericky
predspracovava. Spoje medzi sietnicou a projekénou oblastou si pevné a neadaptabilné. Spoje do
druhej vrstvy (asociaCnej arey) a tieZ aj do tretej vrstvy (odozvova area) su stochasticky generované.
Zakladnym cielom adaptacného procesu perceptronu je nastavit’ vahoveé koeficienty spojov tak, aby

aktivity neurénov z tretej vrstvy (odozvova oblast) spravne klasifikovali obraz dopadajuci na
sietnicu.

® F. Rosenblat, The perceptron: A probabilistic model for information storage and organization in the brain,
Psychological Review 65 (1958), 386-408.

® F. Rosenblatt, Principles of Neurodynamics. Spartan Books, Washington D.C., 1962.
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Rosenblattov perceptron

vstupne
neurony

1 (£20)

> WX +8j, S(é)={

0 (inag)

Poznamka: Vahoveé koeficienty w; a prahovy koeficient 3 st realne premenné
parametre.
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Minského a Papertova predstava o perceptrone
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Perceptron obsahuje dve vrstvy. V prvej vrstve st vstupné neurdny, pomocou ktorych sa binarne
kéduje obrazok na "sietnici" perceptronu. Druhd vrstva obsahuje len jeden (vystupny) neurdn,
ktorého binarna aktivita koduje pismeno zo sietnice oka. Ak je toto pismeno "L", potom pozadovana
vystupna aktivita je jednotkova, v opaCnom pripade, pre vSetky ostatné pismena je vystupna aktivita
nulova. Kazdy spoj z i-tého vstupného neurénu do vystupného neurénu je ohodnoteny vahovym
koeficientom w;. Vystupny neur6dn je ohodnoteny prahom 3. (B) Formdalne vyjadrenie perceptronu

ako dvojvrstvovej neurénove;j siete.
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Rosenblatt’s per ceptron algorithm

A training example oo is an ordered pair (xk ,S/k), where xi=(Xik,Xok,...,Xnk) 1S a
pattern vector and Y, =0 or 1 (depending on the required output of the neuron for
input pattern xy).

A training set o%/is simply a set of training examples, oo/~={ c%}. Let

oof = oof "Uees
oot = {xy ; %= (xi, Y, )e o/and Y,=1}
oo/ = X5 0% = (i, Y )€ o/ and Y, =0}

For a given training set ¢ a learning task consists in finding a weight vector w* and a threshold
3 so that

Vx, eA w*-x, +9>0

Vx, eA’ w* -x, +9<0
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L earning algorithm
Let c24=(xx,Y,) be an example from the training set. Let w=(W;,W,,...,W,) and 9 be the current values
of weights and threshold of the neuron. For a pattern x; we calculate a potential of neuron

S = WX+ 9

An output activity of the neuron 1s determined by

=

{1 (if &, > 0)

0 (otherwise)

The weights and threshold are updated with respect to the example co4=(x;, S/k) as follows (Hebbian

learning)
Woaw = Waa + ATk = Vi),

8new — 8oId + }\‘(yk _ yk)

This process is repeated until all examples of the training set are correctly interpreted, i.e. the
required output activity ¥,1s equal to the calculated output activity y. Parameter A>0 is called the
lear ning rate.
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| [lustrative example

For better understanding, the above percetron algorithm will be illustrated by
simple example. Let us have a training set composed of four examples (Boolean

OR function)

Example Xy X | X y
oA 1 0/0]0
ot 1 011
s 1 1,01
e/ 1 1]1]1

The weight vector is determined by w=(3,w;,W,) and the pattern vector should be

as x=(1,X;,%;). Single iteration steps of the preceptor algorithm for A=1 are
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Step O (initialization). w=(0,0,0).

Step 1. example & is selected, &=w-x;=(0,0,0)-(1,0,0)=0, y;=0=Y,, w is not updated.
Step 2. example &, is selected, &,=w-x,=(0,0,0)-(1,0,1)=0, y,=0=Y, .

Step 2'. w=(0,0,0)+(1-0)(1,0,1)=(1,0,1).

Step 3. example &; is selected, &=w-x;=(1,0,1)-(1,1,0)=1, y;=1=Y,, w is not updated.
Step 4. example &, is selected, E,~w-x,=(1,0,1)-(1,1,1)=2, y,=1=Y,, w is not updated.
Step 5. example & is selected, &=w-x;=(1,0,1)-(1,0,0)=1, y;=12Y,.

Step 5'. w=(1,0,1)+(0-1)(1,0,0)=(0,0,1).

Step 6. example &, is selected, &E;=w-x,=(0,0,1)-(1,0,1)=1, y,=1=Y,, w is not updated.
Step 7. example &; is selected, &;=w-x3=(0,0,1)-(1,1,0)=0, y;=0=Y,.

Step 7'. w=(0,0,1)+(1-0)(1,1,0)=(1,1,1).

Step 8. example &, is selected, E.~w-x,=(1,1,1)-(1,1,1)=1, y,=1=Y,, w is not updated.
Step 9. example & is selected, §=w-x;=(1,1,1)-(1,0,0)=1, y;=1=Y,.

Step 9'. w=(1,1,1)+(0-1)(1,0,0)=(0,1,1).

Step 10. example &, is selected, &,=w-x,=(0,1,1)-(1,0,1)=1, y,=1=Y,, w is not updated.
Step 11. example &; is selected, &=w-x3=(0,1,1)-(1,1,0)=1, y;=1=Y,, w is not updated.
Step 12. example &, is selected, &,=w-x,=(0,1,1)-(1,1,1)=2, y,=1=¥,, w is not updated.
Step 13. example &, is selected, &=w-x;=(0,1,1)-(1,0,0)=0, y;=0=Y,, w is not updated.
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The algorithm appears to successfully perform the learning task. But it 1s not
obvious whether 1t would work in general.

Theorem (proved by Novikoff). For a training set oco~cc/Uce/ the

perceptron learning algorithm is guaranteed to find a weight vector w* such
that
V oohe oo/ s wrx > 8 and V ooh e oo/’ s wEox < -8

for some 0>0, whenever such a solution w* exists.
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Continuous per ceptron

Many practical problems call for continuous function approximation. This requires neurons that are
able to compute a real valued function f : R,—(0,1). This function is determined for purposes of our
forthcoming considerations by a training set o%/'= {oc% = (x, ¥, =f(xy)); k=1,2,...,P}. A continuous
threshold neuron is determined by

yzt(zn:vvpg +8) = O(X, X,y X T W LW, D)

where t : R—>(0,1) is a transfer function specified most generally as follows:
(1) It 1s differentiable and monotonously increasing,

(2) and satisfying two asymptotic conditions t(-c0)=0 and t(c0)=1.

Since the transfer function is monotonously increasing there exists also an inverse function t :
(0,1)>R with respect to the original transfer function.
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Usually, the transfer function is analytically realized by the so-called sigmoid function

L(g)=—

1+e%

 0L=5

0.4

0.2

6 4 2 24 6

where o is a real positive parameter called the slope. It is easy to see that for a—»o the transfer
function turns to a simple step function
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(1 (£>0)
limt, (&) =11/2 (5 =0)
0 (£<0)

An activity of continuous neurons for an example c%=(xy,Y, )€ ois determined

Yi =t(Zvvi>ﬁk +8)
i=1

where the k-th pattern is xi=(Xji, Xos-.., Xuk). A continuous neuron may be formally considered as a
parametric function Y= o(X,X,,..., X ; W, W,,...,W ,8) specified by parameters - weights and

threshold.

Goal. To learn the neuron function so that its values will approximate the required values from the
training set as closest as possible. Let us define an objective function for the k-th training example

1 N
Ew,9)= E(yk - Y|<)2

where Yy i1s a response of the neuron on the training set pattern xi. The objective function can be
simply generalized for the whole training set

E(w,9)= Z E(w,3) :%Z(yk - S’k)2
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Alternative goal. To find such optimal weights and threshold that minimize the objective function,
i.e. the continuous neuron with these optimal weights and threshold models closely the function f(x)
determined by the training set examples

(w SOPI) = arg min E(w,3)

(w,9)

opt ?

Schematic plot of the objective function as a function of weights and threshold. Minimum of this
function corresponds to optimal weights and threshold that best model function f(x) through the
training set of examples.
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The optimization process of nonlinear objective function is realized by the so-called steepest
descent method, i.e. by the simplest gradient method based on the following updating of weights
and threshold

® q®
WD = W — OE(w",8")
| | avvl
H q®
g+ _ g _ K@E(w 8)
09

where A>0 is a lear ning step.

The recurrent updating of weights and threshold is initiated by a random generation of them, the
above formulae are repeatedly applied until the gradient of the objective function is smaller than a

prescribed norm (precision)
) 5\ /2
o ( oE ok
d E(w,3)|= — | +| = <
grad E(w,9)] (;(aw) [agj] :
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The gradient of the objective function E is determined by
P
grad E(w,9) = > grad E (w,9)
k=1

where
ok N N
ml.( = (Y = Y ()% = (Y = V(1 = Yi) X
aE N ~
59 (yk yk)t (E-ak) = (yk - yk)yk(l - Yk)
Updating formulae are
Wi(t+1) _ Wi(t) ZP: ( v S(t)) gt _ g _ 7‘2 ( v S(t))
k=1 oW,
P
=W — kZ(yk It (€)% = 9" - %Z(yk = 9Jt(&)
k=1
P
=w" - 7MZ‘,(yk = 9% (1= Yi) X = 9" - 7‘2 = S M= %)
k=1

These formulae correspond to the so-called batch learning when gradient is calculated through all
examples of the training set.
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There exist also the so-called on-line learning when updatings are performed separately for each
training example, then learning formulae are

1 qM®
WD = w® = 8Ek(wt 9 ) G _ gy 5Ek(w(t),9(t))
oW, , 09
= Wi(t) + M — Y (Eic) % = 9%+ M= %t (&)

Since the transfer function is monotonously increasing, its first derivative should be positive, VE€R :
t'(§)>0, the above on-line updating formulae can be simplified so that the first derivative of transfer
function is omitted

W =W+ A — Vi) X
=9+ AT = Vi)

These two updating formulae are fully identical to original updating formulae ad-hoc introduced by
Rosenblatt for the learning of threshold neurons.
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High-order perceptron

Minsky and Papert in their seminal book Percetron very carefully studied the general properties of
threshold neurons (perceptrons) from the point of view of their ability to model an arbitrary function.
They demonstrated that the perceptron is able to model such functions that are determined by
linearly separable training sets of examples. This fact was considered by Minsky and Papert as the
very serious drawback of perceptrons, they concluded that the per ceptrons could not be classified
asa universal computational device.

In order to overcome this shortcoming of perceptrons they introduced two new concepts, in
particular the high-order perceptron and the hidden neuron. Both these concepts substantially
increase a computational ability of perceptrons to model arbitrary functions, but Minsky and Papert
have precipitately concluded that these concepts, due to their numerical complexity, are not
proper tools for generalizations of perceptrons and that the theory of perceptronsis definitely
plagued by serious restrictions and therefore the perceptrons do not represent a perspective
field in looking for an alternative to already known universal computational devices.
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A high-order threshold neuron (high-order perceptron) is a generalization of simple threshold
neuron (perceptron) so that its potential now contains not only constant and linear terms but also
quadratic, cubic,... terms

Y=t 2 WX + D W XX, +
i=1 j=1 i
i<j)

I(fs' (i<j<k)

This general formula can be rewritten in another alternative form

y = (W, () + W, P, (2)+. + W Py (x) + 8)
where p(x)=X"X;*...X "are different multilinear terms that are determined by exponents o, o, ...,
oy -
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The high-order perceptron can be learned by the gradient method. In similar way as for simple
perceptrons the goal of learning process 1s to find such optimal weights w; and threshold 9 that
minimize the objective function.

W(t+1)

—_
ij —Wij -\

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

The gradient of the total objective function E over all training set examples, is calculated by a
similar manner as for the "linear" perceptron.
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Theorem. The high-order pwerceptron realized by a parametric function
o(x;w,9) = t(ZV\/i p(x)+ 8) is able to model with the prescribed precision € an arbitrary

function f:R,—(0,1) determined by a training set é={&=(x.f(xy)); k=1,2,...,P}
P
> (i, 8) (x| <
k=1

In other words, the high-order threshold neuron is a universal approximator of functions f :
R,—(0,1) that are determined by training-set examples o%/= { % = (xi.f(xy)); k=1,2,...,P}.
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