A.A Manvyes
OCHOBBI INHEMHOH AJITEEPBI
OI'JIABJIEHUE

IIpemucnoBue Kk TpeThEMY U3TaHUIO

Beenenune

I'raBa I. MaTpunsl H ONpEACTATEIH

§ 1. JlelicTBHs ¢ MaTpULIaMu
1.1. Marpunpt. OcaoBroe noze (10). 1.2. Ymuoxkenue marpur (12). 1.3.
Tpancnonuposanue marpui (17). 1.4. Knerounsie matpuis! (21). 1.5.
Ksarepauons! (24).

IIpumeps! u 3a1aun

§ 2. Onpenenurenn
2.1. Onpenenenue (30). 2.2. OcHOBHEIE CBOMCTBa onpeaenurenei (36).
2.3. Onpenenutens npoussenenus. O6patHeie MaTpuIls (45). 2.4.
KpamepoBckue cucteMbl TMHEHHBIX ypaBHeHUi (50).

Jlononnenus u npuMepsl

§ 3. XapakrepucTudueckuii 1 MUHUMAJIbHBIA MHOTOYICHBI
3.1. llogo6ue marpur (55). 3.2. XapakTepuctudaeckuit MHOTOWIEH (57).
3.3. MunuManbHbIi MHOTOUIIEH (60).

IIpumeps! u 3a1aun

I'imaBa II. JInneitnbic mpocTpancTaa

§ 4. PazmepHOCTB

4.1 Moaynu u BeKTOpHBIE IpocTpancTBa (65). 4.2. JIunelinas 3aBUCUMOCTh
(70). 4.3. Uzomopdusm (78).

IIpumeps! u 3a1aun

§ 5. KoopmaunHaTs!
5.1. Koopmunats! Bekropa (81). 5.2. Panru matpuis (85). 5.3. O6mue
CHCTEMBI JTMHEHHBIX ypaBHeHUI (92).

Jlononnenus u npuMepsl

§ 6. JIuneliHbIC TOATIPOCTPAHCTBA
6.1. Ilepeceuenue u cymma noanpoctpascTs (98). 6.2. IIpsameie cymMmBI
(103). 6.3. Cucremsl 0THOPOIHBIX IMHEHHBIX yYpaBHeHuH (105).

IIpumeps! u 3a1aun

I'imasa I11. JInneiinbic mpeobpa3oBanus

§ 7. IlpeoOpazoBanus MPOU3BOIBHEIX MHOKECTB
7.1. TIpoussenenue npeobpazosanwuii (110). 7.2. Exunuanoe u o6parHoe
npeoOpazoBanus (112). 7.3. BzaumHo oHO3HaUHBIE TpeoOpa3oBaHus
(113). 7.4. TloncranoBku (114).

IIpumeps! u 3a1aun

§ 8. JIuneiinsie mpeoOpa3oBaHUs U UX MaTpPHUIIGI
8.1. IIpocreiimmue croiicta (117). 8.2. Marpuia muneitHoro
npeobpaszoBanus (120). 8.3. IIpeobpazosanue koopaunat (121).

IIpumeps! u 3a1aun
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§ 9. JleiicTBus ¢ MUHEHHBIMU Ipe0Opa30OBaHUAMHU
9.1. YMHOXeHHe THHEHHBIX npeobpa3oBanuii (123). 9.2. YMHOXeHHE Ha
qucno u caoxenue (125). 9.3. MuorounieHs! OT THHESHHBIX
npeoOpazoBanuii (127).

IIpumeps! u 3a1aun

§ 10. Panr u nedexr nuneitHoro nNpeobpazoBaHus

10.1. SAnpo u obnacts 3Havenuit (129). 10.2. Ocobennrie 1 HEOCOOCHHBIS
npeobpaszoBanusg (131). 10.3. Panr marpuiis! npeobpaszoranus (133).

IIpumeps! u 3a1aun

§ 11. NuBapuaHTHEIE TOAMPOCTPAHCTBA
11.1. UapynupoBannoe npeobpaszosanue (135). 11.2. Ilpsamas cymma
MHBapUaHTHBIX nojanpocTpancTs (137). 11.3. Xapakrepuctuaeckuit
MHOTOWIeH npeobpa3osanus (139). 11.4. CoG¢cTBeHHBIC BEKTOPHI U
cobctBeHHbIe 3HaueHus (140).

IIpumeps! u 3a1aun

§ 12. TIpeobGpazoBanus ¢ MaTpulleii HOpManbHOH (GOPMEI
12.1. JIuaronansHas gopma (144). 12.2. Knetxu XKopaana (145). 12.3.
Kopnessie moanpocrpanctea (146).

IIpumeps! u 3a1aun

I'maBa IV. MuorowieHnbi¢ MATPHAIBI

§ 13. uBapuaHTHBIE MHOXHUTEIH
13.1. OxBuBanentHocts (150). 13.2. luaronansnas gopma (152). 13.3.
Haubonsmme obmue nemutenu MmuHopos (155). 13.4. Ycenosus
skBHUBaieHTHOCTH (159).

IIpumeps! u 3a1aun

§ 14. DneMeHTapHBIC ICTATETU
14.1. Csa3b ¢ MHBapUAHTHBEIME MHOXHUTETAME (163). 14.2.
OneMeHTapHbIE JISTUTETN pacnasiieiics Marpuilsl (165).

IIpumeps! u 3a1aun

§ 15. HopmainsHsle hopMBI MaTpHIIbl TMHEHHOTO ITpeoOpa3oBaHus

15.1. denenue A-matpurl (167). 15.2. CxanspHas d5xBUBaJIeHTHOCTH (169).

15.3. Kpurepuit mogobus marpui (170). 15.4. Hopmansnas gopma
XKopnana (171). 15.5. EcrectBennas HopmansHas Gopma (174). 15.6.
Jpyrue nHopmanshsie Gopmsr (176).

IIpumeps! u 3a1aun

§ 16. ®ynkuum OT MaTpHI]
16.1. MHuorouneH ot xopaHoBoit MaTpuils! (181). 16.2. CxanspHsle
bynxuu (182). 16.3. Tlpencrasnenue 3HaueHui QyHKITHIA
MHorowieHamu (185). 16.4. DnemenTapusie aenurenu ¢pynkuit (187).
16.5. Crenennsie paasl (190). 16.6. Marpuiisl, nepecTaHOBOYHEIE C
JanHoit matpureit (191). 16.7. Martpuibl, nepecTaHOBOYHEIE C
HepecTaHOBOYHBIMU MaTpuniamu (195).

IIpumeps! u 3a1aun
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I'raBa V. YHHTapHBIC H CBKJIH/I0BLI IPOCTPAHCTBA

§ 17. YHuTapHBIC IPOCTPAHCTBA
17.1. AkcuomaTuka u npumepsl (199). 17.2. JInuna Bekropa (203). 17.3.
OpronopmupoBanukie cucteMsl (205). 17.4. Uzomopdusm (210). 17.5.
OproronanbHele cyMMel. [Ipoeknuu (211).

IIpumeps! 1 3a1aun

§ 18. Conpsxennsie mpeobpa3oBaHUs
18.1. JIuneitnrie ¢pynkiuu (214). 18.2. ComnpsixkeHHbIe mpeoOpa3oBaHus
(217). 18.3. Hopmanshnsie npeobpazosanus (219).

IIpumeps! 1 3a1aun

§ 19. Vaurapusie U cuMMeTpUUYecKue peodpa3oBaHus
19.1. Yuurapusie npeobpaszoBanus (225). 19.2. YaurapHas
9KBUBaJICHTHOCTS (227). 19.3. HopmansHas dhopmMa MaTpHUIlsl yHUTAPHOTO
npeobpaszoBanus (229). 19.4. Cummerpudeckue mpeodpa3oBaHus
(231).19.5. Kococummerpuueckue npeodpasoanus(233).
19.6.HeoTpunarensusle cMMMeTpudeckue npeobpasoBanus (235).

IIpumeps! 1 3a1aun

§ 20. Paznoxenus o6mux npeodpa3zoBaHmit
20.1. PasnoxxeHre Ha CHMMETPHIECKYIO U KOCOCUMMETPUIECKYIO YaCTH
(240). 20.2. Tlonapuoe pasnoxenue (241). 20.3. IIpeobpazosanue Komu
(245). 20.4. CnexTpansHoe pasnoxenue (248).

IIpumeps! u 3a1aun

I'maBa VI. KBagparnansic n 6nnmneiinbic GopMsbl

§ 21. bununeitnsle Gopmbl
21.1. TIpeo6pazoBanue popM (254). 21.2. DKBUBANEHTHOCTh
6ununeHsIX GopM (251).21.3. KOHrpy HTHOCTE CUMMETPUIECKUX
ounuaeiHsIx hopm (259).

IIpumeps! u 3a1aun

§ 22. KBagparuansie GopMsI
22.1. KonrpyossrHOcTh (262). 22.2. Anroput™ Jlarpamxka (264). 22.3.
3aKoH MHEPIMHU KBaJpaTUIHEIX GopM (267). 22.4. 3HAKOTIOCTOSHHBIE
dopmsl (269).

IIpumeps! u 3a1aun

§ 23. TTaps! popm
23.1. OxBuBaneHTHOCTH nap Gopm (271). 23.2. KoHrpy>HTHOCTB nap
dopm (272). 23.3. KOHTpyIHTHOCTh HECUMMETPUICCKUX OMITHMHEHHBIX
dopm (276).

Ipumeps! u 3a1a9u *

§ 24. bununelinsle GyHKIUU
24.1. OcunoBusle onpeaenenus (278). 24.2. IIpoctpanctsa ¢ OunuHeHHOM
MeTpukoii (282). 24.3. bununeitnsie QyHKIIUN B OUITHHEHHO-
METPUYECKUX MpOoCTpaHCTBax (286).

IIpumeps! u 3a1aun
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I'nasa VII. JIunelinbie mpeodpa3oBanus OMIHHEHHO-METPHICCKHX
NPOCTPAHCTB

§ 25. OcHOBHBIE THUIIBI TUHEHHBIX Ppe0Opa3oBaHMMA
25.1. Asromopdusmsl (293). 25.2. Cummerpudeckue U
KOCOCUMMeTpudeckue npeobdpasosanus (298).

IIpumeps! u 3a1aun

§ 26. KomiekcHbIe €BKIMIOBE IPOCTPAHCTBA
26.1. Cummerpudeckue npeobpasosanus (301). 26.2.
Kococummerpuueckue npeobpaszoranus (303). 26.3. KommiekcHbie
oproroHalbHbIe TpeobpazoBanus (306).

IIpumeps! u 3a1aun

§ 27. CumnnekTHIecKue MpoCTPaHCTBA
27.1. Cummerpudeckue npeobpasosanus (309). 27.2.
Kococummerpuueckue npeobpazosanus (312). 27.3. CummiiekTuaeckue
npeoOpazoBanus (313).

IIpumeps! u 3a1aun

§ 28. IIceBnoyHHuTapHBIE IPOCTPAHCTBA
28.1. Cummerpuueckue nmpeodpazoBanus (316). 28.2. IlceBoyHurapHsie
npeoOpazoBanus (324).

IIpumeps! u 3a1aun

I'masa VIII. Adbdunnsle npocTpaHcTBa

§ 29. O6mue adduHHBIC TPOCTPAHCTBA
29.1. AkcuomaTtuka (326). 29.2. Jluneitasie MHOTOOOpa3us (334). 29.3.
IMapamnensurie mockoctu (344). 29.4. Jlunetinsie pynknuonans! (346).

Jlononnenus u npuMepsl

§ 30. Addunasie KOOPAUHATHI
30.1. Koopaunats! Touku (353). 30.2. Ypasuenus miockocreit (356).
30.3. YpaBHeHus runepIuiockocteit u nmpameix (364). 30.4.
IIpeo6pazoBanue apdunnnix koopauuat (369).

IIpumeps! u 3a1aun

§ 31. Bemyxkisle Tena
31.1. JIyum (374). 31.2. Tlonynpoctpanctsa (377). 31.3. Beimmykiisie
MHOxecTBa (381).

Jlononnenus u npuMepsl

§ 32. EBKknu10BBI TOUYEYHBIE IPOCTPAHCTBA
32.1. Jlnmuna momanoii (386). 32.2. Yron mexay npsmemvu (388). 32.3.
Oproronansasie npoekiiud (391). 32.4. Yron Mex Ty TIOCKOCTHIO U
npsamoi (397).

IIpumeps! u 3a1aun
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AmroputMm I'aycca 51

— Jlarpamxa 264

Baza 72, 81, 106, 206

Basuc 72, 337, 353

Bexkrop 66

— M30TpONHBIHA 283

— KOpHEBO#1 147

— HOpMHpOBaHHbIH 203

— cBOoOOaHEIH 326

— coOcTBeHHbIH 141

TINunepnnockocts 100, 341, 362, 385

I'unepnioBepXxHOCTH anrebpandeckas
357

T'omomopdusm 331, 351

Jenurens munopos 155

— JneMeHTapHbIH 164

Jedext matpunsr 134

— npeobpa3zoBanus 129

Jlnmuna Bextopa 203

Jlononaenue oproronansHoe 212

—, — K iockoctu 393

3aBucumocthb maennas 70, 71, 334,
336

3akoH aBo¥cTBeHHOCTH 351

— uHepmH 260, 268

3ameikanue 336, 381

H3omopdusm OUIMHEHHO-METPUISCKUX

MPOCTpPaHCTB 284

— kocoit 81

— nuHeHHBIX mpeobpa3oBanuii 132,
228, 294

— — npocTtpaHcTB 78, 132

— YHHUTApHBIX IPOCTpaHcTB 210

Ksatepuuon 26

Knerka Xopaana 145

— — 0000meHHas 178

Konrpysaraocts marpun 259, 273

— ¢opm 257,272

Kopasmepnocts 340

KpatHocTh cOGCTBEHHOTO 3HaUCHUS
142

JIuneiinas koMOuHaus 68

Jlomanas 387

JIya 376

Marpuma 10

— aBroMop¢u3zma 372

— aJpIOHTHpOBaHHas 47

— Oununeiino# ynkium 279
— I'pama 214, 282

—— opjanoBa 146, 171

— HJeMIIOTEHTHAs] 29

— WHBOJIIOTHUBHAA 29

— WHIYIMPOBAHHOTO ITPeoOpa3oBaHus

137
— KaHoHHYecKas auaroHainbHas 152
— KJIETOYHO-IHaroHaJIbHabL 24
— KJIETOYHO-TpeyToNbHas 62
— KOMILIEKCHO-conpspkeHHas 20
— KococuMMeTpudeckas 18
— nuHelHoro npeobpa3oBanus 120
— MHorowieHHas (A-marpuina) 150
Marpuiia sHeocoGennas 49
— HUJIbIIOTCHTHas 64
— HyneBas 11
— obparnas 19, 85
— oproroHansHas 20, 49
— ocobenHas 49
— nepexoaa 83, 370
— noxymnpocras 180
— molnypacnasmasica 34, 62, 137
— npeobpa3oBanus 255
— IpHUcoeuHeHHAs 47
— pacnaBmasics 61
— cuMMeTpudeckas 18
— cuUMILIeKTHIecKas 314
— cucremnl 30, 31, 50, 93
— cKansgpHas 169
— conpoBoxaaromas 174
— CTpOYCYHO-KOHEUHas 29
— TpaHcnoHupoBaHHas 18, 40
— TpeyronbHas 64
— yHuTapHad 21, 49, 226
— opmer 257
— XapakTepuctudeckas 57
— spmuroBa 21, 234
Mertpuka 6ununeiinas 282



Mumnop 42, 55, 64

MBHororpanHuk BEITYKIIBIH 386

Mmuoroo6pasue amrebp 351

— ayrebpaudeckoe 357

— KOpHEBOE 348

— nuHeiHoe 336

MsHuorounen matpudssli 16, 167

— MHUHHMMAJIBHBIM MaTpHIm! 60

— — npeobpa3oBanus 140

MHO0XecTBO BBIMyKJI0€ (KOHBEKCHOE)
381, 383

Mmuoxwurenu nHBapuanTHeie 159, 172

Mopyns 65

— yHHUTapHBIH 66, 80

Hesasucumocts munaeinas 70, 334, 336

HepasenctBo beccens 208

— Kommn—bynsakosckoro 208

Ob6nactp 3HaueHuit 129

Ompenenurens 30, 31

— Bangepmonpa 54

— I'pama 214

— o06beMHBIH 355

— npeobpaszoBanus 139

OproronansHOCTE BekTOpoB 205, 283

— MHOXX€ECTB BeKTOpOB 211

— noanpocTpancTs 211

Orpesok 376

ITepenoc 327

IInockocts 100, 336

— nonoaautensHas 340

— KOOpJIMHAaTHas n-MepHas 362

— mycras 338

ITongo6ue marpu 55, 170

— npeobpa3zoBanuit 132, 228

IToanpoctpancTso 98

— nonoaauTensuoe 339

— H30TpomHOE 283

— “HBapuanTHoe 135

— UCTHHHOE (HeTpUBHAIbHOE) 99

— KacarensHOe 344

IToanpoctpancTBo kopHEBOE 147

— nuHeiHoe 98 -

— HyneBoe 98

— TpUBHaNbHOE 98

IloacranoBka 114, 115

Ilone ynopsgouennoe 374

Ioxynmockocts 380

IHoxynpoctpanctso 378

Ilopsox xyanmsnsii 375

—, €CTECTBEHHBIN Ha NpsMoi 375

IIpaBumno tpeyromsauka 330

IIpencraBnenue pyukimonana 355

IIpeo6pazoBanue 110, 117

— B3aMMHO oaHo3naunoe 113

— equaununoe 112, 118

— HJEMIIOTEHTHOE 248

— u3oMeTpudeckoe 293

— HHAynMpoBaHHoe 137

— koopauHat 83, 84, 121

— KococummeTpuaeckoe 233, 291, 298

— Kbomau 245, 299

— nmunennoe 117, 241

— HeocobenHoe 131

— HOpMaibsHoe 219

— HyneBoe 118

— obpatHoe 112

— oproroHanbHoe 249, 306

— ocobenHoe 131

— OpOEKIOHHOE 248

— MceBIoyHUTapHoe 324

— cummeTpudaeckoe 231, 235, 291, 298

— cuMIuiekTuIeckoe 314

— conpsbkeHHoe 217, 289

— yHHUTapHoe 225

— opMuTOBO 231

— -MaTpuIl dneMeHTapHoe 151

ITpusznak SAxo6u 270

IIpoexnms BexkTopa Ha
noanpocTpancTBo 213, 248

— opToroHaibsHas 393

IIpousBenenue marpury 13

— npeobpa3zoBanmii 111

— ckaspHoe 201, 202

IIpoctpancTBo addunnoe Hajg
BEKTOPHBIM IPOCTPAaHCTBOM 326

— — —noneMm 329, 351



— OGunuHeHo-MeTpudeckoe 282

— eBkimoBo 200, 201, 286, 386

— KOHeyHOMepHoe 13

— nuHeiHoe (Wm BekTopHOoe) 66, 63

— MeTrpu4eckoe 387

— TICEBJIOEBKIIHJIOBO 285

— nceBacyHuTapHoe 286, 315

— cuMIIekTHdIeckoe 286, 309

— compsbkeHHoe (UM qyanbHoe) 214

— cTpok 68

— yuutapsaoe 201, 386

— Gynxumii 202

IIpouecc I'pama—IIImuara 209

ITpsamas 100, 338

Pasenctro IlapceBans 209

Paguyc-Bexrop Touxu 327

Pasnoxenue nonapaoe 241

— cnekrpanbsHoe 250

Pazmepnocts addunHOTO
nmpoctpancTea 334

— BBIIYKJIOTO MHOXecTBa 383

— JIMHEWHOT0 MPOCTpaHCTBa 73

Panr marpuisr 86

— ojHOpOoaHOM cuctemsl 108

— npeobpa3zoBanus 120

— ¢opmer 257

Paccrosaue Mexay Bekropamu 205

— — toukamu 38/

Penep 353, 388

Pemenue nynesoe 106

Pemenue cucreMsl THHEHHBIX
ypasHenui 50, 93

Psan crenennoit ot marpur 190

Casur 327

Curnarypa npoctpanctsa 285, 286

— ¢opmer 260

Cumvmnekc 385, 386

Cucrema BEKTOPOB JTUHEHHO 3aBUCHUMAs
70

— — oproroHanbHas 205

— — opTroHOpMHpoBaHHas 206

— koopauHatHad 81

— — HopMansHas 301, 316

— — cuMiuiektudeckas 309

— obpasyromas 72

— TOYEK BBITYKJIO HenpuBoumas 386

— ypaBHeH#mi 357

— — marennbx 50, 51, 95, 105

Crnen matpunst 57

— npeobpa3zoBanus 139

Cumemenue 329

CobcTBeHHOE 3HaYeHHE MaTpUIIBI 58

— — npeoOpazoBanus 140

Criextp nuneliHOT0 NpeoOpa3oBaHus
252

Crpoxka 68

— koopauHaTtHas 82, 353, 355

CymmMa Mmatpur npsamas 24

— noanpoctpancts 100, 103, 211

— npeoOpaszoBanuii 126

— psa Marpun 190

Teopema 'amunsrona—Konu 59

— Kponekepa—Kanemnnu 94

— IIlypa 239 ToxnaectBo Jlarpanxa 47

VYron mexay myqamu 391

— — MPSAMOM U IIOCKOCTHIO 396

— — npsaMevE 389

®opma 256

— bununeiinas 256, 258, 259, 261

— ecTecTBeHHas HopMmanbHad 174, 175

— Xopmaana 146, 178

— KaHOHUYECKas A -MaTpuIlsl 152

— KBajipaTu4dHas 254, 269

— nuHeiHag 254

— nonuanHeitHasg 256

— spmuToBa Oununeiinas 258, 258, 263

— 5-ro nmopsiaka 358

®opmynsl Kpamepa 51

Q@yHKIMOHAT TUHEHHBIN 346

— NOMWINHEHHBIA 353

— 5-ro nmopsiaka 358

@yH1aMeHTalIbHaAs CUCTEMA PEIIeHUH
106

®yHK1WMA 69

— Oununeiinas 278, 280, 231

— kBaAparudHag 280, 281



— KOconuHelHas 224

— nuHeitHas 214

— marpuns! 182, 183

XapakTepucTuka OMITMHESHHOM
bynkiun 325

— Beiipa 180

— Cerpe 180

XapakTepUCTUIECKHUI MHOTOWICH
MaTpuis! 57

— — npeobpa3oBanus 139

Iupkynsaut 44

HUucno xapakrepucTudeckoe 58

OKBHUBAJCHTHOCTh MATPUI] CKAJIIpHAs
169, 228, 271

— ¢opm 256, 271

— A-marpur 151

Oupomopdusm kocoit 81

SAnpo npeobpazoBanus 129



NPEJUCIAOBHUE K TPETHEMY HU3JAHHIO

Awnatomuit Meanosuu Manpues cobupancs CyIIeCTBEHHO Inepepa-
Gorats «OcCHOBH JIHHEHHO!  aaredpnly /s TPETbero  H3jaiusd,
BLIOPOCHB 4acTh CTApOrO TEKCTa H Cjie1aB 3HAUHTe bHble 100aBJle-
Hiisl M3 TEeOMeTpHH. «B pesyawprare, — nucal OH B H3JAT€NbCTBO, —
BO3HHKaeT Gosee ueM HANoOJOBHHY HoBasi KaHra. Haxewoces, 410 oua
oyaer noJiesHa 6o0Jiee HOACOTOBJICHIIBIM COBDEMEHHBIM CTYACHTAM YHII-
BEDCHTETOB ¥ MERHHCTHTYTOB, B OCOOCHHOCTH Te€X VHHBEPCHTETOB,
rge Kypchbi JHHEHHOU aarebpnl ¥ aHAJHTHUECKOH [eOMETpHH UH-
TAIOTCS COBMECTHO. 1 Aaxe moayMblBaJ, HE M3MEHHUTL JIH Ha3BaHHE Na
«OcHoBbl NMHEAHONH aareGpbl 4 aHAJHTHYECKOfl reoMeTpuH». CMepTh
noMewiasa Auaroauro MBaHoBHUY OCYILECTBHTB €r0 IJaHbl, OH
yCcresa HalucaTh TOAbKO IMEPBBEIE TPH IJIaBbl (TPETHIO HE MOJHOCTDLIO).
B uactosituem wuzaanuu raaes 1, 1, Briouamomue Ttenepb TEOPHIO
onpeneHresNedf M CHCTEM JIMHEIHbIX yPABHEHH, neuatalores o py-
KonucH Auaronust Fiawosuuda, a raasbl [11 — VI noytn 6e3 uame-
HEHHH BOCIPOH3BOJSAT COOTBETCTBYIOUIMI TEKCT BTOPOrO H3jaHud. 3a-
KJIOUHTEMBHYIO [VIaBY BTOPOro H3laHusg — O TeHsopax — Anaronnit
VipanoBuu coBupasics nojiBepruyTh KOPEHHOI nepepadoTKe, HO He yCIIed
JaXKe NPUCTYHUTb K HEH; B HACTOALLEM H3JAHUHM 3Ta rJaBa CnyuleHa.
Bumecto nee anech npuBoxurcsi Hosad raasa VI —of addumibix
NPOCTPAHCTBAX, ~— KOTOPAsl I1e4aTaeTCsi 110 HeOKOHUYeHHO! DYKONHCH
rnasbl 11, Cebliiki Ha HEKOTOpbIe ONpefefieHHs H pe3yabTathl 00uiefl
TeOpHH aJgredpauyeckux cucreM jatorcs mo kuaure A. WM, Maabuesa
«Anrebpanueckne cucreMbly (uutHpyetes «AC»), seiurenmeit B 1969 r.
B Hanare/aberse «Hayka», Mel cTapanuch no BO3MOMHOCTH COXPAHNTH
OPUTHHANLHOE H3NoKeHHe AHaToNuA VIBaHoBHYAa M OrpaHH4YUJIHCH Ca-
MbIMH HEOOXOAUMBIMM H3MEHEHHUAMH M HCIPABJACHHSMH OTACbHBIX
HETOYHOCTEH,

{0, JI. Epwos, {0. H. Mep3asxos,
B. H. Pemecrenrurxoa

Hosocubupex,
AKaxeMropoloK,
1 mionn 1968 r.



BBEJIEHUE

JluHefinas anreGpa — BeTBb MaTeMATHKH CTOJb Ke cTapas, Kak
n cama MareMaruka. [lepsoHauanbHOd 3ajadell JHEe#HOR aaredpsol
MOXKHO CUUTaThb 3ajauy DelleHUA JIHHeHHOro ypaBHeHHA ax -i-b==0.
Xorta 3Ta 3ajaua U He NPEICTaBAAET KAKHX-JHOO TPYAHOCTEH, NpHeM,
IpH NOMOIIM KOTOPOrO OHA pCHIaeTcsi, a Takxke CBOHCTBA COOTBET-
CTBYIOUlCH JIMHEHHOH YHKHHH y=—ax-—b HaBIfIOTCA HCXOAHBIMH
oOpasuamMy IS HAeH W MeTOJIOB BCeH JHHehnoH anareOpsi. Hanpu-
Mep, yueHHe O pelieHHH CHCTeM YPaBHeHHH CO MHOTHMH HEH3BeCTHhI-
MH HMEET B CBOCH OCHOBe HJICIO 3aMEHbl CHCTeMbl UeMO4YKOH yKasaH-
HBIX YPaBHEHUH HPOCTEHIHEro BHAA.

Baxuoctb cucTeM JIMHEHHBIX YpaBHedHH O0COGEHHO BO3pOC.Ia
10cse CO3JaHHMsl aHAJUTHYECKOH TeOMeTPHM, TO3BOJIMBIIEH CBeCTH
K HCC/JeJOBAHHUIO CHCTEM JIMHCHAHBIX YPAaBHCHUH BCe OCHOBHBLIE BOIIpO-
Cbl O pacloJIOKEHUH IJIOCKOCTeH H TpaMeIX B npocrpanctse. Ilouc-
KH O0lHUX (OpMYJ PpELICHHA CHCTeMbl 71 YPABHEHHI C #1 HEH3IBECT-
netMu yxe B XVIILD B. npusenn JleiibHuua u Kpamepa K INOHATHIO
onpenenutens. B XIX 8., nomuMo aareGpbl H aHAMHTHYCCKOH I'€0-
MCTDHH, ONpeesdTesNd INPOHHKAWT H B aHamus B paborax Ocrtpo-
rpaickoro, $kobu (pyHKuuoOHANbHEIE OnpeneauTesi#), BpoHCKOro
n Ap. llapanjensHo ¢ 3THM B AaHAJUTHYECKOdl TeOMeTpPHH, TEOPHH
YHCeJ] U OCOGEHHO B TEOPETHUECKOH MeXxaHuke Bce OOMABILYIO BaXK-
HOCTb npHoOpeTana 3ajada IHpeoOpasOBaHUA KBaAPATHYHLIX (OpM
JIHHEHHBbIMH TIOJICTAHOBKAMH IlepeMeHHbIX., Jra Ke 3a3jada fBUHAACH
OJHOH M3 IEHTPaNbHLIX U B pa3paboTke reomerpuyeckux uaeit JioGa-
yeBCKoro ¥ Pumana, npusepuied K CO3JaHHIO yYeH#d O JHHeHHBIX
MHOTOMepHBIX mnpoctpancrBax (I'paccman). B cepejune npouioro
BeKa B CBA3H C HCCNAEJOBAHUSIMH HeKOMMYTaTHBHBIX anredp (I'amuub-
TOH) B paborax Kanu u CHabBecTpa BO3HHKaeT MAaTPHUHOE HCUHCTe-
HUe, 3aHfBIlee B ja’AbHeHllieM pa3BUTHH JHHEHHOH anreOpbl OLHO
U3 ryaBHpIX MecT. K koHiy XIX B. oka3anuch CO3JaHHLIMH BaX-
HeHliiMe pasjejbnl MATPHYHOTO HCYHCJCHHS: O HOPMaJbHOH Qopme
MaTpHlibl JIHHEAHOro  mnpeobpasosanua (YKopaan), sieMeHTapHBHX
Jemutenax (Befiepiirpacc), napax KsajparnuHelx ¢opu (Bewepurpace,

pOHeKep) 3pMHUTOBBIX (opmax (DpMmuT). Passurue auddepeHuHanb-

WA TOAMOTRLIIT MITANAVARNITIIY TIAAATRATTAT AN TTNRANARNASATR AT
A0M FCOMCTPHH MHOICMCpPHDIX lilJU\,llJanle H xcuynn nl.fk,uul.:auvuaunn
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ajreGpangeckuX (pOPM BLICIINX CTenexHed MPHBOAHT B KoHIe XIX B.
K CO3JaHHI0 TEH30DHOTO HCUHCTIEeHHS.

B TexymnieM crosneTHH. METOAL! JHHEHHOH anireOpbl Hauwid OOLUMD-
HBle TIpHMCHEHHS M OblIM Pa3BHTHl Jajbliie B TEOPHH KoJjen H
MOAYJeH, B TEOPHH NMPpeACTaBJACHHH Ipyill, a TaKkKe B TCOPHH TOMNO-
JIOTHYECKUX BEKTOPHBIX IPOCTPAHCTB M JAPYrHX pasgesax (QyHKIHO-
HAaJbHOTO aHanu3a. YxKe B NOCJAeAHHE JBa IecATHJCTHSA Teopus JH-
HeHHBIX HEPAaBEHCTB H Hepa3pLIBHO CBA3aHHAA C Hel Teopus agdui-
HBIX MHOTOMEepHBIX NPOCTPAHCTB 3aHANH OAHO H3 UEHTPANLHBX MeCT
B TaKol momy/sApHOH O0NacTd NMPHKJAAAHOH MAaTEeMaTHKH, KAK TeOplisd
onmepauui. Dunarogaps 3TOMy 37eMeHTHl TEODHH MHOFOMepHBIX ad-
(bHMHHLIX TIPOCTpaHCTB CTalH Tenepb ODS3aTesNIbHOH YacTblo MaTeMa-
THYECKOTO 0Opa30BaHHA HHKEHEepOB U 3KOHOMHCTOB.

B nuueiiHolt anrebpe u3y4alTcs OOBEKTHl TPeX POAOB: MaTDHILI,
npocTpaHcTBa U anreOpanyeckue (opMpl. Teopuu 3THX OOBEKTCB
TECHO CBSI3aHbI JPYr € JApPYIroM. DOJBLIMHCTBO 3ajad JHHEHHOH aJ-
re6pbl onyckaeT ecTeCTBEHHYW GOpMYJ/JHPOBKY B KaXIOH H3 yKa-
3aHHBIX TpeX Teopuil. Marpuunas c¢opmynHpoBka o6bl4HO HauGoJ€€
yaobua ans Beluncaenuil. C apyrofl cTOpOHbH, B TeOMETPHH M Mexa-
HUKe OOJBbILUMHECTBO 3ajay JuHeHHOH aJareOpbl BO3HHKAaeT B BHje
s3ajay 00 uccaenopanuH anrebpaunueckux ¢opm. Tem ne Mexee Ha-
Gosee OTYeT/IMBOE MOHHMAHHE BHYTPEHHHX CBR3eH MexAy pasiuy-
HbIMH 3ajayaMd JIHHeHHOH anreOpbl AOCTHUraercsl JHIIb IIPH pac-
CMOTPEHHH  COOTBETCTBYIOLIKX JIHHEHHBIX IIPOCTPAHCTB, KOTOpbIE
M SABJAIOTCS MO3TOMY TJIaBHBIM OOBEKTOM H3YUCHHS JHHEHHOH af-
re6pol.

C ToykHM 3peHHS! TeopHH (POpM COAep:KaHHe JHHeHHOH asareOphl
€CTeCTBCHHO paciiajacTcst Ha TEOpHI0 JHHEHHBIX, TEOPHIO KBajpa-
THYHBIX U TEOpHUIO (OpM BHICILIHX cTeneHed. K cOBCTBEHHO JAMHEHHOM
anre6pe OObIYHO OTHOCST JIHILb TEOPHIO JHMHEAHLIX ¥ KBajpPaTHUHBLIX
(opM, a Takxke Hauasna TEOPUHM NOJHJAHHEHHBIX (HOPM H TEH30pHOH
anredpul.
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MATPHLibl H OIPEAEJINTEIHN \

§ 1. [leiicTBUS ¢ marpuuamH

1.1. Marpuupt. OcnoBHoe nosae. [iaBHBIMH OOBEKTAMH H3YYEHUS
nanee OyAyT MarTpuubl, JHHEHHbLIE NPCCTPAHCTBA H MHOIOUNEHBI OT
HECKONbKHX NEepeMeHHbIX, HA3LIBaEeMble TAKHKe aareOpauuyeckKuMH ¢op-
MaMd. B onpegeneHHH KamJaoro M3 3THX OOBEKTOB ydaCTByeT HEKO-
TOpas COBOKYIHOCTb K YHCEJ HJ/IH 3JIEeMEHTOB HHOH NPHpPOABI, KOTODPas
JOJIKHA OblTk IpelBapute/ibHO BHOpana. PakrtudeckKuit BoiGOp K
3aBHCHT OT pelllaeMbIX 3aja4 M HayvdHOH aucuunausel. Hanpumep,
¢ anre0paHuyecKOW TOUKH -3PeHHS pe3yabTarel noJjyyawnT Haubojee
3aKOHUEHHYIO GopMy, eclH B KauectBe K BbrISpaTb COBOKYMHOCTb
BCeX KOMIVIEKCHBIX uYuced. Hanpotus, B reoMeTpHH H MeXaHHKE
0ObIYHO HEOOXOXMMO paccMaTpUBaTh BelUeCTBeHHBIE UHCJAA, 3 B TEOPHH
uncesi B Kadecrse K ecTecTBEHHO OpaTh COBOKYIHOCTH pallMOHabHbBIX
UHCEeNl H JlaKe COBOKYIMHOCTb JHUIb IEJbIX panHOHadbHBIX UHCEN.
[Tosromy, utoOnl chaenatTh pe3yabTaThl NPHMEHHMBIMH K BO3MOMKHO
fonee UIMPOKOMY Kpyry 3apau, Lesaecoo0pasHo 3apaHee HE (BHKCHPO-
BAaTb, KaKasd UMEHHO HUHIUBHAYaJibHASl COBOKYNHOCTb IIOHHMAaeTcs
nog K. B HekoTopblX paspenax AOCTaTOUHO OyJeT npelnoJsararsb,
uyTo K — Kakoe-To accollHaTHBHOe KoJbiio. B psfe rnas mbl 6yjaem
IpeAnonaratTs, uro K — IPOHU3BOJIbHOE M0J€ WJiH NPOH3BOJIBHOE YIIO-
pAJOYEHHOE N0Jie, 2 MHOTHE Ba)KHble TeopeMbl OYAYT NOKa3aHbl JHULL
B IPeANIOJIOKEHHH, UYTO K — COBOKYIHOCTb BCEX BEIleCTBEHHBIX HJH
COBOKYIHOCTb BCeX KOMILICKCHBIX uyucesd. las reomerpuueckUx U
(PU3HYECKHX NPHJIOKEHHH HauboJsee BaxKHBl KaK pa3 cjaydau, Koraa
K - mone BelleCTBEHHBIX HJH NMOJE KOMILJIEKCHBIX 4HCeJ.

DNeMeHTBl COBOKYNHOCTH K panee OymyT HasblBaTbCH Huciamu,
Jaxe W Torjpa, koraa K Oyjaer MPOU3BOJBHLIM KOJbuOM. Mbl Oyjem
ux o003HayaTb MaJjbIMH rpedyeCKHMH OGyKBaMu o, B, . <.

IIpoussonibHast cHcTeMa 3JeMEHTOB COBOKynHOCTH K pacnoJo-
}KeHHass B Buje HpHMOYFOJIbHOH Tabauubl, CcojepKalled m CTPOK H
n CTOJCLOB, HasbiBaeTcst (m, n)-Marpuuefd uIH IpPoOCTC mampuyed
Hajg K. UtoOb 3anucaTb MaTpHLy, BHITHCHIBAIOT B HajAJIexalleM
nopsajxe oO0O3HaUEHHS ee 3JIeMEHTOB M NOJYYHBIIYIOCA TaGJHLy
3aKJ/IOYAlOT B CKOOKH HJIH OTPaHHYHBAIOT ABOHHBIMH 4epTamH. Takum
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o6pasoM, o6muil BUA (m, n)-MaTpuub OyAeT

[' *i3 Btz oo Zip'd a1 o132 ves  Gp \ l 4T Tya ess  @lpn
i
@1 Gga  .es @9 Fo1 %2 ... Oop , g O;a ... Zop
1 ?
- L] - - - L] L] L] L) - - L] . - - - » - L - . - - L L] - L]
LOm Ope ees Oy Lnt Gma coe Opyp Xmt Gma eee Omp

rie «;; — o003Hauenua 3eMeHToB M3 K. Hacro BMecTo Takod Hox-
pOGHOH 3amucH yrnoTpeOAsOT cOKpalleHEYIo: | ;| HaH |23l m »

Ecnu uncnoc CTpoK MatpHibl  PaBHO YHCAY ee CToalbuos, 710
MaTpUia HasbiBaetTca xeadpamwod, a YHCAO ee CTPOK, PAaBHOE UHC-
JIy CTOJOUOB, HAasblBaeTcss nopadkom KBajpatHOH MmarpHubl., B
YACTHOCTH, KBaJpaTHas MaTpulla nopsaka 1 — 3TC MpOCTO 3JEeMEHT
u3 K.

Marpuny, HMeomyl0 TOJBKO OAHY CTPOKY, HAasnlBawoT MPOCTO
CIMpoKod, a YUCAO €€ 3JEMEHTOB — Jaunod CTPOKH. B jpanprehiien
MatTpuubl OyayT ofo3Hadarhbest GonbHINMYE OyKBaMH JIATHHCKOIO aJida-
BHTA.

Be MaTpulibl Ha3LIBAIOTCA pPABHaiMy, €CJAH YHCAA CTPOK U CTOJG-
OB y HHX COOTBETCTBEHHO paBHbl H €CJH PaBHBl YHCAA, CTOAILHE
.Ha COOTBETCTBEHHEIX MecTax 3THX Marpum. Taxum o0pasoM, ORHO
PaBEHCTBO MEXKLY (m, n)-MaTPHILAMH PABHOCHJIBHO CHCTEME Mil DABEHCTB
MeXJy HUX 3JeMeHTaMH.

OCHOBHBIMY MAaTPUUHBIMH OIlePALUSIMH SBASIOTCH YMHOMKEHHE UHCIA
Ha MaTpUIly HJH MaTpHUbl HA YHCJI0, CJOKEHHE H TEePEMHOXKEeHHE
aByx matpunt. Ilo onpeaeseHHto, YTOOBI YMHOXKHTbL YHCAO o HA Mat-
puny A wuru matpuny A Ha YHCJO o, IIYXKHO YMHOMXKMTL HA o BCe
sJeMeHTBl Matpunel A. Hanpumep,

Ao ek ap oo A pa
& - —— , = .
E o af  ay £ 1 S )
Ecnu paccMaTpuBaloTcs MaTPHIB! HaJ KOMMYTAaTHBHBIM KOJIbUOM K,
To a5 mobGoit Matpuubt A H /moboro o & K cnpaBejsiHBO PABEHCTBO
oA = Ao. B cayuae HEKOMMYTATHBHOI'O KOJIbla K MOXET OKasarthesl,

yto aA £ Ax. Beps B xauectBe K KOJBHO BceX HesblX YHCeJ, HOJY-
YKM, HanpuMmep,

2 3 2 3 10 15 '
5. —_— $H = )
[7 —1] [7 ——-1] {35 —5]
Marpuuza, Bce 3JleMEHTH KOTOPOH papHbl HYJO, HA3HBAETCH HYJe-

BOH Marpuliei H oGo3Hauaercs . Ecnd XeJsaloT yKasaTh SIBHO YHCJIO
CTPOK H CTOJIOIOB HYJEBOH MaTpHubl, To RNHIIYT O,
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SlcHo, wro HIsT Kamzo#l MaTpHubl A wuag K-mwxaxapx o, 8 & K
HMEIOT MEeCTO COOTHOLIeHHS:

1. 1-A=A-1=A.

2. OAZA():O, a0 - O0=0-0=0.

3. a(34)=(aB) A; (Ax)p=A (2}).

Cymmoif asyx matpuu A H B, HUMEIOMHX COOTBETCTBEHHO PAaBHbIE
YHCJAa CTPOK M CTOJNOLOB, Ha3bIBaeTCS MaTpuia, HMelomas Te XKe
YHCAa CTPOK H CTOJIOLOB H 3/7eMEeHThl, PaBHBIE CYMMaM COOTBETCTBYIO-
nux saementoB mMarpuu A, B, Hamnpuwmep,

2 1 3] - [O 2 —2 2 3 1
[1 —3 5 I 2 —5 {2 —1 O]'

M3 sToro oupeneseHHs HEMOCPEACTBEHHO BLITEKAIOT COOTHOLICHHS:

4. AL-(B--C)=(A-+-B)-FC.

5. A-B=B—+A.

6. (v —}—{'}) A=0A+BA; A(@-+B)y=Ax-- Ap.

7. o{A 4 B)y=0A -I-aB; (A—L—B)a*ﬁAa—!—Ba

8. A-L-0=0+4+A=A4,
JAOK2a3aTesbCTBa KOTOPHIX NPEROCTaBASIOTCA 4uTare/io. B 4acTHOCTH,
npuMeHas cpoictsa | # 6, moayuum

A--A=24, A-LALA=34,...

BBona ofosnauenue (—1) A==-— A, GyJeM HMeTb TaKxKe
A+ (—A)=0, (—a)A=—ald, —~(A-+-B)=—A-—-B,
—(—A)=A

ILns kparkoctd BMecto A - (— B) oOplkHOBeHHO uumytT A — B.

1.2. YMHOKeHHe MaTpuU. B oT/iHuYHe OT onepanui CJIOXKeHHd H
YMHEOMXKEHHS Ha YUCJIO OolepalHs yMHOXKEHHS MaTpHLB Ha MaTpHLY
onpenenserca Gosee ca0KHbLIM 00paszoM. KiMeHHO nycTh 3ajafbl ABe
matpuiuel A, B, npuueM UYHCIO CTONOLOB IEepBOHM H3 HHX pPaBHO
Yucay CTPOK BTOpOH. Ecan

G 53 eee gy [311 319 Blp
— | % T ... g , B== Bt Baa ... (3-2,0 ,
| S e

L

aml a-m-] ] a‘ﬂm _J l—-@nl Brﬂ e @np '_]
TO Marpuua

C— Yoo Te2  «-¢ Top
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rjae

Tij:aiiglj—l—ai‘]p‘lj_i—"'—I—a‘ianj (£=1""’ m; ]=1""’ P),
uem A B u o6osnavaercs AB. IIDHUME

o Br 5 e [WHB @ B by

ar By [ ’ \;|= aﬁ—}—@l)\ aIB—{r-@lp. ae By | .

e Bal™ 7 7 Loay-Bob wdf-Pup oo ffav]
[IpaBuno yMHOKEHHA MaTpHU HHOTAA (QOPMYJHDPYIOT CAeAYyIOUIHM
o0pa3oM: umobbl NOAYdUML JAeMeHm, Cmoawul 8 i-il cmpoke u [-M
crmoabuye npouseedeHus O8YX Mampuy, HYNCHO BAeMeERmbt -t CHPOKU

Nepeoll MAMpUybL YMHONCUMb HAQ COOMBEINCIMEEHHbIE SACMEHMbL  [-20
cmonéqa 8mopou u nO./ly%HHbte npouseeaeﬂuﬁ CAONCUMG.

COMHOXKHTEJIEH AaKe H B TOM Cﬂyqae KOrJa Koaso K Komiy"ra-
THBHO. Hamnpumep,

1 271 21 [3 4]
3 2|1 1] |5 8
1

2171 21 [7 61
1 1113 2 4 4

Ecin paccmaTpuBaTh MATpHilbl He KBaApaTHeE, TO MOXKET CJay-
YUTLCA JaKe, YTO IPOU3BEACHHE [BYX MaTpHIl B OJHOM IOpAlKe
OyJder HMeTh CMBIC/, a B oOpaTHOM — HeT.

JloKaxeM Teuepb OCHOBHBIE CBOHCTBA YMHOMKEHUSI MaTpHIU.

9. «(AB)=(2A4)B; A(uB)=(A2)B; (AB)a=A (Buw).

HOycrs A=/ a;;|lmn, B==|1Bjrllnp. Ionb3ysich npasuIOM YMHOHe-
HMSl MaTpPHI, MBI MOJYYHM AJA 3JieMeHTa, HaXoAdAweroca B i-il CTpoKe
U k-m crosnbue Marpuupl a(AB) (i=1,..., m; k=1,..., p), ciae-
Ayloliee BHIpa:keHHe:

o ) ) _
o (U'i]i’lk == e -lr-' ainpnk).

AnajioruyHo AN 3jeMeHTa, HaXoAAwerocs B TOH ke i{-H CTpoOKe
i k-M cronbue marpuinl (eAd) B, 1moJay4uM BhlpaKeHue

(a2;1) Big —F cen -'r- (2015) Bk

Tax Kak o6a BLIpaxKeHHS pPaBHB, TO NepBoe H3 paBeHcTB 9
Joxasano. TakuMu Ke BbIYMCICHUSAMH JAOKAa3blBAIOTCH H OCTasbHBIE
JiBa paBeHCTBa H3 9, a Tak:Ke H CBOHCTBA:

10 (AL B)C=AC -+ BC.

C(A+ B)y=CA-+-CB.

I/Ia ceofictBe 10, 11 HemocpeAcTBEHHO BhiTeKaeT ofllee NpaBUJO:
4mobbL YMHONCUME CYMMY MAMPUY, HOA CYMMY, HYNCHO KAXNOYw mam-
puyY nepsoll cymmbt YMHONCUMb HO KAXCOYO mampuyy emopoi u noiy-
YeHHbIe Npou3sedenUss CAOHUMD.
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Mpl BHpenu, 4YTO 3aKOH KOMMYTETHBHOCTH JJI1 MPOH3BEAEHUS
MaTpul He BuinonHseTcsi: AB Moxer oraudyatbess ot BA. OpHako
BTOPOH apU(METHYCCKHH 3aKOH — acCOLHaTHBHOCTL YMHOMXKEHH S — AJIA
MATPUUHOIO YMHOMKEHHA BBITIOJHSICTCH *).

12. A(BC)=(AB)C.

HJis nokasaTesbCTBAa TOJIOKUM

AB=M, BC=N

H 0003Ha4YuM 3JeMeHTEl MaTpui M, N uepes w;. vy,. [To npasmiy
VMHOXKEHHSI MaTpHI| HMeeM

. \ ! L, 4
Wip == 0131k ~1 %aap <1 < v 1 Rindaks

Vir=0nTu+Bpru— oo+ Biploo
rae o;; P, T — 37eMentsl MaTpuil A, B, C. Bumnoanss ymHOMe-
uie M wa C, Mbl B (-# cTpoke u [-M crondue marpuusl (AB)C
HOJYUHM CYMMY

e

| | N —_— f
EF TR OV Rl UTE ) i sl Wt el LT 18 ) Z Z %; 13 kY 81e
ko J

AHaJornyno, BHITONHAS yMHOMKeHHe A Ha N, Mbl B {-H CTpPoOKe H
B [-M ctoabue npoiizeeneuus A (BC) nojiyduM cymMy

} ! v | —— 80 )
L Ogaver o T iV = 2_‘ Zﬁiijﬁjk‘l’kz-
i ok

Tak kax ofe 3TH CyMMBl OTJHYAIOTCA JHMIUL MOPSAAKOM CJIAraeMbiX,
t0 dopmysa 12 poxasaua.

M3 ¢opmysint 12 caeayer, 4To npousBelielne HECKOJAbKHX Mar-
pie A, B, C,..., D, 3anmHcaHHbIX B ONpPeAeNCHHOM NOpsiaxe, OT
criocofa paccrtanOBKM CKOGOK He 3aBHCUT. [103TOMYy MOMKHO IOBOPHTH
He TOJBKO O NPOM3BEREHHH JBYX, HO H O TIPOH3BeIeHHH OOJIbIIErO
yHcaa MartpHi. Hanpumep, MOKHO TOBOPHTHL MPOCTO O MPOHM3BEIEHHH
gyereipex wmarpHu ABCD, rtak Kak Bce NSTH BO3MOMKHBIX CIICCOOOB
BLIYUCJICHHS 3TOrO 1POH3BCACHUA

(AB)CYD, (A(BC)D, A((BC)D), A(B(CD)). (AB)(CD)

AT OJHH H TOT Ke pesynbrar. JeACTBHTENBHO, Kaxuoe caedyloiiee
IIPOH3BEIEHHE MOJAYUaeTCA H3 NPeAUIeCTBYIOUEr0 HENoCpPEACTBEHHLIM
OPUMCHEHHEM 3aKOH2A accollHaTusHOCTH 12.

Boimie yike oTMeuanoch, UTO HE BCAKHE JABE€ Marpuibl MOXKHO
CJIOKHUTb HJH HEPEMHOMKHTH, TAK KAk AJMd OCYIIECTBHMOCTH TakHX
JeHCTBUI HeoOXOIMMbI H3BCCTHHIE CCOTHOLUEHHS MeXAy YHCIaM{

*) TlockonbKY CKIaABIBaTh W NEPEMHOXATb MOXKHO He J06ble MaTPHIL,
a TOAbLKO T€, YHCAA CTPOK U CTONOIIOB KOTOPHIX NONYHHEHB H3BECTHLIM YCHOBUAM,
10 paBencrea 10, 11, 12 caenyer noHuMarh Tak, YTo eCIH AeHCTBHA, YKa3aHHbie
N0 OQHY CTOPOHY OT 3HaKa PaBeHCTBA, BO3MOWHB, TO HefiCTBHA, YKa3aHHBIE 110
JApYIrylo CTOPOHY, Tak¥e€ BO3MOXHL M Pe3YAbTAThi B 0GeHX YacTAX OJHHAKOBHI,
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CTPOX M CTONGIOB. DTO HeyAOOGCTBO MCUE3AET, €CJAH paccMaTpHBaTh
TOJBKO KBaJPATHLIE MAaTPHULLI HEKOTOPOro PHKCHPOBAHHOIO NIOPANKA 1.
Jlio6ble nBe TakHe MATPHLH MOXKHO CJAOXKHTb HJAH IEPEMHOXKHUTD,

TaKKe NOMHOXKMTb Ha Juobpie yHcia H3 K, W B pesynabTare CHOBA
NOJIy4aTCsi KBajparHble MaTPHIB! TOro xe nopsaka n. Ceoicrsa 1—12
NOKa3bIBAIOT, YTO COGOKYNHOCIMG 8CeX KBAOPAMHuIX Mampuy OGHHO20
nnnnnnnnnnnnnn

CHOBA ACCOUUAMUBHBIM KOALYOM OMMHOCUMEALHO MAMPUUHbLY Onepayull
CAONCEHUSL U YMMHONCEHUSL.

Bceioay panee Mpt OyjeM npeanonarath, YTO OCHOBHAS YHCJIOBAs
COBOKYIIHOCTB A eCTh acCCUHAaTHBHOE KosblO c exunuiied 1. Ksanpar-
Has MaTpHua, Bce [HATOHAJbHBIE 3J€MeHThl KOTOpoH pasHbl 1, a
OCTanbHBIE — HYJIIO, HasblBaercs eduAuunod W obosHauaercs L HiH

E,, TIe n— ee NMOPANOK. 1dKHM 00pasoM,

1 0 ... 0O
o1 ol
E=\" | "

0 0 ... 1

HenocpescteennniM BuIYMCAeHHeM 17151 000 KBagpaTHo# marpuus A
MOJIYYHM PaBeHCTBO

AE=FEA=A,
Bbj pakaclilee oCHOBIICE CBOHCTBO MaTpHubl £, MaTpuiinl, nmeolwpe Bl
ra 0 ... 01
0O 38 ... 0
?
0 0 ... 7

Ha3LIBAOTCA OUACONANOHOIMU.

¥13 npapua jeficTBUHA HENmocpejACTBEHHO BBITEKAeT, YTO cyMMa H
IPOH3BEIECHHE JUAaroHa/bHbIX MaTpuil OyAyT CcHOBA [AMAaTOHAJIBLHBIMH
MaTpHIIAMH:

fe 0 ... 0 [a,‘ 0 ... 0 ada 0 .. 0 -
008 .o 0] 10 B oo 00| O BB O !
00 ... 71 Lo o ... yii L o0 0 .. T

a 0 07 17y O ... 07 Pm; 0O ... O

0 P o]0 8 ... 0}: 0 8 ... 0

0 0 ... y4LO O T LO 0 ..o
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Pacemotpum Tenepb NpOU3BOJMBHYIO KBajpaTHyio Matpuiy X mo-
psika n ¢ ssnemeHtamMH H3 KoJbua K. Ilo onpenenenunio nosaraem

X'=E, X'=X, X'=XX, X*=XXX, ...

Tak kaxk B npousBefieHHSX HECKOJbKHUX MaTpHIL CKOOKH MOXKHO
pacctasiisaTh NPOU3BOJILHO, TO A4 J100bIX UeJblX HeoTpHuaTenb-
HBIX P, ¢ W IPOU3BOJILHOU KBAAPATHOH MaTpHubl X Hal acCOUHATHBHBIM
KOJbLIOM [ HMeeM

XPXT = X (1)
(XP) = X712, (2)

Matpuusl A H B Ha3bIBAOTCA NEPECINAHOBOYHEIMU, €CH
AB == BA. (3)

" U3 cooTHOWeHHS (1) nosnyuaem
XPXT = XPH — XIXP,

U, 3Ha4YHT, 8ce HAMypaisHete cmeneHu O0HOU U moi xe mampuyol
e Pecimanosodrbl Mexcdy cobol.

CnpasemauBo u Oosee o0liee yTBepkaeHue: ecau mampuyol A u
B nepecmanoeourer, mo aobsle UX HAMYPAALHLIC CHENeHu maxice
Nepecmanosoytsl U 0a8 406020 HAMYPAAGHOZ0 D UMeem

(AB)? = APB”. (4)
B camom jene, nsst /moGblX HaTypadbHBIX p, ¢
APBT—=AA ... AB... B.

[fo ycioBuI0 B 5TOM NPOM3BEACHHH MOXHO NEPeCTaBUTh JIO0BIE CO-
celHHe MHOXKHTeaH. Ho TakuMH HEPeCcTAaHOBKAMM MOMKHO HX paclo-
JIOXKHUTE B J:0O0M nOpsigxe, B YAaCTHOCTH, MOMKHO MNE€PECTaBUTH BCe
COMHOXKHTeN!, paBHble 5, Ha neppble MecTa. AHAJOTHYHO AOKa3bi-
Baercsa n gopmyaa (4).

Paccumorpum Tenepb Kakoii-HuOyap MHoOrouJel

{? (}\) =1 —i— (11)\ -I— - -—5—- Otn;\n
oT OykBHl ), Ko3((PHLHEHTL KOTOPOTo HpHHafdexaT Koabny K. Ecan
A — kKaxkasg-HuOYAb KBazpaTHA MaTpHIa Hal K, TO BhIpaxKeHHe
w0E +ud 4 .. A-2,A"
Ha3bIBaCTCs 3HQUeHUeM MHOTouwjeHa ¢ (A) mpdH h=A uJAH, Kopoue,
COOTBETCTBYIOMIHM MHorousneHoMm oT MarpHist A. [lpennosaraa xoubuo

K KOMMYTaTHBHBIM, JIEFKO NPHXOIAMM K 3aKJIOYEHHIO, YTO 3HaA4eHue
CYMMbL MHOE0UAEHO8 O A npu A== A pasHO cymme 3HaueHull cageaemoix,

CoMHONcumeaerl.
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[lycte
o(N)=ayFa A4 ... Fa,\",
O ()= -3k ... 3l
Torna
FOY =1 () == () == (20 3) = (11 =301 . b (a3 M7,
g =19 (") ¢ () =3+ (2B - o) = . BT

Haumm yrBepkieHus cocioaT B TOM, 4TO
f(A)=¢(A) -7 (A),

g(A)=29(A)$(A).
Has porasartenbctBa pocrarouno seimucath o (A), G(A4), f(4), g(A)
¥ n0 npasusiaMm !—-12 MaTpUUHOTO HCUHCAEHHUS [POU3BECTH CJOKEHHE
H yMHOxkeHnHe ¢ (A) U O (4).
B kauecTee mpumepa pacCMOTPHM paBeHCTBO

2 = (k= 1) (- 1),

beps 3naucHHA JeBoH u npasofl uacTeii npy A==A, MOJyuHM Mar-
DHUHOE PaBEHCTBO

A'—E=(A—E)(A+E).
AnasoruunbiM nyTeM u3 paBEHCTBA
Wt l=0r+DMHW—21-11)
MNOJIYUHUM COOTHOILEHHE
AP E == (A~ E)(A* — A-- E).
Boofme H3 Kax[I0ro COCTHOLLEHHS MEXKIY MHOTCUJEHAMH OT A TaKuM

CrIoco6oM MOJy4aeTcs HeKOTOpoe MaTPHYHOE TOXKIecTBO. B wactHocty,
10 MpaBHJAaM AEHCTBHH C MHOroOUJeHAMH HMeeM

2 (NP (M) =9 ()7 {+).

IloacTamnifAs Ciofa BMeECTO /. KaKyio-HHOYIb KBajpaTHYIO MaTpuuy A,
MOJIy4uM
o (A)Y(A) =19 (A) ¢ (A).

CrnejpoBaTenibHO, MHOTQYJIEHBl OT OJHOH M TOH Ke MaTpHubl [epecra-
HOBOYHBI JPYI C APYIOM.
1.3. TpahncnmoHuposanve matpuu. PaccMOTpUM IPOHSBOJBHYIO MaT-

puiLy
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Martpuua
oy oy ... amﬂ
Al — Q2 Faz ... O
- - L] - a . i
L0, Oz ... C"an

noJyyaromascs u3 A 3aMeHOil ¢TPOK ¢To/i0LaMH, Ha3blBAETCH FMUGHC-

NOHUpogaxHot No OTHolLIeHUI0o K A. B nalpHeiuleM LITPHXOM BCeria
ﬁyﬂeT 0003HAyaThCA Mepexol K TpchnompOBaHnoﬁ MaTpHle.

[ Y ) Sirv AAOREIR P AD A ipmariera 14T

u,pu‘

AJU‘L NpOU3BOAbHOIX MAmMpuy A, B umeiom mecimo CACOiotUE
GUAA MPAHCHORILPOSARU S,

(@A --BB) =2A"+- 3B,
(ABy = B'A’,
ede a, 8 — rakue-aubo uucia, ﬂoxamem HanpHMep, BTOpOe M3 3THX
MADALFMNTD QT!DIJDIJ"I I"Fr\(‘llll!lYuI f =) 1_ koY% Farat = ’Hf\ﬂﬁ!"l’ﬁ rEO
lJLlLJ\.;ll\.lU- AYEIVIL TR, LEANFAIRIREL KL 1 i !1 I.JUI'\C l’l j .LVJ. LLUUIULL\« NI 1
r

puubl (AB), paBeH sJaeMeHTy, CTOHmeM” B j-if cTpoke M [-M croabue
MaT pULLbI AB T. €. paBeH

Bt T
I R e M A

fue o4, 3;; — saements! Matpun A, B. Ho 310 BHIpaxenue ecTb cymma
IIPOH3BEAEHHI 3/IEMEHTOB i-1i CTPOKH MaTpuilbl 5’ Ha COOTBETCTBEHHDIE
3A€MeHTH! j-ro cronfua marpuiel A, tak uto (ABY = B'A’.

Ecau A — npousBosibHAS KBaApaTHAs MaTtpuua M

A=A,
To A 1asblBaeTCa cuMmMempudeckolt; €Cail xe
Al=— A4,

TO — KOCOCUMMEM PudecKoll. DNeMeHTHl, pPACIOJNOKeHHbIe CHMMETPUYHO
OTHOCHTENBHO IV1aBHOH LLaroHamy, y CM.umeTpnquKOﬁ MaTpHUE! paBHbI,
a Y KOCOCHMMETPHUECKOH NMpOTHBONGJIOXKHBL. B wactHocTH, Bce Auaro-
HAJbHBIC 2JEMEHTHl KOCOCHMMETPHYCCKOH MATPHIUB PaBHBI HYJIO.

Viz npasuja TpaHCMOHHPOBAHHS CYMMbl HENOCPEJACTBEHHO BbITe-
KaeT, UTO CYMMa CHMMETPHUYECKHX MATPHIL €CTh MATPHIA CHMMETpH-
4YeCKas, 4 CyMMa KOCOCHMMETPHUEeCKHX — MaTpHla KOCGCHMMETpHUe-
cxast. IlpoHsBencHHe CHMMETPHUCCKHMX MAaTpUll MOXKeT U He OblTh
CUMMETPHUECKOH MaTpullef, Hampumep:

1 21 [2 1] T[4 3]

2 3| |1 1) |7 5]
Onnako, eciu JBe CHMMeTpHUeckHe MaTpuuesl A, B nepecraHOBOYHHI,
TO WX T[poH3BeJeHHe OyIer CHOBa MaTpuuell CHMMeTPHYECKOH.



51 OEFICTBUS C MATPHLAMHU 19

HeifictBUTENILHO, B 3TOM Cayuae
(ABY =B'A’ = BA = AB.

Orcioga c/eflyer, YTO CTefleHH CHMMETPHUECKOIl MaTpHllbl SBJSIOTCA
CHMMeTPHYECKHMH MaTPHUAMH H MHOTOYJ/ICHbI OT CHMMETPHUECKOH MAaT-
PHUBL! SIBJSIIOTCS TaKXKe MATPULAMH CHUMMETDHYECKHMH.

KBagpatnasi matpuua A HaJ KoJbUOM K HaspiBaercd odpamumoil
(#ag K), ecitu cyiecTByer KBajapatHast MaTpuua X Hajg K, YAOBJIETBO-
PAIOIIAS COOTHOUIEHUAM

AX =XA=F. (1)

Kaxpasn marpuua X, yposaerBopsiiowas ychoBusiM (1), naan-
BaetTcsl MaTpuued, obpamwold ¥ A, uau odpaujenuem Matpuibr  A.
ol oOpaTHMOH MaT 3 THC,
HeficreutenbHo, ecau wmapsay ¢ ymatpunein X yegaosuam (1) yviaosie-
TBODSIET MaTpHia Y, T0, yMHOXKasa ofe yacTH paBeHCTBA

AY =1L
cnepa 1a X, nOayuuMm

XA Y =XE,
win Y = X.
Odpamenve MaTpuusl A, ecaH CHO CyuiecTsyer, 00603HayaeTcs
uepes A~ Takum oOpaszoM, TO ONPELeNeHHIo

A AV =4 A=EF, (2)

B ycaoBusa (1) marpuisl 4 1 X BXOAAT CHMMETPHUHO, H NOTOMY,
ecau X ectb ofpautenue A, 1o A ectb obpaweniie X, HHBIMH CJIO-
BaMH,

(A H)y'=A4. (3)

Ecnu xBagpartuple mMatpuinl 4, 5B, C onHoro H Toro ke Mnopsjaxa
obGpaTHMbl, TO WX NpouspeneHne ABC Takie cO6paTumo H

(ABC) '==C 'B'A",

T. €. 00 patjerue npoussedeHus MampLrly, PUsHo NPOU3BE0PHILIO 0D PAULCHU T
COMHGHCUMEREL, PACROAGICEHHLIX 8 MPOMUBONOADNTHOM NOPACKE.
[las JokasaTenbCTBa HAJ0 NMPOBEPHTH JAHIIb PABEHCTBA

ABC-C'B'4A'=C"'B'A1". ABC=EL,

ABJISIOUIHECA OUYeBUAHLIMU CACACTBHAMH CoOTHOoWeHHI (2) ¥ aHado-
IHYHBIX COOTHOWEHHH ana matpuu B, C.

s xaxpolt ofparumMoi MmatpHubl A HapsAy ¢ HaTypasJbHbIMH
crenenqsMu A'=FE, A'=A, A*=AA, ... paccMaTpUBaIOT U ee LeJbe
OTpUllaTeJIbHble CTEHeHH, HoJaras 10 OlDELS/IEHHIO

A= A, A= AAAT, @
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JlpoGHble cTenmeHH MaTpHIL pPAacCMATPHUBAIOTC DEAKO, TaK Kak
BO MHOT'HX ¢Jyuasix oObluHble ONpeliesieHusl He Jal0T OfHO3HAUHBIX 3HA-
ueHHH z/1s1 TaKUX cTeneHeit (cMm. n. 16.2 . IV).

M3 cootnowenuii (2), (4) cneayetr, uto aas aw000ii obpaTtHMOI
MaTpullbl A U MobbiX Uenbix (He 00si3aTesIbHO IOJIOXKHTEJNbHbIX) UH-
cen p, ¢ HMelOT MeCTo OObiuHble MpaBHaa JEHCTBUH CO CTelleHAMH

AP AT = APH,

(AP) = AP,

n ecnu marpuusl A, B ofpatuMsl 1 AB=BA, 10

(AB)? = APBP.

b

IlocmoTpuM Tenepb, XKaK CBsi3aHbl ONEpPaldH TPAHCIOHHPOBAHMS
1 obpawenua. [lpumensis npasu/o TPAHCHOHUPOBAHUS IIPOH3BENCHHS
MaTpHL K cooTHouwlenusM (1}, nmonyuaem

xry AP . rLrz

j('/{’:::A'A'.:

m

»

T.e. B pe3yJbTare TPAHCMOHHPOBAHHUS OOpATHMOH MaTpHubl A NoJy-
ugercsi CHCBRa obpaTuMasi MaTpHUa U

(A T=(ATY. (5)
Keajparuasg matpHua A HasblBaeTCst OPMOSOHAAbHOU, €CJH
AA —A'"A=F, (6)

T.e. eCJIH TPAHCMCHHPOBAHHAS MaTpulla oOparHa K ucxoaHod. Orciona,
B YACTHOCTH, CJELYET, UTO Kanc0aa OPmocoHarbHas nampuya obpamuma.
Tak xak (A'Y=A, 10 u3 (6) BbLITEKaeT, YTO oOpauieHUe OpHIOo20-
HOARLHOU MQIMPULbL eCllb CPIOLOKAALHAR MAMPUia.
Hanee, ecnu Marpuipl 4, B opTOroHaJsHh, TO

‘4r_:__14—1, Br:B—l
11, 3HA4YHUT,
(ABY = B'A’= B4 = (AB)™.

MHBMH  CJIOBaMU, npoussedeHue OpiiocOHAAbHbIX — MAMPUl, echib
OPMOcOHANOHAR MAMPULLQ.

Pacemorpum elte ofHy MatpuuyHyio onepauuio, Ilyers A — npowus-
BOJIbHASI MATPHIA, 3JEeMeHTbl KOTOPOH SIBJSIOTCA KOMIJIEKCHBIMH YHC-
JaMH. 3aMeHuM B A KaK[blil 3/1eMeHT KOMIIJIEKCHO CONPSIKEHHBIM 4KC-
JoM. I'lonyueHnas Takum crnocoGoM HOBasi MaTpHila Ha3bIBA€TCS KOMMN-
ACKCHO conpaxcesnold ¢ A U oGosHadaercss A. Omnepanusi nepexona
K KOMIJIEKCHO CONpsiKeHHOH Martpuue ofJjagaer  CJeayOUIMMH
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CBOHCTBAMH:
oA -+3B=ad } 3B, .
AB=4B,
A=,
A= (A4

JI0OKAa3a7eJbCTBO HX BechbMa MPOCTO U HPEeJOCTABJALTCST YHTaTeJIo.
Marpunst A w A’ HasbIBAOTCH 3pmumoso-conpanernoimu. Ecau
A=A', T0 A Ha3BIBAETCT JpMUMOBOL UAL IPMUMOBO-CUMME DU~
YecKoll.
Marpuua A, yaoBAeTBOPsiOMIAA COOTHOUICHUIO

AA=AA =E,

Ha3blBAETCA YHUMAPHOU,

TakvM ke crocofoMm, Kak M AAA OPTOTOHAJNbHLIX MATPUIL, JOKa-
3LIBAETCS, UTO Mampuya, obpamuas K YHumapHold mampuuye, ABAA-
emca YHUmMapHod W UTO NPOU3BEOCHUE YHUMAPHLIX MAMpPUy A6AA-
emca cHosa YHumapHol mampuued.
~ Ecnu Bce aaemeHTHl MaTpulibl A —YHCIa BEUIECTBCHHBIE, TO
A=A, 4, c/efoBaTeNEHO, JJI51 BELUIeCTBEHHBIX MAaTpHL MOHSTHS CHM-
METPHYHOCTH U 3IPMHTOBOH CUMMETPHUUHOCTH, YHHTAPHOCTH H OPTOrO-
HAaJbHOCTH COOTBETCTBEHHO COBNANAIOT.

1.4. Kuetousble maTpuubl. PasofbeM Kakyio-HHOYIAbL MaTpHLY
A cucTeMOil BePTHKAJLHBIX H MOPM30HTAJbHBIX HPsIMbIX Ha 4acT. IDTH
YaCcTH MOXKHO paccMarpuBaTh KakK MaTpULbl HHUSIIHX MOPSIIKOB, H3
KOTOPBbIX CaMa MaTpuia MOCTpOeHa KakK u3 snemeHToB. OnHH Hasbl-
BAOTCH KAemKxamu, sujukamy Hn G6aoxamu matpuubl A, a cama mar-
puua A, pasburtas omnpeneseHHbIM CHOCOGOM Ha KJETKH, HA3bIBaeTCH
COOTBETCTBEHHQ KJCTOUHOH, sinuuHoil uau 6uounodi. OnHa u Ta Xe
MaTpuua MoKeT OblTh pa3bHTa Ha KJETKH pas/IHuHBIMH clocoOaMH,
HanpuMep:

1876 1 876 1876
3502 3502 3751072,
3.50.2 2.8 o0

Y1no6cTBO pasdueHHit Ha KJETKH COCTOHT B TOM, YTO OCHOBHbBIE
ollepauuy Hajg KJAeTOUHHIMH MATPHLAMH (POpMaJbHO COBEPUIAIOTCS 1O
TEM JKe NMPaBHJaM, KaKk ¥ Hal oObIKHOBeHHBIMH. B camom pese, nycrsb
HeKoTopast Matpuua A KakHM-TO cioco0oM pasdHura Ha KJETKH:

Ay A ... Ay,

A= - -« |,
Aml Am%-uAmn
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N oearrwrr nex
g MHAUMAA

BC
MaTpuis A.

r

KJETKH Ha YudJo 2,
ChnepoBaresbHO,
C(Au U—Alg .o CLA]H
aA —_— . - . - . . ¢ . L]

o P PN 3L

ITycts B — gakas-nuGo Matpuua, pasdurasi Ha TakKoe Ke YHCJO
KJIeTOK, 4TG H A:

”~
<

BlI Bli e B]n

B==] + ¢+ ++¢ove. h
_Bml Bmi an

IpeanosoxuM, KpoMe TOro, UTO COOTBETCTBCHHBIE KJETKH Martpul A
H B MMeiOT COOTBETCTBEHHO PABHBIE UHCJ/A CTPOK M CTOJOLOB.

UYrobul cnoxkurs Matpuiblt A 1 B, Hago, corJacHo onpeiesieHHIO,
CJIOXKHTb HX COOTBETCTBEHHBIE 3JaeMeHTH. (JIHAKO To ke camoe Mpo-
M30fJIeT U B TOM C/yd4ae, €CJIH Mbl CJOXKHM COOTBETCTBEHHbIE KJ/ETKH
stuXx Matpui., [lostomy

Ay -- B A12+Ble AJn—f"Bin
AFB==| « v v ]
Aml "%" Bml Am-l "}“ Bmﬂ L Amn “"‘ an,

HeckoJIbKO MeHee OUeBHAHO OOCTOMT JeJ0 C YMHOMKeHnHeM. Paccmor-
PUM MAaTpPHILBI

Ujl s U]n V}] s Vjp
U: s = & s s & s Iy V: L N A ,
Uml R Uﬂlﬂ an R Vnp
pasbutble Ha kJeTkH U;;, V,x Takum o0pasoM, 4TO YHC/IO CT0J16110}3
KJIeTKH U,J paBHHeTCH ugcay CTpoK KJaAeTkH Vi (i=1, ..., m;
j=1, ..., n, k=1, ..., p). Ilpu 3TOM yCJOBUH Bb!pa}KeHHH

Wip=UnVi “ir UiV —i— ‘e --"r UinV s

HMEIOT CMBIC/I. JIerKo noxas3arh, 4To
(Wi o W]
UV:[.......J, (1)
Wm]_ ‘o 1Vmp
T. €. 4HTO MaTpHUHbI, p336HTbIe HaAJCKAlIlHM 06[)330!\'{ Ha KJeTKH, MOXK-
HO NepPeMHOKATh OOBIUHLIM NYTEM: KAemKW Npoussedenuss PagHol CYM-

mam npoussederuti Kaemox cmpox U Ha KAemMKU COOMBEMCMEEHHbIX
cmoabyos V.
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HoxaweM cHayaTa 3TO TPABHIO B CAEAYIOMiEM 4YACTHOM cayyae:
C
(A B][D] = AC+ BD. (2)

MMycts @y, Bip, Yp. Bz — 27eMentst cooTBetCTBeHubIX Matput A, B, C, D
(=1, ..., m j=1, ..., m k=1, ..., 5 I=1, .., t). Bunoxnas pehicrans,
YKa3aHHble B JIEBOJ YACTH DaBEHCTBA (2), Mbl NOIYUHM, YTO 3MEMEHT, CTOAULHHA
B [-ft cTpoke H [-M ctoalue, 6ydet paBeH

@iy Y1z o ntar 30y Ao - BisYss

Qnuako, BLIYUCAAS COOTBETCTBEHHBIN 3IEMeHT 11PABOl YacTH, MBI MTOIVYHM TO We
BbIDaXeHHe, M, TakuM oOpa3oM, paBeHCTBO () mDOKasaHo.
[oip3sysacy dopmyaott (2), TeHeps erko Jokasate Goiace ofumyio Qopmyay:

rB,
B, .

[Ai Ay .. Ayl ;-J = A B+ AvBy ... - AnBns (3}
-B

-

rne A;, B;~—otmcashwie kaetkH. llpn n=72 3r1a ¢opmyna cosnazaer c (2).
Hanree mpumensieny upayxumio. IIvete padg 3HaueHnil n, MeHbIIHX 3a1aHHOTO,
popuyaa (3) ywe JOoKa3aHa, H NYCTh

C:[/lg vae Aﬂ], D: _: .

Toraa usz (2) uMmeem
i

B B
R e T
: D
By
- ;4181 + CD = AiBl '—]— A:_)Bg + ‘e -'IL- Aan.
AH&:{OI‘H‘{HHM "}-TCM ITOIY4anICa U Q)OPM}'H[)I

A[B]_ Bg . Bnlﬁ[ABl ABE [ ABn], (4)

A, AB
A; AB
2B=|""T" | (5)
An A,B
Uro6er Teneps W3 uactHeX @opmyn (3), (4), (5) sesectn obwyo (1), o6oznaunm
CTpoKH xaerck wmarpuun {J uepes U, ..., Uy, croabusl kKiaeTok wmarpuusl V'
uepes Vi, ..., Vp. Ha ochosanuu dopmyan (5)
U, UV
UV=} : V=] : .
Um UV

lonctasasa ciona Bmecro Matpuunl V ee pasGnenue Ha xaerku [V ... Vp] u
Hoap3yacs, dopmynolt (4), roryyum

uv, ... Uin
UV=|..... ... .| ()
UpViy ... UmVp
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QOnnako B cuny (3)
Vlk
UVe=1{Uy..- Ul : |=UaVig .o+ UnViyp = Wy
-Vnk

[Moxcrasana stu Bopaxenus B (6), Mo moayuum opmyay (1)

Yalle BCEro KBaApaTHbIC MATpPHIBI [PHXOAUTCS pa3bHBaTh HA
KJeTKHM TaK, 4yToObl AHaroHajbHble KJASTKH ObIJIM TaK:Ke KBaJPaTHbIMH.
Jlerko BuzeTb, YTO €CJAM JiBe KBajpaTHbie MaTpuubl pas3OuTbl HA
KJeTKH TakuM o00pasoM, UTO HX JAHaroHa/ibHble KJETKH KBaJPaTHHI
H CTEleHH COOTEETCTBCHHBIX JHMArOHAJbHBIX KJETOK COBIIAZA0T, TO
3T0 pa30HEHHe YIOBJETBOPSET KaK YC/JAOBHAM, NPH KOTOPBIX BC3MOXKHO
IIOKJICTOUHOE CJOMXKEHHe, TaK H YCJOBHAM, KOTOpbie HEOOXOIMMBI IS
BO3MOXKHOCTH HX yMHOXE€HUS B KayecTBe KJ/ETOUHBIX MaTpHIL.

Kneroynasi mMarpuna BHIA

Ay 0 ...0
40 4.0

--.-l’

L0 0 ... A

rie Ai, ..., Ag-——KBaapatHble KJeTKH, a (O — HyJeBble MaTpHILB!
HaAJeXKaWux pasMepHoCTeil, Ha3bIBAETCH  KAEMOUHO-0UGROHANHOL.
Bmecto 3Toro rosopat Takxe, urto A pacnajgaercss Ha UacTu
Ay, ..., A, w ut0o A ectb npamas cymma Mmatpuul Ay, ..., Ay CHM-
BOJIHYECKH

A=A, =~ Ay—...-L A,

Onepauun Haj pacruaBlUMMUCS MaTpULAMH NPUBOAATCS K ofepa-
LMAM Haj HX AMaroHanblbMH KjaeTkamu. Orcioga B CBOW O4epelb
c/leayeT, 4To ecau f(A) — HEeKOTOpBIH MHOTOUW/EH H A —— KJIeTOUHO-Ha-
roHa/ibHag MaTpHua ¢ AMarcHalbHbIME KJaeTKaMu Ay, ..., Ag, TO

f(4y) ¥
fay=| 1) : (7)

1Ay

1.5. KsatepHuonnl. Matpuubl npencrapasioor cofoio yaobubii all-
napar, NpH MOMOIIM KOTOPOro, HCXOASl M3 KAaKOro-HuGyAb 3agaHHOro
KOJIblla, HanpuMep KOJbIla BEINECTBEHHbLIX YHCEs, MOMKHO NOCTPOHTh
Goslee clOHBIE KoJiblia. CHCTeMaTHUECKH 3TOT BOMNpOC H3yuaeTcsl B
TEOPHH KOJel, & Mbl 3JeChb OFpaHHYMMCS pAacCMOTpPeHHeM JIHIIb ABYX
YacTHLIX CJyuaes,
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PaccmorpuM Kosbllo R, BceX KBajpaTHBIX MaTpuid 2-ro Hopsjxa
HaJl noJieM R BellecTBeHHbIX uyuces. Bsejgem obo3HaueHH$

Fe 10 = 0 —1 '
0 1 1 0
Ilycre € — COBOKYIIHOCTD BCEeX MaTpHU H3 R;, UMEIOUUX BHA

aE+:af=[;"@] (. BER). (1)

o3

Ilpoctoe Bo3Benenne B KBajpar MaTpuubl [ [OKa3elBaeT, UTO
[?’=—E, u noroMy nefictBua Haj MaTpuuaMi (l) MOXKIHO I1pOH3BO-
JIUTE 1o (popmyaM

(E Bl = (E--3) = (2 =) E-+ (3 :29) ],
(1E ~+BI) (E --31) = (a7 — 33) E -+ (33 -+ By) ],
T. €. 10 TeM ke (QOpMyJaM, UTO U HajA KOMIJEKCHbIMH UHCJIaMH

a—-pi, v+ 0. U3 ykasanupix ¢opMmys BHITEKaeT TaK#xe, UTO COBO-
KynHocTe MaTpHu C sBAsieTCH KOJBIIOM H COOTBETCTBHE

ol 81 —>a--3i

ecTh usoMopdnoe orobpamente Koablia C Ha KOABLO BCEX KOMIJIEKC-
HBIX uHCeJI.

Hcxons u3 mMatpull 2-ro nopsigka E, [, CTpouM Teneps CJAeRYOLHe
YeTblpe KB&JPATHbIE MaTpillbl 4-ro HOPSAKA:

e:[E O]’ i:[O —E} ]_:[1 O} k:[o ]]_ )
0 E E 0 0 —1 I 0O

Matpuna e — 510 o6bIYHASR enWHKYHAA MaTpuua 4-ro nopsajgka, u
IIOTOMY

el ==ije==1(, ej==je==], ek=—ke=k. (3)

Iepemuoxkas maTpuub! (2) 110 nmpaBuJiaM NEePeMHOMEHHST KJeToy-
HBIX MaTpHL M 3ameuasi, uto [*=—— E, noJjyuaem

ij=k=—ji, jh=i=—%Fkj, kRi=j=—Iik (4)

H, CBe€PX TOro,
P=P=kF=—e (5)

PopmyJibl (4) Aerko 3alOMHHAIOTCA: OHM O3HAYAIOT, YTO B TOCHe-
JOBATCJLHOCTH £, J, B, [, j, & mpousBeneHue IBYX COCEJHHUX 3JeMeH-
TOB paBHO CJeAVIOEMYy 3a HUMU 3JIeMeHTY.
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Matpuusl BHaa

« —1—f —¥

se-8i Lyjap=T % 0B (6)
B —8 o
5 8 —1 2l

rie o, 8, v, ©-— [IPOU3BOJIbHBIE BeILECTBEHHBIC YHC/a, HA3BIBAIOTCA
KeamepHuoHamy (MHorna — KBaTepHHOHHBIMH MaTpHuamu). M3 (6) cie-
JYeT, uTO NpelcTaBJeHHe KBAaTEPHHOHOB B (opMe ae -+ Bi -1 -0k
OJHO3HaUHO. MHBIMU C/lOBaMH, COOTHOLIEHHE

ag—+ Bl -7/ -1~ Sk = e - By - nj - 81k |
PaBHOCH/IDHO UETBIPEM papBeHCTBAM:
A ==dy, ‘.3:@1, T:‘Tl, 8:81

CioxkeHHe M BblUMTAHUE KBATEPHHOHOB, 3alHCAHHBIX B HOPMaJb-
Ho#l anrebpauyeckolt dQopme oe 1 Bi —-7j 0%, npoussoauTCst 110
OOBIUHOMY MpAaBUJY:

(e 4 B0 ] - 08) = (e |- Bai 1] -+ Bik) =
— (et e BB+ )G b (7)

[l nepeMHOMKEHHS JBYX KBAaTePHUOHOB, 3aNHCaHHBIX B aJjred-
pauvyecKoll HopMaJbHOR (opMe, IOCTATOUHO BOCHOJIB30BATBCA 3aKO-
HOM IUCTPUOYTUBHOCTH H TabnunaMu ymuoxenus (3), (4), (5). B pe-
3yJbTate MpUXoquM K dopmyne

(2e = Bi = 1j - &) (me - fi - - 1j - k) =
== (2ay — BB — 171 — 881) e~ (aPy - By -8 — 1) L +-
- (g =y - 88 — B) - (0B - ad B — 13 k. (8)

©Qopmyanl (7), (8) nokasblBaioT, YTO COBOKYIHOCTb MaTpHUHbLIX
KBATCPHUOHOB (J eCTb KOABLO C efUHHICH e, SABAAKILCECH NOAKOJb-
1IOM KOJIBL{A BCEX BelleCTBEHHBIX MaTPUL 4-ro mopsiixa. Keartepuuoust
e, I, j, kK oObIUHO Ha3hLBAIOTCS KBAaTePHHOHHBIMM enuHHuamu. K3 coot-
HolleHUH (4) cienyeT, 4TO KOJBUG KBATEPHHOHOB HEKOMMYTATHBHO.
HauGosnee 3ameuatesibHbIE (PaKT COCTOUT B TOM, 4TO KOJIbLIO KBatrep-
HHOHOB fIBJISIeTCH TEeJIOM, T. €. UTO B KOJ/1blle KBATCPHHOHOB pa3pelIHMbl

BCC ypaBHEHUs1 BUIA
ax=>b, ya="b, 9

rie a, b - mobble 3ajanHple KBATEPHUOHB!, U3 KOTOPHIX a HE paBeH
Hy/m0. Hizke npusefiedsl yao0uble HOPMYJIEl AJis pellleHusd THX ypas-
HeHUit.
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PaccMoTpuM Kakofi-HHOyIAb KBaTE€pPHHOH

g==ve B --7j - Bk.
BemecTeenoe 4HCIO0

N(@)=o*-+3 73

HasbiBaercsl Hopmod xBatepHHoHa ¢. Taxk kaxk «, B, 7, O BelecTBeH-
Hble, TO HOpMa JIOGOro KBaTepHHOHA €CTh HEOTPHIIATe/bHOe BElEeCT-
BEHHOE 4YMCJO, pAaBHCE HYJK TOJIBLKO [Jd HYJEeBoro KBaTepHHOHA.
KeatepHnon
Q¥ =ae — B3 — 7] — 0k

Ha3bIBaCTCSl CONpPANCeHHbim Aas g. JcHo, yto ¢** =gq. Tlpsmeim nepe-
MHOXeHHeM KBaTepPHHOHOB ¢ H ¢* (1o ¢dopmyae (8)) noaygarotcs
OCHOBHLIE PaBeHCTBa

q9* =q*q=2~N{(q)-e,

i
TN

OTKYdd
LgF==¢e (10)
WUJIH

a_ J o«

(npu ychoBuH, uto g 7= 0).
Bosspartumes Tenepb K ypaBHenusm (9). YMHOXaa nepsoe H3
HHUX CJiepa, BTOPOe CIpaBa Ha @ ’, [0Jy4uM

x=a'b, y=—ta'. (12)

TTogcTavoBka 3THX 3HAYeHHY B ypaBreHHs (9) mnokassiBaer, 4To
Gopmyabl (12) Ha camom JeJse A2KOT HCKOMblE PEIIEHHS 3THX ypaBs-
HEHHI,

Pemenunst @'b u ba™! B ofmem cayuae pasinunpl. lostoMy HX
YacTO HA3blBAIOT JEBBIM M TpPABLIM YacTHBIMU OT jJeseHust b Ha a u
o0c3HayaoT COOTBETCTBENHO Yepe3 a0 H b, a. Henocpeactsennbivmu
BBIYHCJICHHAMHI JICTKO IPOBEPSIOTCH (POPMYJIB!

(sa-- B0)* =aa* - 5b%,
(ab)* =b*a*,
H3 KOTODEIX IPOCTO BBIBOAMTCSI H B&XKHOE COOTHOIIEHHE
N@b)=N(@N@®) (a b&Q).
B camom nene,
N (ab)-e=abb*a* =aa*N (b) =N (a) N (b) -e.

Orobpaxkente o — ae €cTh H30MOPGH3M NOJA BelleCTBeHHBX YHce
B TEJO KBATePHHOHOB. ITO MO3BoJsieT KBAaTePHUOH BHJA %€ OTOXKJE-
CTBHTb € UHMCJOM & H BMecTo oe¢-Pi-—-7j-+8k nHcaTb mpocTO



28 MATPHLUB! U OIIPEAEJUTEJIU [Ta. D

o —- 8 - yi=+8k. Tak, Hampumep,

: . "_ , . W | I | 2
G+RA4f-i= =+l —it)g=—g—gi+ 5k

B nocnexyionux paspenax KHHIH 3HaYKTeJNbHAs 4acThb pesyJib-
TaToB OyJeT OTHOCHTHCA K oOBEKTaM, Omnpejes]eHHs] KOTOPHX 3aBH-
CAT OT Hanepef 3ajannoro Tena K. Xortd rjaBHbli untepec OyRyT
NpeACTaBJsiTh Cayuyad, Korja K —noae, paccyxpaeHdss OyayT
CTPOHTBCA TaKHM 00paszoM, 4ToObl He HCKJIOUaTh H HEKOMMYTATHBHBLIX
tes. Flayuas stu paccysaeHud, nosesHo HMmeTh B BHay, uTO Teqo K
MOxeT ObIThb MMCHHO T€JIOM KBaTePHHOHOB Q.

[ipumMepsl U 3a7aun

1. Ilyers
\ 1 2

3 1
[l 2
? )"[3 14]'

2. Ilokazate, YTO MaTpHila

TOria

ABIACTCA YHuTapHOil. [lpM KAKMX YyCrAOBHAX JMArOHANLHAA MATPULA ABAALTCA
OpTOroHanbHOM, YHHTAPHOIH?
3. Haitta obpatnyio A1d Marpuusl

_— —

2 2 1
A=13

e
9}
.

4, Ecmm

TD

n—
AFOI

L0 0
5. TTokasatp, 4TO BCE MATpPHUDLI, [IEPECTAHOBOYHHE C

[l 3

r—*OCD

|
)
|
J

S L = @

<@
oo Qo -
[
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HMEIOT BHUJ
ra B v B'I
B:“)“BY.
0 0 a B
O O 0 a_j

6. Ecan  matpuua ofnrazser asyMf  cBolicTBaMit M3 CIenVIOUIHX  Tpex:
geuLecMBeHHasl, OPMOROHaAbHaA, YHuNapHas, 10 ona of1alaeT M TPeTblilM.

1. Beakasa KsajipaTHast Marpuia MOXeT ObITh NIPeNcTaBiena B BHIE CYMMH
CUMMETPUHYECKOH H KOCOCHMMeTPHYeCKOH maTpHll

8. Marpuna [ nHasuBaertca uungowomuguod, ecan 2 = E. Tloka3aTs, 4To ¢C.Iil
Matpuia o6iafaer JABYMA U3 CBONCTB: CUMAMEMPUYHAA, OPHIOZOHAIbHAS, UHE0-
AIOMUBHASL, TO OHa 001afaeT U TPeTbHM.

9. Marpuua P naswisaercs udemnomenmuot, ecn P?==P, Iloxasars, y10
MaTpuIlbl

—26 —1§ —27 1 0 0
) 21 15 201, 10 1 0©
12 8 13 0 00
J L N
HICMNOTEHTHL,
10, Ecin P uzemnorenTtHa, 10

I=2P —E
HHBOMOTHBHA, U, HaoGopoT, ecid [ MHBOIIOTHBHA, TO

1
Pe=—y (I4-E)

BIeMIOOTEHTHA,
11, PaccmarpuBaiotca Ksaaparnble MatPuibl nopsiaxa n, O6o3Hayus uepes
Y KO

Ei; (i, j=1,..., n) matpuny, ropolt B -1 cTpokc M j-M croabuc CTout l,
9 BOE OCTANLULIS anesvientrr tacwir 0 Torna nmrng A — ol vapoens
et L S A RE LA LPEY L N\ o WA N VA N-LL 1 LM yuu‘lu} e A AL LA Al vdFL & U ""l] H FLIvE Ll
- T — g ¥ I . . "h‘ .
A 'Ei] = auElj T aanp

EU A :OthE“ + vee + O‘anin-

BoigecTnn o1CI0Fa, yTo Matpuua A Torga M TOILKO TOrja INepecTaHoBOUNA
¢ Kawmoi u3 marpuu E;;, xorna A nmeetr ull af.

[MTorb3ysch 3THM Pe3yinLTATOM, I[10Ka3aThk, 410 Mmatpilia A TOoraa H TOIbLKO
TOrLa IlePeCTaHOBOYHA C NPOH3BOALHOI KBAaXDaTHON MaTPHLEH MOPAIKA 71, KOria
A=uakE, rie a— 3IeMeHT 13 OCHOBNOIO Ko.JblUa K, IepccTaHOBOYHBIN € KA IbIM
sjleMeHTOM H3 K.

12. Vlgorga Hapaay ¢ MaTpuilaMH  KOHEUHOro 1OpAjKa PAacCMaTpHEIOT
W MaTpPuUbl GeCKOHEeYHOTO TopPAIKa, HMelomHe BMI OCCKOHeyHOII TaG.amubt
C IBYMA BXOJAMH:

Takaa Matpuma Ha3slBaeTCAl cMpOYeqHO-KOHeYHOMd, €CAH KakIas ee CTPOKa
CONEePIKUT JAHIIL KOHEYHOE UYHCI0 HeHyneBblX 9nemeHToB. ONiepauuu Hax
CTPOYEYHO-KOHEYHBIMU (M aHAJAOTMYHO OlIpeneNsaecMbiMH KOHEYHBIMH IO CTOI0L@M)
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MATPHIAMH NPOM3BOJATCA MO TEM e NPABHAAM, YTO H Hal KBAIPaTHHIMH MaT-
punamu KOHeunoro mopanka. Jlerko BHAeTb, YTO B Pe3yabTaTe NOAYYaioOTCA
TAKKE CTPOUCYHO-KOHEUHHE MaTPHIbI.

[lyctb A ==fa;; || — matputa OeckoHeuHoro Iopsgxa, nNpuueM 1=a,3==
=gy ==... H agy=0 Jas ¢ — s=£ 1. INlokasars, uto AA'=F, A’A-£E.

§ 2. Onpejennrenu

2.1. Onpepenenne. [lonsitue onpegesuTesNss BO3HHUKJO B CBSI3H C
3ajaued pelllellsl cHCTeM JIHHeHHBIX ypaBHeHHi. DBosbMeMm Kakoe-
HHOyap nojse K M pacCMOTPHM HpOCTeHIIMe CHCTEMbl YpaBHeHHH
1-it cTemeHH ¢ JBYMA H TpeMsA HEU3BECTHLIMH C KO3((pHIIHEHTaMH
u3 K. Cucrema JBYX JMHEHHBIX ypaBHEHHH C JBYMSI HeH3BECT-
HLIMH &y, &5 32[IHCBIBAETCA B CJCAYIOUIEM BHE:

oify - anba =3y, (1)

09181 *;i— gy == B9,

riae oy, J;—3afandbie uncaa us K. Marpuupl
Ay %po % %2 31
A = ] s B == !
Az Cag %1 Qg @2

Ha3blBAIOTCA COOTBETCTBEHHO OCHOSBHOU W pacuiupeHrod MaTpHuaMH
cucTeMbl (1). UToOb MCKAIOUHTE HEH3BECTHOE &, YMHOXHM IepBce
n

ML TR

NOJVUUM YpaBHEHHE

(211222 — 019%a1) b= @1%-} — Bata.

Ecam o423 — @409 7= 0, TO M3 3TOrO ypaBHEHUA H aAHAJOTHYHOrO
VpaBHeHHUSs, NONyYarllerocsd NyTeM HCKMoYeHUs! &, NONYdYuUM

HaoPy —- LiaPs o — ged
E1: 223 1232 Eg: 1152 2191 (2)

L]
®ygQga — Aypday ' Xy1Aeg — Uyatey

3HaMeHaTeaH BbIPAKEHHH I/ HeU3BeCTHHIX &, & 37ech ojgWHa-
KOBBLI U HPeLCcTaB/siioT ccO0H MHOrouJeH OT 3JeMeHTOB OCHOBHOH
- MaTpHlIbl A. 3HayeHHe 3TOr0 MHOT'OYJIEHA HA3BIBAIOT 0npedesumencm

T r B0 N A LI YL PO AR AAOITINTTTTLY A 121 AAND T AITATAT Aot A v | A
¥/iri VEAIC AL UiV l‘lall)i’luDi L1 i uuuonidanamnvi uwvt 1 Ylvikl | £1 e

Ecnu MaTpuua 3ajgana cBoed Tabauuelt, To AeTepMHHAHT 0003HAUZIOT, .
3akmoyad TaOJuUy B BepPTHKaJ/bHble YepThl.

Takum ofpa3oM, no onpegmejeHHio piad  Jmoboll  KBappaTHOH
MaTpHUUbl 2-r0 nopsjaxa

]:aa — Br1. (3)

- R
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C nomompio onpejenutesei ¢opMyan (2) MOXKHO nNepenucarb
B BHZE

I B &y l | ay By l
o !ﬁz aee] . @y By | 4
El— TR T E»z—--— ay; Ogel " ( )
Aoy Aag Xgy Oaa

Pelast ana/jorguipiM OYTeM CHCTEMY TpeX YpaBHEHHMI

t1151 + Aa5e + g3ty == @1,
0a161 + Aagts + U3ty == .B‘Zs (5)

[t LY
Oﬂ3151 + 3252 'f— A3353 — Ba

C TpeMs HEH3BECTHBIMH &1, &y, &, MOMyYHM

[ | {
B10guag — B1@osdne [~ Badge@ s — Battia%an - 8ot aay — Bydoatys 6)

£y ==
Ry hgallay — Oy Pgyllyg —j= 0yglyyllyy — Qyolaylyn ~f @y5@a Ty — 0yyasTy,

M AHAJIOTHUHBIC BBIPAWKECHUA JJ1d &y, %5, KoHeuHo, 3Tu BhIpaKeHHs
HMEIOT CMBICJI JIMWIb B TOM CJyyae, KOTAA 3HaMeHaTeJb MX OTJHYEH
oT HyJad. MaTpuibl

Xy1 A1y X3 %y Oga %y By
A==y oy oy |, B == ay a9 a3 32
¥3; O3z O3 dg %32 %3 O3

Ha3blBAIOTCA CHOBA OCHOBHOU W  pacuiupeHHOil MaTpHULAMH CHCTEMBI
b g

vnanugamoir (R Qrroavogaranl. b dhanmvna (Al tgastinasTea Ny nono -
YFABHCHHH {0). SHaMCHATC/b B QPOPMYJIC (O} Ha3biBdCTCH ORpeUCAlL

meaem WIH OemepmurHaHmom KBaxpaTHOH MaTpuubl 3-ro mopsjaka A.
Hrak, cornacHo omnpeje/ieHHIO
%11 g Xqp
Agp Qog Kag | === (y3Mlgelisg — Q11%z3%32 —i— G933y — a19a91a33~]——
d31 Uga U3
- 0321032 - Xs30taaliss. (7)

OGpenuusasl cnpaBa YJIEHLl, COACDKAIME BSJEMEHTH Uy, Xjg, O3,
M BCnoMHHast Qgopmyay (3), moayuum

%13 %49 43 ;
Olgg Oag Aot Ty l a1 Goa
Gag Ugg U3 | ==y — Ui2 %13 . (8)
| %az %33 %31 X33 | | %31 %3z |
| G3) Gg2 %33 |

Popmysty (8) nerko 3anoMHTb. JlAS KpaTKOCTH BMeCTO TOTO,
uTOOLl TOBOPHThL onpedeaumenss mampuysi 2-rO NMOPSAKA, 3-TO MOpPsA-
Ka, -TOBOPAT onpedesumert 2-ro, 3-ro NOPsiAKa. 1PH ONpeNeNIHTeNA
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2-ro mopapka B ¢opmMyne (8) mnoayuvaworcs U3 HAXOASIILEroCs B
Heil oupefejHTeNd 3-r0 NOPSAKa BhHYEPKHBARHeM NepPBOH CTPOKH

T OONTROTATRAIIITN 1-rn 9.rn u Ara rranAmmae JTan ATTRATA TTITA TTL
E48 ATV LA AL LYY s 1 Lt KNS F4 3 LU LAV UL, ’l_l.ad.l\.a\—’ UllPLA\JJlI’lILIJlU

2-To MNopsiaka, NOAYYHBLIHICS BblYepKHBAHHEM 1-H CTPOKH M j-ro
crosnibua, cJaexyeT YMHOMXKHTh Ha 3JeMeHT, HaXoAslnuiics B IepBOH
CTPOKe M j-M c10/0Ile, BCe NMPOM3BejeHUs CHAOAMTH YepeIVIOMUMHCS
3HAKAMH H CJIOKHTh. B pe3yJsbTaTe H HOAYYUTCS ONPeNe/uTel]b 3-TO
nopsaKxa.

JT0 HpaBUJIO NOJCKAa3blBaeT HaM, K&k CJeiyeT Olpele/MTb [OHA-
THe OlpejesuTe s, WJIH IeTePMHHAHTA, KBAaAPaTHOH MaTpHLbl 4-ro,
O-ro M BBICIIMX HOPAAKOB. MTak, BBOAHM C/eRyIOLlee OCHOBHOE

Onpenenenue. Onpedesumerem mampuiysl 1-20 nopsdka, o00-
PA30BAKHKOU YUCAOM &, HA3bIBAEMCR camo 3mo 4ucao «. llycmo menepo
048 KAKO20-110 HAMypaAsHoe0 wucia n==1 mbl ywe 3HaeM, Kaxod
Inemenm Koavya K sasasemca onpedesumesem npoussosvrotl xeadpam-
Hot mampuybt n-2o0 nopsaoka Had K. Toeda 0an npoussorsbrol Ksao-
pamnott smampuyst A =|a;;{ (n - 1}-20 nopadxa nad K no onpedeie-
HUI0 noiaeaem

detjo;; j=o | Al|—os| AT F-ous]| A} ] —. .. -F (— 1)”“1.n+11A?+1l’(9
)

20e uepes |AJ| obosmauera eeauuuHa onpedeiumens Mampuyst n-2o
nopadka, noayuaemoll u3 nepsoHauasvroll mampuyst A eviueprusarues
1-ii empoku u j-eo cmoabya (j=1, ..., n4-1).

Tlpumensa 310 onpefeneHne Ana n==1, noayuum opmyay (3)
pJs olpelenutesied 2-ro nopsajgka. 3Has BbIpaXKeHHE I/ ollpenesu-
Tenefi 2-ro TOpsIKA, MOMKeM BOCIOJb30BATbCS OCHOBHBIM Olpesee-
HHEM, uToOBl HOJYYMTH BhipaxeHde (8) s JeTepMHHAHTOB 3-ro-Mo-
psaaka. I3 Brpaxenua (8) npu momowid (3) mojyyaeM OKOHYATe/b-
Hyto Qopmyay (7).

IlocMoTpuM Tenepb, KakoBa OKQHUatTeslbHas GOpMyna AJaa petep-
MHHaHTa 4-ro nopsaka. CorJacHo OCHOBHOMY OIpeAe/eHuilo AJsd
MpOK3BOJIbHON KBaipaTHOH MaTpuubl A ==|«;;| 4-ro mopsajgka merep-
MHHAHTOM ee CJYXKHUT BblpakeHue

Uy Ggg Olay gy O3 Qg U1 Qaa Uag @1 Qgg Cog
Qpy | X3 Az Ogg | — %g2 | O3 Ugg Xyy + g3 | %gy Ogp Ogg | — Qg5 | Ugq Ogg Olag |~
052 043 gy g1 %g3 Agg Azy Age %4g Oy Cge O4p

IToncrasnsas cona u3 (GopMyJiel (7) BhipaxkeHds onpepenunTtesei
3-ro mopsijka H packpbiBas CKOOKH, NONYYUM HCKOMYIO OKOHYATE/b-
HYIO GopMyJsy AJas onpepequresns 4-ro nopsaka. Mst ee ne OyneM
B7€Ch BBIIHCEIBATD, TaK KAK 3allOMHHATL €€ BPSA JIH 1esiecoobpasHo.
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Cormacno (7) Kaxzaplil ompejpeyMTesb 3-T0 MOPAAKA paBeH CyMMme
HleCTH 4JIeHOB ¢ uepelymooliuMmucd 3Hakamu. ITostoMy, mojcrasnasst
8 (10) BMecTO onpepenMresell 3-rO MOPsiAKAa HUX BHIPAXKEHHS H pac-
KpBIBaf CKOGKH, NOJy4HM Beero 4 -6==24 uynena. IlonoBuna ux 6yner
BXOZUTb CO 3HAKOM IJIIOC H HOJIOBHHA CO 3HAKOM MHUHYC. AHanoruu-
HOe YTBEpXKIACHHE HCTHHHO H AJS onpe,ueﬂmenen moGoro NopsiIKa.
Teopema 1. [laa npoussoasroli Keadpamwuol mampuyst

all LY a1n
e e e s e =H:L‘or.”1a.2f2...am-n, (11)
anl . ann

20e CYUMMUPOBAHUE PACNPOCIPAHAEMCA HA NPOUSBONbHBIE NEPeCarO8KH
(i1, Loy -, 6n) Huucen 1, 2, ..., n. 3nax nmoc uiw Musyc Gepemca

8 3ABUCUMOCTILL O YEMHOCHUL AL HewernHocmu nepecmanosky (iy, iy, - ..
[.Y m. e. 8 NOAOBILHP CAYHae8 NAOC, 4 8 NOAOBUHE MUHYC, obLii jee

ey y YRy df [l e LEAEAS ML L A L

yucro 4aenos 8 cymme (11) pasmo 1-2...n==nl.

s n=1, 2, 3, 4 HCTUHHOCTb TeopeMbI HaMH Yy¥e NpoBepeHa.
Hanee paccyjiaeM Mo HHIyKIHH. [lycte TeopeMa HCTUHHA AJS Oll-
perenuTesell Kakoro-ro nopsaka n, u nyctb A =la;;| — kBanpar-
Hasi Matpuna mnopsiika n-+— 1. Ilo npexnonoxenuio B gopmyse (9)
Kaxawiii onpegeantens |Af (j=1, ..., n-} 1) umeet crenyromuil Bua:

lA{l:Eiagmlagm‘z...Ot,,+1_mﬂ, (12)

rie CyMMHpOBaHHE paclpocTpaHsieTcsl Ha BCe NepecTAaHOBKH (my, ...
myuucenl, ..., j—1 r'.J—1 ..., n--1, Uncno uneHor B cymme

vy dibkpg AIILLVL Ly . iy Ly ey rUEAWE S LS ) A RALILEA S

(12) paBHO nl. HOJlCTaBJIH?i B (9) BMecTO |AJ| HX BLIPa)KCHUS H
packpeiBasi ckKo6ku, nonydyum Bcero nl(n-1)=(n-1)! unenos.
[TonopuHa u3 HUX OyIeT CO 3HAKOM MJIOC H TIOJOBHHA CO 3HAKOM
MuHyC. [Toao6HbIX u/ieHOB He OyAET, TaK KakK ujeHbl, NoJiyyalioliuecs
NPH PacKpPbITHH Pa3IuuYHbIX CKOOOK, OT/MYAITICH JApPYyr OT Jpyra
INePBBIMH  MHOXHTeJNAMH. $ICHO, uTO mNpPOU3BOJNBHLIA UYJeH BHAA
O1i %2y - - - Apid, iy y y TOJYUHTCS APH PACKPBITHH CKOGOK H3 IIpon3Be-

JeHUs a‘H!AH’ H noromy ¢opmynaa (11) ucrussa.

Ha dopmyant (11) Jerko BEITEKaer OAHO CYILECTBEHHOE CJIEACT-
BHe. [yctb snemeHTHl MaTpHusl A =|a;;| CyTh KOMNJeKCHbIE YHCIA.
Ha ocuosanuu gopmynwr (11) nmeem

IAI____ Ny Oy, =N Ty gy, = A,

' |A|=T4T.

@opmyana (11) nokaspiBaer, YTO BeJIHUMHA ONPEACIHTE/ST MaTPHI(B!
paBHa anreGpanyeckoii CyMMe UJIEHOB, KamKABIH M3 KOTOPHIX €CTb

2 A H. Manbues
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TINAIIADATAL HH n
II}JUI'I.D Al

W

MEHTOB, B3ATbIX IO OAHOMY H3 Kd )KAUH CT p KH H
KaxKJoro cmﬂﬁua marpHupl. IlosToMy, ecnH Bce sjaemeHTH KaKoH-
HHOYb CTPOKH WJH KaKOTO-HHOGyab cToslua MaTpuubl paBHBI HYJIO,
TO 6YAyT paBHB!I HYJI0 H BCe uJeHHl onpefenntens. TakuMm o6pasom,
HaMH IOJyyeHO

CnexctBHue. Lcau xaxas-Hubyls cmpoka uau Karxol-Hubyos
cinoabey KeaOpamuot Mampuysl cocmoum yeauxom u3 Hyaed, mo on-
pedeaumens amol mampuybl pager HYAo.

KBajpaTHaa MaTpuia HasbIBAeTCS MOAYPACNABUIEUCS, €CU ee 3Je-
MEHTbl MOXKHO pa30HTb BepPTHKAJbHOH H TOPH30HTAMNBLHOH uYepTaMu
Ha 4YeThlpe MaTpHIpBlI TaK, 4TOObl [0 AMArOHAJH CTOSIJIH KBajgpaTHble
MaTpHIBl, a OJHAa H3 JABYX JAPYTHX MATPHL COCTOAJA ILENHKOM H3
Hyseil. Muauye rosopsi, MmaTpuna A nojypacnapuiascsi, ecJd OHa
uMeeT OJHH H3 CJEAVIOUIHX JBYX BHIOB:

11 «.. Uy 0.1',-_{,1 von Qg 11 o Ugp 0 ‘e O

Bpg eve OppOp pid  ons Oy i ey, O ... 0 .
0 * e, O af+1’r+1 ‘e g-r+1'n ar+1,l .o oa U’f-’;l,f ar+f.r+] s ar_[_l,n
__O e 0 an’r_%_] e G-nn ! _anl LR anr an‘ )-+1 “ s ann _1

Muorpa nepeylo M3 3THX MaTpHIL HAasbIBAIOT 6epxrell noJypac-
NaBLIeHCH, a BTOPYIO — HUJCHetl TOJypacnaBiieHesl,

Teopema 2. Onpedeaumensp noaypacnasuielica Mampuybt pasex
npousgedenuio onpedeaumenell ee QUALOHAALHOIX KACMOK.

Jlas Matpuny 2-ro nopsiika 3TOo YTBEPKAEHHE OYEBHAHO, TaK KaK

a

55—

Hanee npumeHsieM HHAVKIHIO, CYUTAst TeopeMy 2 HCTHHHOH [
MAaTPHIl KaKoro-Hu6ynb nopsizka 72— 1. PaccMOTpHM NPOH3BOJNBHYIO
nonypacnasiyiocss Matpuuny A nopsagka n. Ilycte ona umeer BuA

B D
A:“aij""—"[osr C]’

rae B, C — xBajgpaTHble MaTPHULIB!, UMEIOIHe OPAIKH 7, § {r |+ s=n),
a Os u D — npsamoyronbHble MaTpHibl, npuuem Marpuua O RyJse-
Bast. Ilpumensa gopmyny (9), nonyuum

| A=y | A} — ] A} | F ... - (— 1) as, | A7, (13)

rze Ai—wmarpuua nopsika n— 1, Rojyqaomasncad U3 A BHIYEPKH-
BaHHEM INepBOH CTpPOKM H i-ro cTonbua. JIerko sameTuTb, Y10 BCe
MaTpuusl A} nosypacnajawoiyecsi, H NOTOMy, B CHJy HHAYKTHBHOTO
NPEANIONIOKEHHs, ONpefesiuTe/b KaxAoh M3 HHX PaBeH IpPOH3Bele-
HHIO OmpejesuTesiell AMAroHaJbHEIX KJeToK. OJHAKO MaTpHIbl Al,
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..., A7 u Marpuus A7t ..., A? pacnajalorcs no-passomy. Jlas
nepBbiX HMeeM - _

‘A{!ZIB{['ICI’ =L (14)
a marpuubnl A[+1 ..., A% moxno pasburh ropu3oHTAJLHOH H Bep-

THKAJbHOH JUHHAMH TakK, 4TOObl BepXHUH JIEBbIH KBajapar UMeJ HO-
pAajgoK r. Tak Kak y 3TOro KBaapara HOCJEJIHSS] CTPOKa COCTOMT H3
HyJeit, TO ONpelesHTes]b €ro pabeH HyJ/Lo. OnpeneanuTesan MaTpHLBbI
Ar+i papeH NpOH3BENEHHIO ONPENRIHTE/S YKa3aHHOTO KBajpaia

onpeaenmeﬂﬂ jJononHuTeNbHoro kKpagapata. [lostomy | A7 +i =0 u,
3HAUUT,
|Al=a | Bi|-|Cl—...4 (— 1), | B;|-[Cl =
= (ot | Bij—+oo (= 1)y, | B{[J-|C|={B|-|C|, (13)

yro H Tpeboeanochk. Ciyuail, Korza marpuua A HMeeT BHI

cule Npolle, TaK KakK 31eChb % ,.q==...=0, =0, H notomy H3 (13),
(14) cpasy noayuaem (15).

TeopeMa 3. Ecru ece coomeermcreerisl

nmampuyy A=|a;;|, B==|8:,| odroeco u moeo xe nopadxa n oduna~

KO0Bbl, 30 UCKAOUEHUEM 3AeMENHIN08 Kaxoil-mo 00Hod i-U U cmpokd, mo

¥y KOY I’g Ny l—;lY

2 330 A
(= FUETROLr IO JAiTeriiven

WAL ST

o
)
L

A1 o .. Agp Oy «o. &g 11 s 01y

f
Oy «vv Gy + .Bn Vs Bin == ail'T"gil ain—]';ein . (16)
ani P aﬂﬂ. aﬂl ‘o ann aﬂi e aﬂﬂ

OTa TeopeMa HHOrAA HA3bLIBaeTCA TeOpeMOH CJ/IOKeHHS ompelesi-
teded. Ilepexona K ee mokasaTenbCTBY, 0003HauuM dYepe3 C MaTpuuy,
CTOSALYK B mpaBoli yactu paBeHctsa (16). [t matpun 1-ro nopsagka
paBercrso (16) tpusmanbHo. [lajlee pacCyxpaeM 1o HHAYKUHH H
npeanosaraeM, 4To AJ8 MATPHL Nopsiika 7 — 1 TeopeMa 3 HCTHHHA.
Ecan B gopmyse (16) i==1, 10, pasaarast onpefelutensb MatTpuiusl C
no ¢gopmyJde (9), noayuuM ‘

[Cl=(n+Bu) | C1l— - (=1 (un -} B1a) | CE.
Sicno, yro C/= AJ=Bj, u notomy
ICl=(nlAi]—...4 (—1)" e | A} )+ |
+ @ulBil—-.. - (— )" 78| B )=| 4| - | BI.
Honycram Ttenepb, uto B ¢dopmyne (16) i > 1. Toraa
|Cl=ot|Cl]— ..o (— 1) toaq | CE - (17)
0%
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Marpuunt C), ..., C* umelor mopsagok n— 1, H NOTOMY K HHM

MOXHO NPHMEHHTb pa3noxcHdHe BHEa (16). B pesynbrate moJsiyyum
Cll={Ai|+|B|  (i=1, ..., n)

H BeaeacTsue cooTHowenuss (17) umeem [C|=|A|~+-|B].

l'opopsi ¢opmabHO, OCHOBHOE oOflpefefieHHe JeTePMUHAHTOB ro-
IMTCH M JJ1S MaTpHI C 3JIeMEHTaMH M3 IIPOH3BOJIBHOTO AaCCOIUATUB-
HOTO (He 06f3aTeJbHO KOMMYyTaTHBHOro) Kosbna K. B nokasarens-
crBax TeopeM 1, 2, 3 Takke KOMMYTATHBHOCTb K HE HCHOJb30BaJach.
Tem wne MeHee psii BaxkHefllIUX JUIS NPHJIOXKEHHH CBOHCTB JeTepMH-
HAHTOB 3aBHCHT OT KOMMYTAaTHBHOCTH OCHOBHOro KoJjbna K. OxHo
M3 TAKHX CBOHCTB yKa3biBaeT \

Teopewma 4. llycne A — xsadpamuas mampuya ¢ dremermany
uz kommymamusroco koavya K. Ecau ece saremenmer kaxod-Hubyow
CMpoKy mampuybt A YyMHOJCUMb HA HeKomopvid saemenm A=K, mo
onpedesumenrs Mampuyst maxxe ymuoxcumea Ha A, Huaue eosops,

A1t v oe Kgp Q11 0. Agpy
)\U.j1... }‘U'in =\ @it ooe Agpta
Upl - .0 Apn Bpl oo Oppy

JlokasaTenbCcTBO TOUHO TaKOe e, KaK U Yy mpepbiayuled TeopeMbl,
M Mbl ero NopTopsith He OyaeM. OTMeTHM JIHIIb Ba)KHOE

Caepcreue. [Jas awbol xeadpamuol mampuuyst A nopadka n
C daeMeHmamu U3 Kommymarmusrozo xoaeya K u abo2o N&K

MA ="

JeficTBHTeIbHO, NPH YMHOMKEHHH Ha A MaTpHubl A Kaxpas H3
ee n CTPOK yMHOXaeTcs Ha A. Iloatomy ompenenuntens Marpuubt A
B Pe3yJIbTaTe yMHOXKUTCA HA A",

2.2, OcHOBHBIE CBOHCTBA oONpepeauTened. PacCMOTpPHM NPOU3BOJIb-
HYI0 KBajipaTHyio MaTpuuy A =|a;;| nopsgka n c¢ saeMeHTaMH H3
Kakoro-Hubyap konpua K. CorslacHo OCHOBHOMY OnpelesieHHIO

|A|=au|Ail—on] A+ .. (— )"y, | A7, (1)
rpe AJ —matpuna, noayyaemas H3 A BblUepPKHBAHHEM NIEPBOH CTPOKH
¥ j-ro cronbna. [lpumenas Tenepe K ONpepelHTeNIO MaTpHUbL A/ Ty
Ke (popMyJy, NOJydHM

/1 % 21‘/4!![-—-—-----—«'—(—-——1)1@2

177121 TTTOF N

[ALT =V (1Y ¥ag o AL+ -

oob (= Do A%, (2)

rje AJ"——Manﬁua nosiyyaromasics M3 A BbldepKHBaHHEM NepBol H
BTOPOH CTPOK M j-r0 M k-ro cTonbuoB (j £ k).
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[TogctaBum B popmydy (1) Bmecto BesuuuH | AJ| 3Hauenus us (2).
B pesynbraTe npuaeM K COOTHOLIEHHIO

|A = D] doaym, | AL (3)
JFEk

3nech cymMMHpOBaHHe OepeTcsi MO BCEBO3MOXKHEIM IapaM j, & pasauu-
HbBIX YHcel U3 MHoXectB 1, ..., n, a 3HaX mJOC WJH MHHYC CTa-
BUTCst B cooTBerctBuu ¢ (1) u (2). Matpuunt A/ w A%, oueBunso,
ONHHAKOBL, H NOTOMY (opMmyse (3) MOXKHO HPHAATH CJAELVIOUMHA BHA:

[ A= D) (F oo Eayma)) | AL (4)
i<k

I'loacuvraem Ttenepr OGoJjiee TOUHO, KaKH€ HMEHHO 3HAKH CJaenyer
B3ATb B nocliefHeir ¢opmynae. Corsacuo (2) mns j-ro uiaeHa B (1)

HMeeM _ _ .
(— 1o | Al = (== 1)y (— 1ag, | Al | ...
AHanoruyso, yumthiasi, 4to j<k, mas k-ro uiena us (1) umeem
(— ¥ ag | AF ==, .4 (— 1) ag, (— 1)/ g, L ATE ...

Takum o6pasoM, Kosgpdunuent npu |A{#| B dopmyne (4) pasen

Ve . Y == (— 1)/ thHree | M7 Mg
( 1) (oqjagk alkaaj)-—( 1) Gg; oy !
H, CJIeJ0BaTECJIbHO,
1A= Z (— l)f+k+1+i|°'-1j Yk AR, (5)
I%; Ay

i<k

®opmyna (B} HaspiBaeTCsl pasjIOKeHHEM ONpENeanTenst [0 3Je-
mentaM l-i H 2-fi crpok. Ona Jerko sanoMHHaercs: Oepymcs éce-
B03MOJKCHBLE onpedeaument 2-20 NOpAOKQ, 3INEMEHMbL KOMOPbIX HAX0-
oamca ¢ 1-6 u 2-0 cmpokax u kaxkux-mo j-m u k-m cmorbyax (j < k),
U YMHONCQIOMCA HA ONPeCesumentl COOHIBEMCMBYIOWUX MAMPUY,, NOAY-
HAIOWUXCA BLIMEPKUBAHUEM YKA3AHHLIX CMPOK U CMOoADKo8 u3 mam-
puysr A. Ilpoussedenus Oonoinumerbro ymuoxcaromen Ha (— 1)/7FHee
e0e noKasamenb pPaseH CYMME HOMEPOB BbiiePKUBAEMbIX CIMPOK U CMOAG-
408, u samexm cxaadwsaiomca. loaywenrnan arcebpauteckan cymma
pasHa onpedesumenio 3a0arHOE mampuyel.

Touro TakHe JXe INpaBH/ia HMEIOT MeCTO H JJisi pasJiolKeHHHA nO
3JieMeHTaM TiepBbIX TpeX, HepBhLIX uYeThipex W T. A. cTpok. Ognako
OHH HaMm JaJjiee He NOHAJo0ATCH.
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dopmyoii (5) MBI Tenepp BOCHOJAb3yeMCH, YTOOBI BLIBECTH Pl
OCHOBHHIX CBOMCTB onpepejmresneli. Huxe nmpeanonaraercs, 4ro sije-
MEHThl PACCMATPHBAeMBIX MaTpull OepyTcs U3 KOMMYTATHBHOFO
Koanlia K. .

Teopema 1. Ecau 8 Keadpamwuoii mampuue nepecmasums Ka-
Kue-rubyos Ose ompoku, mo onpedeaumers Hosold mampuys: Gyoem
paser onpedesumento cmapoll, G3sMOMY €O 3HAKOM MUHYC.

JInsg Matpui 2-ro mopajka >5TO yTBepKJACHHe IIPOBepsieTcs He-

E e Sl il

I0CpeACTBeHHO!

:0(.3-——-3'[, i

T 9 do == — (ad — 87)
ap T ) *

1

[anee mo HMHAYKUMHM [pexnojaraeM, 4TO AJsl MaTpHUIl MOPHAKA
n—1 Teopema BepHa H 4YTO paHHas Matpuua A=| «;;| UMeeT mops-
10K n. JdonyctuMm, uTo B A MepecTaBJsiOTCS JABE Hepsble CTPOKH. I3
¢opMyJbl (5) BHAUM, YTO IPH 5TOM BCe ONpENENHTeIH 2-r0 MOpsiKa
H3MEHAT 3HAK, a JIOTIOJHUTENbHEIC MHOMXKHTENU OcTaHyTcd 6e3 H3MeHe-
Huii, B pesyabrare Bcfg cyMMa IMpuoOpeTaeT MHOXHTeJb —1, 41O
U TpeGoBasoCh.

PaccmoTpuM cayuail, Korja HepecTaBJsIlOTC KakHe-TO j-f H k-5
crpoky, rae 1< j< & Toraa 1-a cTpoka ocraHeTcsl HeH3MeHHOH U
H3 pasnoxkeHus (1) BHguUM, 4TO KaXKAbld MHOxHUTeNbL |Ai| Oyner
HMETb NOCJe IIepecTaHOBKHM NPOTHBONOJIOKHOE 3HaY€HHe; II03TOMY H
BCS CyMMa [OcJie NepecTaHOBKH CTPOK INpHOOpeTeT npOTHBOMNOJONK-
Hoe 3HaueHue. '

Haxouen, ponmyctuM, 4YTO nepecraB/siiorcs 1-f1 H Kakasi-To -
CTpOKa, Ime [ >2. JToT Ke pe3yabpTaT Mbl NCJAYYHM, IepecTaBHB
cHayaja 1-10 B 2-10 CTPOKH, 3aTeM 2-10 H [-I0 H janee 2-10 H 1-io.
Ilo aokazaHHOMY Kaxpiblii pa3 onpejeautenb OyaeT MeHATb 3HAK, H
B pesyJibTaTeé TpeX HepeMeH OIpeReJuTe]b YMHOXKHTCA HA —].

CnencreHue 1. Onpedesumenss K8adpamuoi mampuyvt, umer-
wied 0se o0uHaxosbie CMpPOKU, PABCH HYMo.

[TepecTaHOBKOH CTPOK MOXKHO JOCTHTHYTB TOro, 4ToOBl OgHHAKO-
BRIMH CTpoKaMmu Obwid 1-1 u 2-s1. Ilpu 3ToM onpepesntesb MaTpPHILBI
C NepecTaBJeHHBIMH CTpPOKaMH OyJAeT HJIH COBNAajaTh € OnpelesnTe-
JieM NEePBOHAYAJbHOA MAaTpHUbl, HJH OTJAMYATBCS OT HEr0 MHOXHTE-
geM -—1. U3 dopmyasr (5) HemocpeaCTBEHHO BHIHO, 4YTO ONpenesu-
TeJlb MATPHIBI ¢ COBNAJAIOLIUMH NEPBLIMU IBYMA CTPOKaMH paBeH HY-
Jiio. I'foaTomy paBeH HyJHO H ONpeReIMTENb NepBoHaYaNibHOH MATPHILHL.

CnegactBHe 2. Ecau k ssremenmam Hekomopol r-t crmpoku reao-
pamnoil mampuypst A= ||e;;|| npubasume coomsemcrmeerrivie IreMeHMbL
Kaxod-mo Opyeod s- (S r) ee CmpoKu, YMHONCEHHbIE HA NpoU360ab-
Kol MHOXCUMeAb N, mo onpedeaument HO60U mampuol 6y0em pasen onpe-
deaumento cmapod, .
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all PR a-ln 111 e a-]n a—ll PR aj,l»
. [] L] . - L] L] - - [ ] L ] L ] - - - - L] L] - -
%r1 ter Xrn Xrt oen Gpp X1 e Drp
[ « s+ 2 = = _ L A _l_.l + & a LI
|
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3aech’ nocaeHUA ONpeleqHTENAb HMeeT JBE OJUHAKOBLIE CTPOKH H IO-
3TOMY paBeH HYJIIO.
Jlo cux nop Bce HAWIM pe3yJbTaThl OTHOCHJ/HCH K CTPOKAaM OIpe-
Jneaurenest. ChenaeM nepBeld H1ar, 4TOOLI BBECTH B HIPY # CTOJOLHI.
Teopema 2. /[aa rawdod xeadpamuod mampuyst A=|o;;||
nopadKa n  UCMUHHO caedyowiee pasiosxcenue no atemesmanm 1-2o
cmoabya:

| Al ==ay | A} | —an | AL] = ... = (—1)""a, ] A}, (6)

ede A} — mampuya, nosydarowasca ud A soieprusaruem 1-co cmoabuya

U r-d cmporu.
. Byjnem paccmarpuBaTe 3JE€MEHTBl o;; 3ajaHHOH MaTPHULI Kak
6ykBbl. Torga omnpejaenvreneM MaTpHubt A 6yier MHOTOUJIEH OT 3THX
OYKB, O6mIHA BHI KOTOpOrc Obll yCTaHOBJieH B TeopeMe | mpexsiny-
Hero nyHkTa. TaMm, B YacTHOCTH, OTMEYajoch, YTO KaKIBIH 4JeH
MHOTO4JeHa | A| colepXHT OAHH H TOJAbKO OIHH MHOXKHTEIb H3 COBO-
KYIHOCTH %1, %, ..., %n. GoOepeM B | A| BMecTe Bce ujennl, cojpep-
JKamlge MHOXKHTeNb %, BbIHECEM 3TOT MHOXKHTENb 32 CKOOKH, a Bbl-
pa:xeHHe B CKOOKax oO6osHauuM uepe3 A,. B pesyabrare nogayuum

[ A IZU.HA”—l—U.gIAm—I— “a -I—a,,lAni. . (7)
CpaBHuBas ¢opmyay (7) c dopmydo# (1), npuxoaum K BLIBOLY,
4TO
Au == l Ai l.

Yrobbl HAHTH aHAJOTHYHOE BBEIpaxeHue jas A,, Tenepb jJocra-
TOYHO BOCHOJib30BaThcs TeopeMoit 1. B camom nmene, GyiaeM noche-
JOBaTeJNbHO MEePecTaBisaTh r-10 CTPOKY Marpuuel A ¢ KaXipoH H3 mpe-
OBIAVIIHX, MOjHHWMasi ee Bce Bolle ¥ Bolme, [locae r— 1 Takux
NepecTaHOBOK MOJYYHM MaTtpuuy B, OTnuaiomyrocs OT MarpHusl A
TOJILKO MOPSIAKOM CTPOK, H IOTOMY

| A|=(—1)""|B]. _
Pasnaraga onpeaeautesnb B no anementam I-# CTpokH, mosnydaem
lBl=arllBil—afslB§l+ Tey +(_l)u_iafﬂle|
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HJAH

_ 11! p I (_IVHFS 1 Rn)
—1ij | L0 .an ‘|—' i) n|L2; |-

CpaBHHBasi 3TO pas.nox{eﬂne C pasfioKeHHeM (7), NPUXOAUM K CO-
OTHOLUEHHUIO
Ap==(—1)""{ Bil.

Marpuna B; noJgaydaercs u3 Marpunsl B BbiUepKHBaHHeM 1-i
CTPOKH 4 1-ro croqbma. $IcHO, UTO Ty Ke MATPHILY MBI TOJYYHM,
BelYepKHBasg u3 A r-o cTpoky H 1-ii croaben, 1. e. Bj = A}. 3ame-
s B QopMmyte (7) A, Ha (—1)7'| A}|, mpuxoguM K TpefyeMoMy
pasJoxenuio (6).

Brame oTMeuaJoOchk, UTO Marp

ANy A LS

nof

poii
CTPOKH COBNAJal0T COOTBETCTBEHHO C IM 2-M ¥ T. A. croabuamu
MaTpuilbl A, HA3bIBACTCS MPAHCNOHUPOBAHHOL OTHOCHTENbHO A H
o6o3Hauaercs uepes A'. fcHo, uro ecam Marpuua A KBajpaTtHas nHo-
pajpka n, To Matpuina A’ Takke KBajpaTHas MNOPsaKa n.

Teopema 3. Onpedesurmnesv xsadpammold mampuypt A He me-

HACIMCA NpU ee MPAHCNOKUPOBAHUL:

|A|==] A, 8)

Jna marpun nopsaxa 1 yTBepxkaenue TpuBHaJabHO. Jlasee, kak
¥ Bblllle, NOJAb3yeMcsl HMHAYKuUMeH, mnpexnonarasi, 4To 3ajJaHHas Mat-
pHua A_]]a,]]l HMeeT MOPAJOK n_>1 u 4To Aad MaTpHu nopajixa
n—1 teopemMa ucruHHa. Pasjaaras onpenenurtens MaTpuust A mo
anevenTaM 1-B CTpOKH, a onpejfe/HTe/] b TPAHCIOHHPOBAHHOH MaT-
punpl A’ no sneMeHtam l-ro croabiia, MOAyHHM

| A|=oun | Aj| —an| AT| 4 ... +(—=1)""ay, A7,
| A" [ ==an [(A)] — 2| (AN]+ ... - (1) Tua [ (A)z].

Onnako Jerko saMeTHTb, 4to (A')} =(A!Y. Marpuue A) nveror
nopsiiok n— 1, ¥ NOToMy, B CHJY HHIYKTHBHOTO NpeanoJokKeHus,

WA | =[(A}) =] A{| (=1, ..., n).

CpaBHMBasi 3TH COOTHOLIeHHsI ¢ pasnoxkenusaMmu (9), noayuaem (8).

Wrak, npH BhIUHCJEHUH OIpejeauTe/s] MATPHILl CTPOKH ee H
CcTOAOIB MOXHO NOMEHsiTh podsaMH. TlosToMy M3 Kama0o# Teopembl,
OTHOCAIMEHCH K CBOHCTBaM onpejeutend Marpuubl ¥ colepiKailei
B (OpMyJIHPOBKE YNOMHHaHHsI O CTPOKaX HJH CTOAOLAX, MOXKHO 1O-
JAY4HUTb HOBYIO TeopeMy, MOMEHSIB POJISIMH CTPOKH H cToabubl. B uacr-
HOCTH, M3 YKasaHHBIX Bblllle CBOHACTB onpeaesuTesed, CBA3AHHBIX CO
CTPOKAMH, NOJYYEEM

CnenmcrBue. Ilpu nepecmarnoske 0syx- cmoabyos mamputipe on-
pedeaumenp mampuyst npuobpemaem npomusonoAoNCHoe sHaderue. On-
pedeaument Keadpammot mampuybst, umerowjeld 0sa 00uHaKosuix cmoabya,
pasen nymo. Ecau ece sAeMeHmbl KaKoeo-HUbylb cmoabya mampuijol

! Al

ln*:

.
f\

[y

una, y Koro -4, 2-9 1 T. I

ELYY Hll =3 a4

©)
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YMHONCUMe HQ L, MO0 Onpedeaument Mamputel MaKice YMHONCUMICA
Ha A. Ecau KO 6cem anemermam Karozo-Hubyde cmoabya mampuiibt
npubasums COOMBEMCIMBYIOUE 3ACMEHMbL KaK020-HUbyds ee Opyz2020

Ccmoabun, YMHOXMCEHMbIE RO (DUKCUpOBaHHOe 4ucio, mo onpedeaument
HO80U mampuybt 6ydem paseH onpedeiumerro cmapod.
AHaNOTHYHO AJ1s1 pasjioxkeHHs1 (D) myTeMm uH3MeHEHHs poJied CTPOK

1 crosbnoB NOJyyaeM pas/oXKeHHe IO JBYM NEpBLIM cTOa0maM:

]A!:Z (___1)i+f+1+2 . 1 11]’

i<j J "j2
Hakonen, H3 TeopeMnl CJOKeHHs1 OnpefenuTenelt, oTHocsulelcd
K CTpPOKaM, NoJy4aeMm COOTBETCTBYIOLIYIO GOpMyay

% Oy

a'll .o a’li " aln a]l\ (RO p]i .0 aIﬂ, C"‘ll . ail_l—-gll e -_En
. . . - - . [y . _.!_ - - . - . - ] - f— . . . » " -

i ?
Apt v ov Xpj o ve Upp lanl---ﬁni--'ann Lt oes m"{—pm sor Tan

OTHOCHIIVIOCH K CTOJ01aM.

A TANARLTRALL ¥ DN A NSV ANS AL

Hdo cuX nop Mbl NOJAL30BANHCh TOJBKO Pa3JOKeHHSIMH Ol pefe/u-
TeJds NO 3JEeMEeHTaM nepsoll CTPOKH, nepsozo croqbua. Bmecre ¢ Tem
MBI 3HaeM 3aKOH M3MEeHEeHMs BeJHYHHBI OnpejenuTelis NPH Iepecta-
HOBKEe CTPOK HJIH cToJifuoB. DTO JaeT BO3MOXKHOCTb H3 pasfoXKeHHi
N0 3JeMeHTaM neppoii CTPOKH HJH cToqabla cpasy MOJYy4YHTb aHajao0-
rHYHBIE Pa3/OXKeHHfl N0 37eMeHTaM J1000H CTPOKH UJH croalua.

Teopewma 4. Jaa npoussosvrol ksadpamuot mampuysr A==(a,;||
NOpAOKA 1 UCTIUHHOL CACOYOUUE PA3A0NCERUA NO dAemeHmam r-d
CMPOKU U $-20 Cmoibua:

VA 1\, | ALY ] { I\TER, | A 10
[ —\7) ¥ ar|— . T\ 1) ’ml“,-h Liv)
[A|=(—1)""a ,SIA‘H— — 1) [ A7, (1)

ede Al — mampuya, NOAyQoOW0acs U3 A BoiEPKUBAHUEM (-0 CIPOKU

u j-e0 cmoabya.

Beuzy paBHOnpaBHOCTH CTPOK H CTOJOHOB ONpEAeJHTeNA JOCTa-
TOYHO MAOKa3aTb JHLIb ogHy H3 ¢opmya (10), (11), manpumep (10).
IlepectaBisisi TOC/HEJOBATeJNbHO 7-10 CTPOKY MaTpullbl A ¢ xapuoi
HaJ He#d crofumeH, yepe3 r— 1 mepecTaHOBOK MNOJYYHM MaTpHILY

&r1 %,2 Grn
%31 243 . Cin
B— lo.:: o,: 2 o, s
F—1,1 F—1, % F—i,mn |-
Orn,1 Orn,9 Crit, n
anl Gn3 e ann
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CoraacHo Teopene
Pasnaras 3pece onpefenmrens B no ajeMeHtam l-il CTPOKH H NOJb-
3yAch OUEBHAHBLIMH COOTHOINEHHSIMH Bj==A!, npuxomum K pasno-

xenmo (10). -
Onpenenurens Matpunst AJ HasbIBAETCSt MUMOPOM ONpelesUTENsA

MATPHIE! A, OTBEYAIONMM 3/eMeHTY o;. Buipakenue (—1)"/| A/ na-
3biBaeTCst advloHKmoM 3aeMenTa o;; B | A| n o00sHAUaeTcs yacro ue-

pes |Al;;. Ilpu nomowmu noHsTHs a/:[moHK'ra dopmyanr (10), (11)
MOXKHO 3amucath B GoJsiee KOPOTKOM BHJE:

a511A§i1+ai2|A152—{—- . e InlA —-IA* (12)
iy | Al g | Al oo g | A= Al (13)

B 3THX paBeHCTBAX Ka[blil 3JeMEHT o;; MHOXKHUTCA Ha CBOH
ajbIoHKT | Al;;. YTto Oyner, ecau B3ATb CyMMy MpPOH3BEIEHHH 3Ji€-
MEHTOB [-if CTPOKH Ha aJbIOHKThl COOTBETCTBYIOWHMX 3JEMEHTOB KaKoii-
uubyap Apyroil crpoku? YHToObl MoAYYHTb OTBET, 3aMEHHM B JaHHOI
marpuue A j-10 CTPOKy ee {-il CTpOKO#, a Bce OCTaJbHLIE CTPOKH,
BKJIOYast M [-10, OCTABHM HEU3MEHHBIMH. B pe3ysabTaTe HOJy4YUM He-
KOTOPYI0O MaTpHuy B, y KoTopo# i- M j- CTPOKH ojudHaKoBnl. Omn-
pede/uTesb MATPHULl paBeH HyJio. B TO e Bpems fCHO, 4TO MH-
HOPHl 3JEMEHTOB j-if CTPOKH y ompejenuteneil matpuut A u B cos-
najaior. Pasnaras B no saementam j-# CTpOKH, HOJYUHM

OL1'1|A|j1_ll"-- ‘"[_amIA.jn‘"—O ("i]) (14)

Mensii B pacCyKJIEHHMSIX CTPOKH H CTOJAOUBI, NMOJAYYHM BTOPYIO
CepHIO COOTHOILEHHH: -

ali!A\Ij—i—--- "‘anz’AmJ‘—"O (5—71——]) (15)

CootnowreHust (12) — (15) o6piuHO GOPMYJAUPYIOT CAESAYIOWHM 00-
pasoM:

Teopema 5. Cymma npoussederuil asaremenmos Kaxol-1ubyos
cmpoky (cmoabya) onpedeiumens HA C80U AOTIOHKNIbL DABHA BEAULUHE
onpeae/zumeﬂﬂ C YMMQ npous3sederuti 31eMeHMo8 KaKoL- -Hub yOb cmpoKy
(cmoabya) onpedeaumenss Ha QOBIOHKIMbL COOMBEMCMBYIOUUX NEMEH-
moe 060l Opyeoli e20 cmpoku (cmoabuya) pasHa HYyAw.

ChoenaeM Tenepb HECKOJbKO 3aMeyaHHH O crnoco6ax BblUHCAeHHSA
onpepeaureneil. Onpegenurean 2-ro H 3-ro nopsakoB OOLIYHO Bbl-
YHCAAIOTCS 10 HcXOopHeiM ¢opMyaam. Hanpumep,

7 —2 5

4
o 4 tl=7| * Hipof? Nisf ]-—_-187.
s 1 g —1 8/ %3 8/ —1

4@
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3/ech MBl Pa3JIORUIHA ONpefeaHuTe]b 3-T0 NOPSIKA 10 JIEMEHTaM
1-B CTPOKH. Ecau 6bl cpefiH 37eMeHTOB 3aJ@HHOTO OnpeenuTess Obla
paBHbIf HYJ/MO, TO BbrogHee Obi0 Obl NOJBL30BATHCA pasnoxenueM
o 3JeMeHTaM TOH CTpPOKM (Mau croabua), B KOTOPOH 3ITOT HyJeBoH
371eMEHT HAXOMHUTCH., IJTOT XKe CHOCO6 NHpUMeHHM U [/ BbIUHCICHHS
onpejesuTeNeidl BBHICOKOTO MOPSAJAKA, Y KOTOPHIX MHOTO 3/EMEHTOB,
paBHbIX HyJi0. B uactnocty,

Q11 T3 oae &gy . o
iy, «aw 2
0 %3z ... U3y I # "
= coror s I EEON022 .. Uy
0 . %nn
0 0 ...a,
B a"aJoru4yHoO
0 O ] aln
1 ] a - L ] L] » L[] - - L] O - U]n
‘—_“( )n+1 * * L] . L . . - sl
0 %p_1,2 » %n.t, n
A1, 2 Unt, n

nin—Nh
:(—"1) 2 a—nl “ns aln-

BoJjiee ¢/0KHO OBCTOHT Jes0, €CAH TOPSJOK 3aJaHHOrO olpeje-
JUTes1 CPaBHHUTEJNBHO BBICOKHH (Hanpumep, 7 H 0oJblue), a cpelu
SJEMEHTOB OnpeleuTeNsi HET HyJeH HJH HX Mmajo. B srom cayyae
CHaualla K ONpeleJHUTeNI0 NPUMEHSIOT NpeoGpasoBaHus, yKasaHHble
B caeAcTBHM 2 M3 TeopeMnl 1, crapadck nopobparb KospQHUHEHT A
1aK, 4yroObl HOBEIH Olpeje/uTe/]lb COJepKaJj HyJAH B KaKHX-TO Mec-
TaX WJAH HMeJ B KakOM-TO cMbicje O0oJiee NpocToe CTpOeHHe. ITH
NpHeMbl XOPOLIO BMJHBEI M3 caeAyloilero npumepa. Ilycts #am Hapo
BBIYHCJIMTD ONpeleaUTeNb

1 2 3 4 5 6
o 3 4 5 6 I
3 4 5 6 1 2
d=ly 5 6 1 2 3|
5 6 1 2 3 4
6 1 2 3 4 5

BhunTasi B 3TOM onpegesaurese u3 6-f cTpokH 5-10, 3aTeM B Ho-
BOM OIpeAesauTesie BhluuTas M3 5-H CTPOXH 4-lo, 3areM u3 4-H 3-i0
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i T. L., IOAYYHM

1 2 3 4 5 6
1 1 1 1t 1-—-5
d——l 1 1 1 -5 1
1 1 1 —5 1 1
1 1—5 1 1 |
I—-5 1 1 1 1
Boiautast teneps 6-10 cTrpoky H3 1-i, 2-i, ..., 5-i, moayuum
0O 7 2 3 4 5 7 9 3 4 5
0 6 0 0 0-—6 L 0 0 0—1
0 6 0 0—6 0
d=— =(—16¢1 0 0 —1 0],
0O 6 0—6 0 0 L 0_1 o0 o0
0 6—6 0 0 0 L
1—5 1 1 1 1 o v R

B nosyuHBlIeMcs OnpejeuTene 5-ro nopsgka npubasJsieM K 1-mMy
cTONIGLY OCTaJibHbie M 3aTeM pasjaraeM ONpelesdTeNb MO 3JeMeHTaM
l-ro cronbua. Mbr nosayuum

2 1 2 3 4 5
0 0 0 0—I
d=—64. 0 0 0—1 0j=—6'"2L

O 0—-1 0 0O
0—1 0 0 0

AH&JIOI‘H'-[HI:IMH BLIYUCACHHSIMH HaXOMHUTCH H 06111&51 q)opmy.na
1 2 3 LI B n-_ I n
nin

—1
2 3 4 ... n 1 (_1) 3 n(n;"l)nn-—s. (16)

------------

n 1 2...n—2n—1

DTOT onpeLe/uTe/b HOCHT Ha3BaHHE YUPKYAAHMA N-TO NOpPSJAKa,
T4K KaK €r0 CTPOKH MNOAy4YalTCd LHUKJAHUECKHMH IepecTaHOBKaMH 3Jie-
mentoB l-i# crpokd. Ha ykasannyio 3akOHOMepHOCTb B pacrosoxe-
HUH 3JEMEHTOB OlpefenuTe/]si H onupaercst BoiBojA dopmyasl (16),
KOTopas Jajee, BNpoueM, HaMH HCIONb30BaTbesd He Oyger. Has na-
XOXKJeHUs UYHCJAEHHOFO 3HaueHHA OnpeaejurTened BBICOKOrO NOpPSIAKA
Tenepb NpuberaloT K ycayraMm MAallHHHO-CYETHBIX CTaHLMi, HAa KOTO-
pbiX HMEIOTCH CTAHJAAPTHLIE NPOTpaMMbl BLIYMCJICHHSA ONpEAeNUMTeNeH,
npucrocoGieHHbie K TOMY THIIY MailHH, KOTOphIME OOOpYAOBaHLL

A



§ 2] O{IPEAEAUTESHN 45

~

craniau. Hafinem aume rpy6yio OLEeHKY ddcaa apHdMETHUSCKHX JeH-
CTBUI, 3aBeZOMO JOCTATOUHBLIX JJIfi BBIYHC/AEHHUA ONpelesuTenss mpo-
M3BOJIbHOK MaTpHibl |a;;{ n-ro nopsaka.

JlonycTM, 4TO oy ;é . Bolunc/asaeM o) U NpejcTaBlsieM HCKOMBUA
ONpeje/JUTeNL B BHIE

~1 —1
‘ 1 ajfoys ... oo,
a1 Qag ... U2p
ag - .
% L2 vae Tpp

Ilpu stoM Mbl BeimoNHAEM OZHO ofpaliexve U n — | nepeMHOMEHHH.
Hanee k saementam 2-it, 3-#, ..., n-# cTpox mpubapjsieM JEMEHTHI
1-i  cTpOKH, YMHOXKEHHBIE COOTBETCTBEHHO Ha — Oy, - 0Oa1, ...

oy —ay ((n—1)® ymHoxeHHHE M cTOMBKO Xe caoxenufl). Ilocne
3TOr0 3ajaia CBOAMTCS K BBIYHCAEHHIO ONpele/IHTe s nopsifka n— s

o R
a‘ll. L L T I O
Cpet,g «er Gt n—1
Tlponomkas ykasaHHbIi npoLece, B KOHIE MBI JOMAKHDI Oy em
Hality Juwb npoussejende aa ... al7=0 (g —1 ymHOMenHH).
Bcero npu wu3noxeHHoM anropuTMe norpedyercss npoH3secTH n— 1
ofpallleHHH YHce,

1 —1
nin—1D+n—0)n—2)+ ... +2,1:(n+ )g(n )

w (Zn—bnn-1) N
YMHOKCHHH, 6 CJOXKEHHH H 3akJ/uurTesbHbie 72— |

ymHoxeHu#. Takum ob6pasoM, rpy6o roeops, A/s BHUHCJEHHS Onpe-
I . “
JeJNuTeNs n-ro MOpsiika Hajo NPOH3BECTH OKOJO — n° yMHOXKEHH H

TAKOe XK€ KOJHYECTBO cJoKeHHil. Mbl He OyfeM 3lech 3aHHMAThCS
JaJbHEHIMIUM HM3yueHMeM 3TOro Bomnpoca. Psx TouHbIX onpejpeseHui
H pesyabratoB ykasaH B crarbe B. J. [Tana «O cnoco6ax BbiyHC-
JeHUs1 3HaueHHHA MHOrousJeHop» (Ycmexu MareMm. Hayk 21, Ne 1
(1966), 103—134), a Takxke B NpMBEIEHHON B 3TOH cTaThe JiHTE-

2.3. Onpeneautean npousseneHus. O0paTHbie MaTPHUBI. 3HAYHTE b~
HYIO poJib B.TEOPHH MATPHIl UTpaeT

Teopema ] (06 yMHOXeHHHU onpeneaunteaei). Onpe-
JeAaumeno nPou3BeOcHUR KBAOPAMHLIX mampuy (¢ 3reMeHmamy u3 Kom-
Mmymamusrozo xoavya K) pasexn npousgederiiio onpeaeﬂume/wu mamp uq

[lycre  sapanbl  KBaJpartHble  MATpHIEL =|a; |, B=
nopsaka n. Ha ocHoBanuH  TeopeMH 0 no.nypacnasmnxc&
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marpunax (m. 2.1)

a1 Qg ... oy OO0 0
U Uz .. Ugp 0 0 . 0
Tpt O a,, 0 O 0
! A i B ! - wl X . :
1 0 0 Bu Bn Bin
0 —1 O Bar B ... Bin
0 0 .. —1 By Baa e Ban )

CrnpaBa CTOMT OnpeledHTe b MAaTPHUBI CHENHAJBHOTC BHAA, HME-
mef nopspok 2n. He wu3MeHsin  BesMUHHBI  Onpejeautens, Hajg
3TOH MaTpuuel MOMKHO BBIMOJHHTE TOCJAEJOBATEALHO CJEAyIOee
npeo6pasoBanHue: K 1-ii cTpoke mnpubdaBasieM 3JeMeHTHl (1 -} 1)-i
CTPOKH, YMHOMEHHBIE HA 24, ME€MeHThl (n--2)-H CTPOKH, YMHOXKEH-
Hble HA o2, B T. X, 3JEMEHTH 2n-H CTPOKH, YMHOXKEHHEHIE HA oj,.
B pesy/asTare BO3HHKHET MarTpHia nopajika 2n, y KOTOPOH mnepsble 7
mecT [-fi crpoku OyayT 3anoJiHeHbl HYJsIMM, 4 OCTaJbHbie 77 MeCT
3al0oJiHeHbl TpoH3BeJeHHAMH 1-ii cTpokH Marpuubl A Ha cTosabubl
matpuipl B. Tenepbh B HOBOH maTpHUe MOPsiAKa 21 K 3JA€MEHTaM 2-H
CTpOKM npubasasieM 3jeMeHTl (n--1)-d, (n-+2)-H U T. 4. CTPOK,

YMHOMKEHHbIE COOTBETCTBEHHO HA gy, Gag,«.., U2, JATEM aHAJOrHYHbBIE.
npeofpasoBaHus npojesniBaeM ¢ 3-4,..., n-i crpokamu. [locae 3roro
nonyuaem cjelyiollee PaBeHCTBO:

0 ‘e 0 Eali@“ “ea ZU.“'BI'”

IA} lB 1_ 0 0 Eani':?fl Zani@in
] 0 B4 B,
4 . b il “in
0 “ v e -'_1 Bn} e pnn

Utobsl npuBeCTH IIpaBbli ONpeiedHlIeNb K [0JdypacrnaslleMycs
BUAY, MeHsieM B HeM MecTamu 1-B u (n-1)-i, 2-f 4 (n+-2)-4,...,
n-i u 2n-d crondusl. B pesynprare noaydyuM paBEHCTBO

YaBa
Eani?‘il o

Al |Bl=(=1y] =

PP Zaiipin

Eaniﬁin
pln

0

. 0

. ()
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Tak kaxk onpejgeiuTenb nojaypacnablIeHCA MaTPUIB paBeH NPOH3-
BEACHHUIO ONpelesHreNel JAHAaroHaJbHBIX KJAETOK, TO H3 COOTHOLLE-
uus (1) BbITeKaer, 4TO

2011@11 Ealipm
LA Bl (=1 (=D « - o v eoe ,
S0aifas oo X2niBin
T. €.
{A|.|Bl=|AB|, 2)

4YTO U TpebG0oBaJOCh.

Mpr joxaszanu TteopeMmy | i HpousseleHHA ABYX MaTpui. SIcHO,
YTO OTcIoJa HENOCpe/CTBEHHO BEITEKaeT €e HCTHHHOCTh H AJs Npo-
H3BeJeHHi Mo6oro KOHeyHOro uucaa marpun. Hanpumep,

|ABC|=[|(AB)C|=|AB|-|Ci=|A|-|B|-|C].
B uyacthoctH, aas mo6oit kBaApaTHOH MaTpHum A
| A= A®  k=0,1,2,..). (3)

Mol 3HaeM, YTO TpPAaHCHNCHMPOBAHHE KBAJPATHOH MATpHUIBI le
MeHsieT ee onpejenutens. [TosToMy Ajasd MPOH3BOJBHLIX KBaJpPATHBIX
marpull A, B ofHOro u TOro ke nopsaka

|A]|B|=|AB|=| A'B|=| AB'|==| A'B|

Hamnpumep, nyersb
a=|" Y
u vl
Torna
xu-+yu w0

= (x4 ¢") (" -+ %) — (xu |- yo)’,

(xv — yu)* == (** - §°) (u* + %) — (xu +- yo)*.
DTo cooTHOWeHHe OCHIUHO 3AMHCHIBAIOT B BHJE CEAYIOUIEr0 TOXK-

Jecrtpa:
(=4 ) (@ - 0%) = (20 — yu)* 4~ (xu - yo)’,

Ha3blBaeMOro TOXIeCTBOM JlarpaHmxa.

Bocnonb3syemest Tenepb Teopemoit 1 Ans Gosee nmoppoGHOro H3y-
yeHUs! CBOHCTB OOpaTHOH MaTpHUbL.

PaccmoTpuM npoHM3BOJIbHYIO KBaapaTHyto Mmarpuny A=|a;;| no-
psafka n. M3 alblOHKTOB 3JeMeHTOB onpefenuntens A cocTaBuM Mmar-
pHIy H 3aTeM TpaHcnOHHpyeM ee. [losyumBluylocs B pesyJbraTe
MaTpHIy Ha3bIBAOT NPUCcOeOURERHOU (addioHeuposanHol) nia A n
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o6osnauaroT uepe3s A*. Mupimu cioBamy,

Al (Al ... [Mm‘l
ax | 1Al [Al o |Aln

-lAlln IAI‘Zn |A!nnJ
Bouucassa npoussegenuss A-A* nu A*-A no npaBuaam yMmHoxe-

HHUS MaTpUIl H IpHHHMAst BO BHUMaHue ¢dopmydn (12) — (15) npe-
Jblynlero MyHKTa, HBeNOCPeJCTBEHHO IOJy4YaeM BaKuble COOTHO-

IHHeHHUS
A -A*=A*.A=|Al.E, (4)

Onpenenutens MaTpHUIbl A ecTb S/eMEHT OCHOBHOFO Koabua K,
M3 KOTOporo OepyTcs 3JeMeHTHl BCeX paccMaTpHBaeMbIX MAaTpHIL.
Honyctum, uro B K saement | A| umeer obparseiii | A|™?. Torua,
yMHoxas cooTHoueHus (4) Ha | A|™!, npuxoauM K paBeHCTBaM

AVA[1A*=|A[A* . A=E,
H3 KOTOprX CACIYEeT, 4TO
AT=] A A*. (5)
C npyroil CTopoHbl, ec/H MaTpHYHOE ypaBHEeHHE
AX=E
paspemnMo, TO, nepexogd K OHpe,B,eJIPITeJIHM, noJayuyuM
AL X =1,

T, e. 37eMeHT |A| o6patuM B Koabue K.

Coepuusii NOJNydYeHHble pe3yJbTaTbl, NMPHXOAHM K CJAeIYIOmEeMy
Y TBEPKISHHUIO!

Teopema 2, Ksadpamuasa mampuya A ¢ dsemenmami U3 KoM-
Mymamuanoeo KOAbHQ K ¢ eduruyed "moeda u monsko moz0a umeem
oopamuyo mampuuy c aiemenmanuy u3 K, koz0a onpedeaumess A
obpamux 6 roavye K. Ecau obpamuas mampuya cywecmsyem, mo
ee onpedeaumenrs pasen 00pamwoll 8eaudure onpedesumenrss 3a0aHHOL
Mampuyet. )

Hanpumep, B KoJble BceX neanx uncen K=1{0, = 1,...} umemor
obpaTHble TOAbKO aieMeHTol | u —1, TlosToMy yerouucrernasn wsad-
pamuras mampuya moz0a u MmoAabko moada umeem 00pamryo yeaoutic-
AEHHYI0 Mampuyy, Koz0a onpederumers 3a0anHol mampuys ecrms + 1,

[Iycte paccmaTpHBaloTCsi MaTPHIB C JIeMEHTaMH ¥3 HEKOTOpOro
noss. B nose moboit neHyJeBoHi saeMeHT mmeeT 00paTHbii. [Tostomy

’
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HaJ NOJEeM Te H TOJNbKO Te MaTpHLbl 00paTHMEI, OIpefesiuTeqab KOTO-
pPEHIX  OTJIMYEH OT HYJ.

KeaspatHast MaTpuua, onpeie/uresb KOTOPOH paBeH HyJAO, Ha-
apiBaeTcsd ocobenHod. B INpOTHBOMOJOKHOM CJyuae MaTpHHA Ha3bl-
BaeTcA Heocobernod. IloaToMy oTmeueHHOe Bbllle ycaoBHe 06paTHMO-
CTH MaTpHUB MOKeT ObTh BBIpAmKEHO CJIeIYIOUIHM 06pas3oM: kead-
PAMHAL Mampuya Had noaem moz0a U moadbKo mozda umeem oo pamuyr,
Ko020a oHa HeocoOeHHas.

Mer Buzenu, uro Jad HeocOOeHHBIX MaTpHU A Hax nojeM K

| A7 =] A"
Orciopa noayuaem

|A™|=|A ... A |=|A]"™ (mn=1,2,..),

H notoMy ¢opMmyaa (3) cnpaeegyiuBa He TOJABKO AJS HATYpaJbHBIX
k, HO B jAns moOblX LeJsX R (ecan Matpuna A obpaTuMas).
Cornacuo n. 1.3 kBajapatHas Marpuua A HasbiBaeTcs OpTOro-

HaJbLHOH, ecJH
AA = AA=E.

Ilepexopsa k onpepenutensim, noaydaeM |A[*=1, um noromy,
ec/H MaTpullbl paccMaTpuBatloTcss Hal nojeM K, 10 |A|=*+1.
baaronaps 3ToMy BCe OpTOroHajibHble MAaTPHIBI pacnajaioTcss Ha
JBa MHOXKECTBA MATPHI: CcOOCMBEHHO OpMOOHAALHbIX C OTpeleuTe-
JeM —+ 1 B HecoDcmeeHHO oOpmo2oHassHbix, ONpelenuTe/]b KOTOPBIX
pased — 1. Bce cobcTBenHO oproronasibHble MATPHIB! OTHOCHTE/BHO
onepamyyl yMHOXeHHA 06pasyloT TIpyHiy, ABJAAIOLLYIOCS NOArPYNNOH
Tpynnbl BceX OPTOrOHAJBHBIX MaTpHIL.

Hanomuum, yto kBajparnasi Marpuna A Haj nosjeM KOMIJIEKCHBIX

ynce/a HaseiBaercs yuuTtapnoii, eciu AA’=—E. Beps onpenenntedn,

noayuuM |A|.-|A|=1, T. e. Mo0yas onpedeaumern yrumMaApPHOU
mampuybt paser eQuHuye.

B sakmouende HafijeM ellle OnpejesHTe]Nb NPHCOSAMHEHHOH Mat-
punbl. B kauecTBe Konbua K BO3BMEM KOJBLIO MHOTOYJEHOB OT
O6ykB x;; (i, j=1,..., n) ¢ neabiMd KO3PPHUIHEHTAMH H PAaCCMOTPHM
matpuny X ==|x;;|. Coraacno gopmy.ne (4)

X X*=|X\|-E,
H [OTOMY
n

X1 X* =X

Tak xak MHOrouneH |X| OTJiHdeH OT HyJ/f, TO PABEHCTBO MOXKHO
cokpatuTth Ha [ X|, H B pe3yabraTe nojyuaeM HCKOMYyIO (OpMyJy

| X* | =] X", (6)

Jiepasd ¥ NpaBas YacTH KOTOPOH CYTh MHOTOYJIEHBl OT NEPEeMEeHHBIX X;,

¢ meanMH Koxpbuuuentam#. Ho ecsu gBa TakHX MHOroujeHa pasHHI,
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TO paBHLl M 3HA4YeHHHA HX NPH MOOBIX 3HAUCHHAX HepEeMeHHBIX H3
aoboro KOMMyTaTHBHOro Kojboua. Ilostomy ¢opmyna (6) mcrunHa
/s NPOHM3BOJIbHBIX KBaJpaTHLIX MATPHI Haj JMoObIM KOMMYTaTHB-
HbIM KOJBIIOM.

2.4. KpaMmepoBcKue CHCTEMbl JMHEHHBIX ypaBHeHHMH. PaccMoTpuM
COBOKYITHOCTh YCJ/JOBUH

11 El '_1|"' s —[_aln En: Bis
e e vt e e e e e e e (})
amlgl"{— +amngn:pma

rie &,..., &, — OYKBBI, a %;;, §; — KaKHe-TO 3JeMeHTbl U3 HEKOTO-
poro koipHa K. COBOKYNHOCTh 3THX YCJOBHH HasbiBaeTCst cucme-
MOU Aunelinbix YypasHewull OT HEU3BECTHBIX &,..., &, HAJ KOJbIOM K.
[Toc/ienoBaTeIbHOCTE 2JIEMEHTOB &§, ..., %, M3 Koanlma K HasblBaercsd
pewenien cucremnt (1), ecauw npu HoAcraHoBke B ycJiosuda (1) BMme-
CTO nepeMeHHBX §;,..., £, COOTBETCTBEHHHIX 3/eMeHTOB §&f,..., &n

BCe YCJAO0BHA CTAHOBATCH HCTHHHBIMH. BBO},IH MATpHUEI

Gy . e Ry, &1 B1

A= « oo |, =i, b=: i,
. B

cucremy (1) mMokKHO 3amHucaTh B CJAeAYIOMEH MaTpPU4HOH ¢opMme:
Ax=20. 2

aml . amn

Martpuna A HasbiBaercs marpuueli cucreMsl (1), a marpuma

11 ... Hp @1

B! ...

Tl oo dmn pm

HasplBaeTca pacwupennod Marpuneil cucremnl (1). CpoiictBa MaTpuubl
B nawm norpeGyiorca B n. 5.3 npH 60Jiee AeTajbHOM H3YUEHHH CBOHCTB
cucteMsl (1), a celiuac Mpl NMOKa pacCMOTpHM cayudad, Korja m==n,
T. e. MaTpHua A ssisercsd KBaaparHo#. Jlomyctum, uro Marpuua A
obpatumMa. Torpa, ymHoxada ofe dacTH paBeHcTsa (2) cjeBa Ha A7,

HOJY4YHM o
x=A". (3)

O6paTHo, yMHOXasl cooTHolleHue (3) cieBa Ha A, nmoayium (2).
Taxkum oOpasoM, yciaoBus (2), (3) paBHOCHJIbHBI, W NOTOMY (OPMYJy
(3) MoXHO paccMmaTpuBaTh KakK ¢opMyday, pellamollylo CHCTeMY ypas-
HeHu#t (1) mpu ycnaoBHH, YTO MaTpPHUA CHCTeMbl oGpaTHUMA.

- Jlo cux mop Ml Jaxe He IpeAnoJaraj, yro Koabllo K xommy-
caruBHO. Ilpeanontoxkum tenepe, uro K — noje. Torza obpaTHMOCTb

.
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matpHupl A OyleT paBHOCH/ILHA €e HeocOOeHHOCTH, OOpaTHasA Mart-
puua Oyner BblpakaTbhCcs YKasaHHBIM Bblllle 00pas3oM uepe3 MpHcoe-
JMHEHHYI0O H ¢opmyay (3) MOxKHO OyjeT nepenucatb B CJAeAyOLIEM

BHAEC
A['A%b.

[TogcraBasist BmMecto MaTpHuut A ee BhIpaxkeHHe 4epe3 aibIOHKTH
onpegenutens [ A| 4 HpO!/ISBOﬂH crpaBa yMHOXeHHe, TOJIy4UM

E' + + A lm”n
T | 4[
HJH, B OKOHYATeJLHON (opme,
lagg ... %1, 7.1 ,51 Ay, 701 v o'.ml
1 lag «.. 29 B, s ;. .o
g.:| ] 21 .z,zjz 2 il 25 (L:l,..,n). (4)
Ianl PPN a‘ﬂ.iAI ?n an,i.qJ R

st npoBepKH JCCTaTOUHO pAsJIONKHTb OlpejesHTes b, HaXoxsd-
LUHCS B YHUCANTEJe, O 3JEeMeHTaM [-ro cToadua.

CucteMa JIMHEHHBIX YpaBHeHHH HAJ NOJieM Ha3blBaeTCA Kpame-
posckotl, eciH 4YHCJO0 YPaBHeHHH COBIAJaeT C YHCJIOM HEH3BECTHBIX
H ONpejfejuTedb MATpPHIBl CHUCTeMBI OTJAWYEH OT HyJad. Mbl BHJUM,

OO TTADATA T TIN M !ff!“‘l.Lf‘f’;ﬂa Y AID NNDrIl g nnnma A4Y fl'fJDl'ltJI‘lV 1110
NG AV LI D LIS, VN AT EIV Ly Y IV’JL&JP’D(/’JUUUI\JM}i CHALTILU/FG JebTLL el UL y,JWU7

Henuli umeem 00HO u moaeko odwo peuwenue (%, ..., &,), u amo pe-
wenue Jdaemcsa dopmysanu (4). Popmyasl (4) HASHIBAIOTCH gopmy-
aamu  Kpamepa B 4YecTb MaTeMaTHKA CepeJUHBbl [POLNJIOrC CTOJAeTHA
Kpamepa, B paloTe KOTOpOr0 OHH, IMOC-BHIHUMOMY, BIEpPBBIE IMOSBU-
auck. dasg n=2 u n=3 dopmyas Kpamepa nojpo6ao 6blIH BBIIH-
caubl B 1. 2.1.

@opmyasl KpaMepa [Jai0T «3aMKHYTOe» BblpaxeHHe pelleHHs Kpa-
MEPOBCKOH CHCTeMbl YpaBHEHHH uepe3 KO3PQUUHEHTH 3THX ypaBHe-
HuH. TeM He MeHee (paKTHUECKOE BLIUMC/eHHe pelleHuil JHHeHHOoi
cucteMel 1o ¢opMmyaaM Kpamepa Bectd Henedecoobpasso. B camom
Jesle, AJs TOro 4roObl BOCNOJB30BaThbesd (opmyJamu Kpamepa, nano
BLIUMCIUTL 3HaueHust n-+1 onpegpenuteneét nopsinka n. CoraacHo
rpyObiM OleHKaM, cipejaiiieiM B M. 2.2, npH 3TOM MNPHAETCS BbINOJ-
HHTb OKOJIO n* YMHOXKEHHH H cJOXeHUH. B TO xke BpeMss OObIUHBIH
cnocof MNOCJae/0BaTe/IbHOI0 HCKJIOUCHHS HEH3BECTHHIX TpebyeT, Kak
MBHl ceHyac nNpOBepUM, 3HAYHTEAbHO MEHbIUEro YHCaa Onepauuil.
Iror cnocol, HaggdexamuM o00pa3oM yNopsIoYeHHHIH, HbIHE Ha3bl-
Baercsi aazopummon [aycca.

Wrak, paccmoTpHM CHOBAa CHCTeMy JHAGHHLIX ypasHeHuit (1),
Kosqxpmmemm KOTOpPCH B3sTBI H3 Hekoroporo nois K. Ecan Bce
KO3(pHIIMEHTHl - KAKOr0-T0 ypPaBHEHMA paBHLI HYJO, TO BLIYEPKHBAEM
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ero H3 cucTembl. Ecay xoadduuHeHTH NpH BceX HEHM3BECTHHIX paBHb!
Hy/m0, a B +#0, T0 cucreMa peieHdd He unmeer. [loaToMy MOXKHO
npEeAnoJOKHTL, YTO HEKOTOphle H3 KOYP(pHLIHEHTOB NPH HEH3BeCT-
HBIX B NEPBOM YpaBHeHHH OTJHYHBI OT HyJsd. Torua, usMeHss, €/l
Hajlo, HyMepalMI0O HEeH3BeCTHBIX, MbI NpHBeJeM cHcTeMy K BHAY (1),
rae on #% 0. BpluucnseM o)) H YMHOXaem Bce 4YJe€Hbl 1-ro ypasHe-

HUsI Ha of'. 3areM M3 Kaxpioro 2-ro, 3-ro,..., m-ro ypaBHEHHS
BHIUUTAEM NOW/IEHHO l-€ ypaBHeHUHe, YMHOKEHHOE COOTBETCTBEHHO
Ha %, %31,..., &y, LlOCJAE 3TOrO Halla nepBOHAYaJdbHAs CHCTEMA

OyzeT paBHOCHJIbHA CHCTeMe BHJA

; A;
bt o b= b )
amgg —-1— —-]—amniz‘“—BﬂP

Insa nepexoma ot cuctemnl (1) K cucreme (5) MBI BLINOJIHHJH
ozHO ofpautenne, nm ymMHOXKeHuf u zn(m — 1) caoxenni. Iloctynas
jajee TaKHM Ke o0pa3oM c nocaelHumMd m — | ypaBHEHHSIMM cH-
creMel (8), Mbl nocae ofHoro ofpaiiiedus, (n— 1)(m — 1) ymMHOXe-
HUH H (7 — 1) (m — 2) caoxeHuii npHAeM K cHUCTEMe BHJA

G b - ogg By o e G=131,
E‘z-}-a% £3+ ave +a~in n—ﬁfz:

- & » & =

OlmaE:-; “1“ ‘1“ Umnbp = @m-

ITponomxasi ykasaHHBIH Npollecc, Mbl MOXKEM CTOJKHYTBCH C TpPeMs
CAyuasMH: a) HAa KAKOM-TO STafe 3aKJOYHM, YTO CHCTeMa pelleHHH
He HMeeT; 0) DOJYyYHM CHCTEMy BHJZA

£ + ‘{1952 -{-— + TirEr + T4, r+1Er+1 -{- ves -f— Tin =19,
Eg + + Ts:i + Tﬂ r+15r+1 + e et = 32,

3 ..J_ o ,t ; __L TP g .
=7 ] L, 41241} v | (TREA re
B) NOJYYHUM CHCTEMY BHJIa
& + ‘{1252 —;- '1'1353 + '-3- "{mE = 31:
E«z+ "{2353—1- + Ten == 8y, (6)

n—1+Tm.1 nn—“"B
E,,-—B,,.

B ciayuyae 6) BLI Pa3HM E H3 _MOC/IEHETO ypaBHEHUsl depes «CBO-

DO,H,HHED HER3IBECTHLIE §r+1, vemy G“. lluj.lt.ldbl‘lﬂ fJUJAYUCHIOUC SHAYTHHE



§ 21 OUPEAEAUTENN 53

Ans §, B mpenbiayiiee ypaBHeHHe, HafijgeM H3 Hero &4 H T. I.
B pesyabrare HaiifeM JIHMHeHHBIE BhIpaxKeHHS HEHU3BECTHHIX &, ..., &,
yepes «cBoOOHbIe» HeH3BecTHHle. [IpunaBas «CBOGOAHBIMY HEH3BECTHBIM
NpOHU3BOJILHBIE 3HAUYCHMS, Mbl MO YKasaHHbIM (OpMyJaM MOKeM Bbl-
YHCJHTh COOTBETCTBYIOLLME 3HAUeHUsi AJs1 HEeH3BECTHHIX &, ..., & H
NONyuuTb, TaKHM 006pa3oM, HEKOTopoe peiueHue &y, ..., &, ..., &,
3afanHoil cucrembl. To Xe camoe OyaeT U B cJayuae B). Pasnuna
JHIOb Ta, YTO Telepb Mbl NOJAYYHUM BNOJHE OlpelefeHHble 3HAYEHHS
JJs1 BCeX HeHusBecTHHX &y, ..., &,

[logcuuTaem, CKOJMBKO K€ oOnepaundi HaM INpPUIETCS BHIIOJHHTh
B Cjy4ae B), 4TOOBI MOJYy4HTh pellieHHe., [lJA NpHBeJEHHS CHCTEMBbI
K BHAY (6) (npeanonarast m==n) HaM HaJO BLINOJIHUTL 1 OOpalleHHUH,

1 . p

A (A § R +I'=5@n+1)n+Nn
YMHOXEHHH H

nn—1)4(n—1)(n—2) 4 ... 2. 1= (14 Dn(n—1)

clOKeHH#. 3areM, 4ToOBl M3 TpeyroJdbHoi cHcreMsl (6) HalitH He-
H3BECTHbIE, HAaJ0 JONOJHHTENLHO INPOH3BECTH

1424 ...+ (r—D=xn(n—1)

YMHOKEHHH H CTOJBKO XKe cjaoxKeHHH. TakuM o6pasoM, yToObl pe-
mwuTh cHcTemy (1) no cmocoby I'aycca, Tpebyerca B ofuieM ciayuae
n obpaineHui,

1 1
-.g—n(n2+ 3n — 1)/’\\:/’?”3
YMHOXKEHHH H
: 1 | 1
g n@2n*+3n—5)~ 51
CTIOXKEHNH.

3aMmeT#M Tenepb, 4TO no cnocofy I'aycca MOMHO BBIUHCASATE H
ofparayio matpuny A~'. Ienaercs - 3170 caepyomum o6pasoM. ITu-

13

ileTcsi CHCTeMa JIMHeHHBIX YypaBHeHHA Ax==5, y KOTOpO#l CTOAGIbI
x ¥ b Gepyrca OyKBeHHbIMU. 3areM U3 JaHHOH CHCTEMEI 1O CnocoGy
[aycca nepemenssie &, ..., & BbIPAXKAIOTCS yepe3 nepeMeHHble Py, ...

«ees Bn. B pesyabTaTe noayuaworcs GopMyJbl BHEa
Ei=Tﬂpi-’1—‘..-+T;‘npn (i‘=1,..., n).
Tak xak us Ax=20 caenyer x = A~'b, to matpuua || 1;,|| v 6yner
uckoMoll obpartnoii gaa A. Iloxcuer uncna onepauuii noKasLIBaer,
YTQ IIPH 5TOM JOCTATOYHO HPOHU3BECTH 1 o0palleHHH, -;;n(tlng — 1)~

(02— (95 1N o b 03 e i
s ) \&iv i)y~ 3 e mennn,

m3 TRET wEr IEEY

4
1 —3— n° yMHO

D

;-

Eﬂ

=

s
s v
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H3noxeHHble MOJCUETHl KOJHYECTBA ONepanuil, HeOOXOAUMBIX AJ1
HaxXOKJeHUsl BeJHUHHbLI ONpejeqUTeNst MATPUIHB, pELIeHHsT CHCTEMbI
JUHEHHbIX YpaBHeHHH W OOpaillleHUS] -MATPHLEI, HE YUHUTHLIBAIOT HEKO-
TOpHIX NOOOYHBIX Omepaluil M He NPHHUMAIOT BO BHMMaHHE BO3pa-
CTAHUA YHUCHA JECHTHYHBIX 3HAKOB Y NEPEMHOKAEMBIX WJH CKJIaJbl-
BaeMblX yuces. TeM He MeHee NOJyuYeHHLIe pE3YJbTATHl MOTYT OBITH
NOJIe3HE!l JI11 pellleHHs Bonpoca, Halo JH pellaTh Kakylo-HHOYIb

TTNATMIIITASTI Y I ANANTITIITN OTTAATORSLT MO LTVY VHhANITATIT NYITITLIRA
llpa,{\l.l’.l‘i':\.,n!.l ru‘ubyb\..nyxu Lrnviviy VIKLIIVKIALIA Jpavinainn Py iaam

cnoco0oM nJH nejecoc6pasHo Tepefarb 3aKa3 B BbIUHCJAHMTEJ/bHBII
HEeHTP.

JLODONHEHHSI H HpHMephI

1. Pemntyr 1o dopmynam Kpamepa cucrtemy
A + y +z=—72,
X -3y — 2 = — 4,
xFfz—t=—1,

29—2z2—3t =—3.
2. Tlo cnocoby I'aycca naftti o6paThbie OAA MaTPHL
ra+1 a a a 7|
71 2 —37 ™ .
a a a a
2 —3 51, ™ ) .
a a a a
13 —1 I} -
I a a a a-+1_1
3. Jlokasatb dopmyay (onpenpeinTeab Baupepmonna)
1 1 1
X X3 N
g o Lox =1le—x
- - - L] * - L[] - - - - - - . i<j
n—1 n—1 n—1
Xy Xy e X,
4. oxasaib, 410
a-x a
a a a a
—!—xz a ﬁxlxzo--xn(l_l"x_—l- e +x"_>l
(I I I I DR I D R D L T T 1 n
a a e a-x,

5. Ecnu B ocnoBnoM xoapue K jpaa nw6oro a n3 2a =0 caenyer a=0, T0
onpegeauTeab mo00H KOCOCHMMETPHUECKOH MaTpHUb Hal K HEYeTHOro NopaAnka
paBeH HYMO. .

6. PaccMOTpHM NpOH3BOABHYIO KBajpathylo Marpuuy A (Hal KOMMYTAaTHBHMIM
koubiloM K) nopanka n. BeiyepkHBas #3 A CTPOKH € HOMepaMH iy, ..., I, (1=
< <..<Il,<n) u croabupt ¢ HOMEPAMH jy, ..., J, (1 <</1 < ... < Jj, <),

IOAYYHM HOBYIO MaTpHILY. A{l . Jif HOPAKA n— r. JAEMEHTH MaTPHANH A, Haxo-
e AR
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AAIAECA HA NePEceyeHHAX BHIYEDKHBAEMBIX CTPOK H CTONGLOB, Takke o6pasywor
kBappaTHylo marpuny. Ilopanok nocnegHe# matpHubl paBeH r. OHpefilelHTENDL ee
Ha3bIBACTCA MUHOPOM NOPAIKA r ONPERENATENR MATPHUB A, NPHHAIAEKAUHM
CTPOKaM C HOMEPaMH iy, ..., i, H CTONOLAM C HOMEDAMH j, ..., j.. Adsionkmon

] LELEN
9TOr0 MHHOPa Ha3bLIBACTCH ONPENECIHTENb MaTDPHILL A L, YMHOXEHHBIH Ha
1

(— I)S“' rae s=1i,+ ... +i,t=j, -+ ... +j,. Umeer MeCTo cnenyouiee 0606-
I(EHHAE Pa3NOKEHAR ONpelennTend o 3neMentaMm l-it u 2-i cTpoku: ecau 6 onpe-
deaumene n-20 nopsioka ukcuposams KaKue-no r cmpox, mo cymMme npousse-
denuii MUHOPOB r-20 nOpAoKa, NPUHAOAEHAUUX PUKCUPOBAHHbLM CIIPOKAM, HA
€801 aOBIOHKIMb, PABHA BEAUMUHE 3A0AHHOZ0 Onpedentmens.

7. Ecan 3amaHHas KBajpaTHas Matpuua X CHMMETPHYECKAaA HIH KOCOCHM~-
MeTpHUECKasd, TO NpPUCOeINHEeHHas MaTpuna X* Takke CUMMeTPHYECKAA HIH KOCO-
CAMMETPIIYECKas.

8. Ilycts A — KBaApatHag MaTPHiua € UEIOUHCASHHBIMH 3IEMEHTAMH, X,
b — CTO.TIﬁL[bI 9/1eMCHTAMH KOTOPHX 9BAsOTCA OYKBH £, ..., §; H COOTBETCTBEHHO
By ..., B . CucTeMa nmieHubIx ypasHcHHI Ax =2 Torna H TONLKO TOINA MpH

06 bx ue.ubix 3HayeHuAax B, ..., B, HMEeT neane pemeHda &, ..., §,, Korza

§ 3. XapaxtepuCTHYecKHH H MHHHMAJbHBIH MHOTOUYICHBI

Bce paccmarpiBaeMble B HacrosmeM naparpade MaTpHisl 6yayT
Npejno/araThCsl KBajPaTHBIMH, OJHOH H TOH Ke CTeneHH n. Jje-
MEHTEl 3THX MarpHi OepyTcsti H3 MPOHU3BOJLHOrO (PHKCHPOBAHHOIO
nosusi K.

3.1. Mopobue marpuu. Marpuua A nHaseiBaetcst nodobrod maTpH-
e B, ecau cyliecTByer Takas HeocoOeHHAst maTpuua X, 4ro

A= X"BX. Y

B stoM cayuae roBopaT Takxke, uTo A noaywaemca npeobpazosanuem
mampuyst B npu nomowyu X. YMmHOXKas pasenctBo (i) cieBa Ha X
v cnpaBa Ha X', noayuum

B=XAX'=(X"Y1'AX",

Takum o6pasom, u3 nodobus A ¢ B sumexaem nodobue B ¢ A. [lanee,

ecJd
A=X'BX, B=Y"CY,

TO NOJICTAHOBKOH MOJMYYHM
A=Y X)1C(Y X).

ChnefoBaTenbHO, 08¢ Mampuybi, nodobHoie mpemoeli, nodobHbL mexcdy
coboti. Hakonen, xaxias Marpuua, OueBHIHO, nopobHa cebe camoi.

ITH CBORCTBA NOKAa3biBalOT, YTO Bce KBajpaTHble MaTpHIbl JAHHOH
CTelleHH n ¢ 2JIEMEHTaMH M3 Kakoro-iubo noas K ecrecTBeHHO pas-
OuBaloTcl Ha KJacchl mogobublx, Haxoxnenue Heoﬁxo,aHMbe H Jocra-
TOYHLIX YCJOBHH - MOJOOHS MATPHI[ SABJASECTCA OJHOH H3 OCHOBHBIX

P .— — P mrremrrrEa  mrmtE  mmoyrmrocs fherreosms  —momr oy v

3ajad TeopHH MaTpHil, Pelliende 310 3afauyd OyheT jauo B 1. 1V,

J
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3Jiech Xe Mbl YCTaHOBHM TOJIbKO HECKOJILKO NPE/BaPHTENbHBIX CBOHCTB
HOJOOHBIX MaTpHIL.

Has moeo umobor npeobpasosame npu nomouu mampuyst X cym-
MYy mampuy, docrmamo4no npeobpasosams ¢ nomouypro X Kaxcdoe caa-

2aemoe.
B camom pene,

X1 (AL Ayt o A X = XA X - XAX L L XTUALX,

Has moeo wmobor npeobpasosams npu nomowyu mampuel X npousee-
Oerue mampuy, Oocmamodno npeobpasosams KAiObil COMHONCUIMEAL.
J1eHCTBHTEJIBHO,

X14,X . X—IAQX e X—1AkX = X_1A1Ag ‘e AkX,

TaK Kak npousbefenus XX, crodmue B JeBoif uacTH, paBHsl E H

HX MOXKHO BHIYEPKHYTb.
Jas mozo urnobut npeobpasogams Cmenesb Mampuybl, 0ocmarnouHo

npeob pasoeame OCHOBQHUE CMenexu, T. e.
XA"X = (X1AX)™,

Ilpu m=0 3ra ¢QopMmMyna ecTb HYacTHbIH cJAyyal TpexLIAYINEH.

-1 Mroma

Eciun ®e m < O, TO NyCThb k——m. Torna
XA == XA Y X = (XA X)) = (X TAX) * = (X1AX)".

I1peobpasosartoe 3HAYEHUE MHO204ACHA OM MAMPUUbl pPasHO 3HQ-
HEHUIO MHO2OHJCHA O NPeobpaso8anHol MAmpuybl, UHbIMU CA0BAML,

X (A) X =f (X 1AX). 2)

IT0 yTBepKJACHHE HeNOCPeNCTBEHHO BHITEKAeT H3 MNpeiblIyInHX,
TAK KaK 3HaueHHe MHOrouwjeHa or A noayuaercs H3 A ¢ DOMOLIbIO
onepaundii BO3BEJCHHUS B CTENeHb, YMHOXKEHHS HA YHCJIO H CJIOXEHHSH.

[IpaBusia npeo6pasoBaHHsi BHIPAXKEHHH BO MHOTHX Cly4asixX NO3BO-
JAIOT 3HAUHTEJBHO YNPOCTHTh BoluHcjendus. Hanpumep, nycrb

!

HUupykuuel Jerko JOKasbBaeTcs, YTO

Tak kax
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TO IO npaBHaY npeoﬁpasosamm CTE€NICHH HMEEM

[ 7 4}n_—zX*1A”X=[1+6n 4n ]

—9 —5 —9 1 —6n
3.2. Xapaxrepucrhyecknii muorouned. Ilycts A — KBazparnas
MaTpHla ¢ 3aeMeHTaMu a;; (i, j==1, 2, ..., n). Marpuua
FA— 11 — J12 Ly -
— A — oty R—"
}\E - A — 21 22 n .
— %1 — % e -)\' — Opp

rjle A — He3aBHCHMas TNepeMeHHasl, HasblBaeTCd Xapaxmepucmu4eckol
mampuyed ana A. Ee onpenenutesb

¢ () =|1E — A (1)

SIBJISIeTCSI, OYEBHAHO, MHOTOYJEHOM OTHOCHTENBbHO A H HA3bIBaeTCs
XAPaKmepuc mUYecKum MHO204AeHOM MaTpulbl A.

UtoObl HaANTH cTaplipe 4JeHbl 3TON0 MHOTOYJAEHA, BOCIOAL3YeMCH
TeM, YTO BEJHYMHA ONpele/INTeNss paBHa CyMMe IpOU3BegeHHil ero
3JIEMEHTOB, B3ATHIX 110 OMIOMY H3 KakKJOH CTPOKH U KaxkKAOro croadua
U cHabXeHHbIX Haj/deXalluMH 3HakaMmu. [lostomy, 4YTo6bI [OJMYYHTH
ujeH, MMEIOUIMH OTHOCHTeJNbLHO A HAMBBICHIYIO CTeHeHb, HEO0XOAUMO
B34Tb NMPOU3BeJeHMs 3JeMEHTOB HAaHUBbICLUEH creneHH. B HaweMm cay-
yae TakHM Opou3sBeicHUeM OyJeT TOJBKO OJHO — MPOHU3BEAEHHE JHATO-
HaJIbHBIX 3JE€MEHTOB (A — 1) (A — ag9) ... (A — a,,). Bce ocranabuble
BXOJAIME B COCTAaB ONpefie/INTe s MPOHU3BEJEHHA HMEIOT CTelleHb He
Bhlllle #1— 2, TAK KAaK €CJH OAHH M3 MHOXHTeJeH TaKoro npousse-
JeHus Oyner —ay; (i;tj), TO 5TO Npou3BeleHue He 6yger couep-

KaTh MHOXKHTEJSAMH A — a;;, A — Uy H 6yner, cjaelloBaTeJbHO, CTEneHH
He 6oJlee n — 2. TakuM o6pazom ® {)\\ (A — o) [);_n \_L_ yJIeHEl

A% WINTV R T £ Caisng uuv"x, b Bl i wWily e wm’ TAVANW LLLIA

CTeneHM He Bhillle N — 2, HAHU

0 () =" — (- .. ) ¥ (2)

CyMMa puaroHa/ibHbiX 3J€MEHTOB MaTpHILI HA3LIBAETCSI ee cAedoMm.
dopmyJaa (2) NOKa3blBAET, 4YTO CHIENEHD XA PAKMePUCTUHLCKOZ0 MHO20-
NACHO MUMPUYbL PAgHA NOpAOKY amotl mampuyst, cmapuul Kogpgu-
YUEHI XAPaKmepucmu1ecKoe0 Mro2ourena paser 1, a Kosppuyuenm
npu N pasen caedy mampuypt, 3mMomy C o6pamubm snaxon. Tlona-
ras B opmyae (3) A==0, Mbl HOJyYHM

2 (0)=|—A|=(—1)"| A].
Ho ¢(0) ectb cBoGOAHBIA u/ieH XapaKTePHUCTHYECKOro MHOrouJe-

oA nnnfrnuv CRODNIULIN Uney Yana NUeTUHUACUENATIY MUANNITNIAOAITG
A3TA A B ARSIy N AFAINI NS JA LR AIL A A a L nuyulxl vr Xh%w £ KL B AR JTi W AALANG L W TAdANWILTA

2
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MaTpHubl A paBeH ONpeeNHTeNIO 3TOH MATPHIbI, YMHOMEHHOMY Ha
(—1)", roe n — nopaxoK MarpHus A.

Crenyromast TeopeMa yKasblBaeT Ha OIHO U3 BaxKHEHIIHX CBOMCTB
XapaKTepUCTHYECKOTO MHOTOW/IEHA. -

Teopema 1. Xapaxkmepucmuueckue mHo2041eHbL noaoﬁubzx mam-

puy paguet Opye Opyey.
B camoM jpene, mycTs Matpuua A nojo0Ha Mmatpuie B:

A=X"BX.
Torpa mas xapakrepHCTH4eCKOro MHoroysena A mnodyuaem
|ME — A|=AE — X 'BX|=| X '(AE — B) X | ==
=| X" X

1 17—1 wr

Onpepenurens | X7, | X
JgawoT 1; noatomy
|\E — A|==|}*E — B/,

| B3aUMHO OOpaTHHl H B MPOH3BEHEHHUI

uyTo M TPeGOBaNOCh JOKA3aTh.

K3 3Toft Teopembl BBITeKaeT, B YACTHOCTH, YTO NOGOOHbIe MAMpPLLLbL
umelom oduraxoesie cAedve u onpedeaumenll, Tak Kak Cjel H onpeje-
JIUTEJb MAaTPULEl, B3ATbIe C HANIEKAIMUMH 3HAKAMHU, SBJAIOTCA KO3(h-
GbuIHeHTaMH ee XapaKTepHUCTHUECKOro MHOToujeHa.

PapencrBo xapaxkTepHCTHYECKHX MHOrOYJ/ICHOB fABJsAeTCS He06X0-
JAMMBIM, HO, BOOOUle rOBOps, He ABJAAETCSA JOCTATOYHBIM TNPH3HAKOM
nono6us Marpui. HanpuMep, xapakrepUCTHYCCKHE MHOTOYJIEHEBl MaTPHIY

_ 1oy 1 1]
t.‘_[o 1J A_[o 1J

paBHel. OpHako A ne Moxker ObIThb nmojo6Ha £, Tak Kak npH JTo60H

“marpuie X
XTEX=X"'X=E.

KopHH XapaktepHCTHUYECKOIO0 MHOTOUJIEHA MATPHIIBL Ha3blBAIOTCA
€€ XAPAKMEePUCMUHECKUMI YUCAAMU WA COOCMBEHHLIMIL 3HAYEHUAMLU.
KpatHble KOpHH XapaKTepHCTHYECKOrO MHOFOYJIeHA Ha3bIBAIOTCA KpaT-
HBIMH CcOGCTBEHHBIMH 3HAUeHHSIMH Matpuubl. M3BectHo, 4ro cymMa
BCEX BEINECTBEHHBIX M KOMIJIEKCHBIX KOpHEH MHOTOYJIeHa CTeleHH 1,
UMEIOIIET0 Ccraplivid Ko3dguuuent 1, paBHa B3ATOMY ¢ OOpaTHBIM
3HaKOM Ko3dduuuenry npu (n— 1)-i crenend nepemenHoil. Pop-
MyJaa (2) MOKasblBaeT MOITOMY, UTO 8 NOAE KOMNAEKCHBIX YUCeA CYMMA
8CexX CODCMBEHHLIX 3HAYEHULL Mampuysl pasHa ee caedy.

3aMeTuMm, 4TO CJIe] CYMMbI MATPHIL PaBeH CYMMe CJIEJIOB C/JAaraeMslx,
a Cjel MPOH3BEJCHHMA YHCJAA Ha MATPHIY pPaBeH NPOM3BEJEHHIO 3TOrO
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yucsa Ha ciael Matpuiuel. O6a 5TH YTBEPKAECHHA MONKHO OOBEAHHHTH
B ofHYy (dopMyJty:

cnen (@A—+fB)y=—a-caex A-4f-cnex B,

JIsl JOKas3aTenbCTBa KOTOPOH JOCTATOUHO BHIMHCATH COOTBETCTBEHHLIE
MATpPHILI H BBIYHCIHUTb KX CJeJbl.

B n. 1.2 moGomy MHOrousmeHy ¢ (A) Obl7a MOCTaBJA€HA B COOTBeET-
cTBie Mmarpuua ¢ (A), HaspaHHas 3HaueHHeM MHOroujeHa ¢ (A) npu
A=A. Ecan ¢ (A4)==0, roopart,-uto A ecTb KOpeHb ¢ (A).

Teopema 'amuabtrona — Kasau. Kaxdaa mampuya asrsemcs
KOpHEM CB020 XQAPAKMEPUCTIUHECKO20 MHOS04AEHA.

Ilycts A — kakaa-uubynp Matpuna. O6o3HauuM yepes B npHcoel-
HEHHYIO MaTPHUILY I/l XapaKTe pHCTHUECKOH MaTpHibl AE — A (em. 11, 2.3).
DJieMeHTHl MaTpuibl B o6osnauum uwepes B;; (i, j=1, 2,..., n).
ITH 3JeMEHThl SIBJAAIOTCS aJXBIOHKTAMH OnpejnenuTens |AE — AI
[I03TOMY IpeACTaBJsAIOT Co00H MHOrOUJIeHbl OT A, CTeleHb KOTOprX
He NPeBOCXONHT #n — 1. Hycrb

CocraBuM BcloMorarteJibHblie YHCJIOBBLIE MaTpHILb!

BB . BT
(%) (%)

B — 921 B Bgn (=0, 1,..., n—1).
p(k) @(k) 5(12)

Toraa Mmartpuiny B MoxHO OyAeT, oueBHIHO, IIPENCTABHTb B CJepyio-
lleM BHJE:
B=B" - 2B . L a1pl),
[lo ocHOBHOMY CBOHCTBY NpPHCOEJHHEHHBIX MATPHIL
BMAM — A)y=|\— A|.E. (3)

3nech |AE — A| ecTb XapakTepHCTHYeCKHH MHOrowieH MaTpHUbl A,
KOTOpbIt Mbl 0003HauuM uepes ¢ (A). Ilyctsb

¢ (A=A ... -, AP AR,
Teneps paBeHCTBo (3) MoxHO mepenucath Gosee NOAPOGHO:
(BO+MBUA .. BN OE—A)=
= (3o~ th = oo Ge N A7) - E,
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PackpriBas cKOOKM H cpaBHUBAas Kox(pUuueHTH, CTOAI{HE IIPH OXH-
HAKOBLIX CTeneHAX A, IMOJY4HUM

_"B(O)A :——"'CK.‘)E,

— BWA 4+ B ==y F,

— B®A _J{_ B —a,F,

_ B DAL B —q E,
B =F,

m p A Aﬂ ATIFMAaTa

Vyavunswuyv 2Ty NAREHOTR
QA Luy £fhy sne g L2 \.,uyaDa

L'lllull\llli [ o 43 PO L DG

]
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o
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e
=
-]
D

i)

I
]

(1]

H CJOZKHEM. Bce unenbl JeBOH 4acTH YHHUYTOXATCHA, H Mbl HOJI}“IHM
O:CI.(]E—!—-O'.1A—!-O’.2A2+ e “I‘An,

T. €. @ (A)=0, uto H TpebOBAJOCH.

3.3. MunumanpHblt MHOroujeH. PaccMOTpHM BCeBO3MOXKHbBIE HEHY-
JieBble MHOro4JeHbl f (4), KOpHEM KOTOPLIX AB/seTcs HeKoTopas 3ajaH-
past matpuna A. TakuHe MHOrOYJEHB! CY(IECTBYIOT; K HUM OTHOCHTCH,
HanpuMep, XapakTepUCTHUYECKMHA MmHOrouseH Matpuinl A. Henynepoit
MHOrouJieH HauHH3LIeH CTeneHH COo CTapliuM Kosdduiuentom 1, umero-
IIHH CBOUM KOPHeM Matpuily A, HasbBaeICs MUHUMANHLIM MHO20-
4AeHOM 3ITOH MaTpUILbL.

KaxcOan mampuya A umeem moavko o0ux MUHUMAAbHGEL MHO20-
usen. B camoM nene, ecau Obl HX Onio npa, Hanpumep ¢q (A) u ¢o (1),
TO PasHOCTb P (A) — $p (1) OblIa Obi HeHYJIEBBIM MHOTOY/IeHOM Oosiee
HU3KOH CTeleHH, KOpHEM KOTOPOro CHOBa fABJAJach Gbl mMarpHia A.
PasnesnuB 3Ty pasHOCTb Ha ee CTapiuHil KosppHLHEHT, Mbl IOAY-
yuad Obl MHOrOUW/EH €O CTapmuM KoadduiueHtoM 1, KOpHEM KOTO-
poro fAiBaAJaach 6bl MarpHua A ¥ KOTOpHIl Hmes Obl 6ojiee HHU3KYIO
cTeleHb, 4eM MHHUMAJbHBIE MHOrOuJieHnl Py (A) U ¢g(X), YTO npPOTH-
BOPEUHT OmpejesieHHi0 MHHHMAJbHBIX MHOrOYJIEHOB.

Beaxuli mHozounen [ (), KopHem Komopoeo asrsemcs mampuya A,
deaumcs 6e3 oCmamxa Ha MUHUMAAbHbIG mHo2044eH ¢ (M) amoilk mam-
pUybtL.

HefictBuTeIbHO, IyCTb, HaobopoT, f(A) He memurcs Ha ¢ (A). Obo-
3nauas uepe3 ¢ (A) yacTHoe, uepe3 r(}) ocrarok ot jpesaenus f(A) Ha

¢ (1), Oyzem HMeTb
FOI=40) g ()4 .

TloxcraBpuB cioga A=A H noaw3ysacb teM, 4t0o Y (A)=/f(4)==0
MBI nonytﬂm r(A)_—_-O. Ho cremesnr ocraTtka r(A) MeHbile CTeleHH

Yol X'= BEFLY l If\D"l"f\'ll‘r | o (} \ an manTna HAIILUTITADLIR RALTATALN TTOITNARLY
JJ‘CJII’.I l\rl}l]l \r \"\} * 4 A7l UJ.VIJ ¥ \"\}' FALWILIAIN A/ llbll.y l“.\/DDl.l.Vl IVIRIL UTIVEICLIIVE

KOPHEM KOTOPOro siBAseTc Matpuna A M cTeneHb KOTOPOTO MeHbILeE
CTeleHH MHHHMAJbHOro MHorousesa ¢ (A), uto mpoTHBopeunBo. Hame
yTBEPXACHHE NOKa3aHO, B YacTHOCTH, MUMHUMAAbHOUL MHOO4AEH mar-
puybl asasemca Oeaumenem €€ XapaKmepucmuyecKoz0 MHO04AEHA.
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Mbl 8HaeM, uTO MOOOHBIE MATPHULI MMEKT OAHH H TOT Xe Xapa-
KTEPHCTHYECKHH MHOrowJieH. TeM ke CBOHCTBOM o6Jiafaer ¥ MHHH-
MaJbHEIFl MHOTOUJIeH: Mofo6HbIe MATPHILI HMEKT _OIMHAKOBBIE MHHH-
MaJbHple MHoroujenoi. B camom Jene, nycrb A nogoGHa B: A==
= X"'BX. Ecau f(A\)— Kakoi-1u00 MHOIOYJieH, HMEIOIHUH CBOHM
KopHeM B, T0 corJacHo 1. 3.1

f(A)=[(X"BX)=X"[(B) X=0. ‘

Takum o00pa3oM, COBOKYITHOCTbH MHOTOWJIEHOB, HMEIOUIHX CBOHM KOP-
HeM OiHY M3 nojo0HbIX MAarpHIl, COBNAjaeT ¢ COBOKYIHOCTbI) MHOTO-
U/IeHOB, HMEIOLINX CBOMM KOpHeM Apyrylo. IlosTomy MHOrousnen Hau-
MEHbIIEH CTeleHH €O cTapluuM KoadpHuuenTom 1, NpHHaIJeXKalIMM
3TOH COBOKYMHOCTH, OyjneT MHHHMAaJbHbBIM MHOTOUYJIEHOM NjsA O0eHX
MaTPHLL.

PasencrBo MHHHMaJbHBIX MHOIOYJIEHOB SIBJIACTCS €IUe OLHHM HeoO-
XONUMEIM YcjoBHeM nojobuss marpHu. OnHako 3TO yC/JIOBHE CHOBA le
ABJIAETCA JAOCTATOYHBIM. PaccMOTpHM, Hampumep, MaTpHILI

2 00 2 0 0
A={0 3 0| B=l0 2 0],
003 0 0 3

XapaxkTepucTHYecKHe MHOTOWICHH HX PaBHBl COOTBETCTBEHHO
A—2yr—3 u (A—2(K—3).

IlocKOJBKY 3TH MHOro4Y/JieHBl pasJjuuHbl, To A u B He 1omnobmuwl.
MunHManbHBIE MHOr'OYJEH MaTpHi A josikeH OBITH JesHTeseM ee

XapaKTepHCTHUECKOro MHOroujieHa, T.e. JOJDKEH COBMaZath C OLHHM

H3 CelyIOWHX MHOrou/eHoB: A—2, A—3, (A—3)} (A—2)(A—3),
(A —2) (A — 3)% Tloacrapasisi cioia BMeCTO A maTpuly A, Mbl HailzeM,
4YTO NepBbLi pa3 HyJb NOJAYYUTCH IJ51 MHOrouaena (A — 2) (A — 3). Cue-
J0BaTesIbHO, 3TOT MHOTrOWwIeH u GyfeT MHHHUMAJbHbLIM 1751 MaTpHIbl A.
CoeepileHHO TeM xe crnocoboM HalijeM, 4TO MHHHMAaJbHBIM MHOTO-
yJIEHOM MaTpuus B Oyjger cHoBa MHoroudeH (A — 2)(A—3). Hrak,
MUHHMMAaJIbHbIE MHOTOUJIeHH MaTpuit A, B paBHbl, a CaMH MAaTpHUIbl
A, B He nojpoOHHL.
B n. 1.4 ynoMuranoch, YTo Marpuibl BHAA

A,
A
A= 2. ’
L As |
rae Aj, ..., As— KBajpaTHLle MaTpUubl, HA3LIBAKOTCH pacnadaouyu-

Mucs Ha Kiemku A, ..., As HIH pacnadaiomyumucs 8 nNpamyio cymmy
SMUX KAemokK.
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Xapakmepucmudeckutl, MHO204/eH  pacnasuledcs mampuybt paser
npoussedenuro XapaKmepucmueckux MHOCOYREHO8 ee OUQZOHANbHBLX
KAemoxK.

B camoM gene, eciu A pacnajgaercss Ha KJETKH Aq, ..., As TO
ee . XapakTepUCTHYECKAas MaTpHila, KakK JIerKo BHIETb, HMeeT BHJ,

)‘EI—AI h

WE— A= }‘E*_A"‘__ ,

)‘Es — As

rae Ey,..., Eq— euHHYHBIE MaTPHLBl COOTBETCTBEHHBLIX IOPSIKOB,
M3 n. 2.1 u3BecTHO, YTO ONpeleanTe/]Ib paclaBlledcs MAaTpHLBEI paBeH
IPOM3BEJEHHIO onpejesHTe/Ied ee JMaroHaJbHeIX KJaeTok. Caeposa-

TeJIbHO,
| WE — A|= | E1 — A1 |- | Es— Aa|. . | A\Es — Ag,

yTo K TpeboBajcch.

MurumanrsvHoii MHOCOHACH pacnaguielics MAmpuis. paser HaUMeHb-
wiemy ooweMy KpamHomy MUHUMAAGHEIX MHOSO4AEH08 ee OUACOHAAbHBLY
KACMOK.

[TycreMaTpiia A pacnajaercs Ha KneTkH Ay, ..., Ay, O603HaAYHM Ye-
pe3 4 (A), ..., ¥s(A) HX COOTBETCTBEHHBIE MHHHMAJILHBIE MHOTOUJIEHE!,
PaccvotpuM mpouaBoabublit MHOrouaen f(A). Ecan f(A)=0, 10 u3
dbopmyasl (7) 1. 1.4 caenyer, uto f (4y) =...=f(A;)=0. Ho Besaxui
MHOIOUJIEH, KOPHeM KOTOPOro SBJIAETCS MaTpuua A;, 10O/KEH JeJUThCs
1Ha MUHRMaJbHBIE MHorousaen ¢;(A) aroit marpuus. CuoejoBaTeibHo,

FI1Y aprr nfmes wnaTtTuns auoaroauraunr . () LY OAnaTtun
I \J‘I AR WY ) U\Iu.\\z\,. l\l.lul [ A WL LYLALINT R A TRV AN LINSLS Yl \Ji’, . . ’ YS \f\}. \Jul_’ulklu

eCJIH KakOH-HHOYAb MHOroujeH f (i) ectb ofiliee KpaTHoe oT ¢ (),

., U5 (}), 10, oueBuaHo, f(A)==0. Takum oOpasom, 4ToObl MOJYUUTD
MHUHUMAABLHBIH MHOrouJleH MaTpuimbel A, Hago B3sATh ofliee KpaTHOe
MHOTOUJIEHOB ¢y (A), ..., $s(4) HAUMEHbINEH CTENEHH, T. €. B3ATb HX
HauMeHblllee O0llee KpaTHOE, 4YTO H TPebOoBaJOCh.

KietouHast maTpuiia A Has3blBAETCH NOAYPACIABULEUCA W KACMOYHO-
mpeyeorbHol, ecju BCce ee JHaroHadAbHbie KJeTKH KBajpaTHble, a
KJETKH, CTOfinHe N0 KakKyl-iubo OfHYy CTOpPOHY OT rJaBHOH aHaro-
Ha/l{, 3al0JIHeHbl HyJasiMu. B panpueiiiuem mbl Oynem Bcerja npen-
noJjarath, YTO HyJeBble KJETKH M0Jypacnaslleiics MaTpPHILl CTOSIT
HaA rJaBHOH JAmaroHanabto. Takum obpa3oM, InoJypacnaBblldecs KJje-
TOUHLIC MATPHUbBl HMEKT BUJ

[_4
A___l‘Am An ’ : (1)
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rae Ay, ..., Ags— KBazipaTHble KJI€TKH, @ Bce KJETKH, CTOfIIME Haj
HHMMH, 3amoJiHeHbl HYJIAMH.

Ilycte B — kakasi-nu6o BTopasi 1oJypacnaBiiasics MaTpHiia, jpHa-
rOHaJbHBIE KJETKH KOTODOH 'HMEIT Ty e cTeleHb, 4YTO H COOTBeT-
CTBeHHBle KJeTkydl Marpuubl A. Ha ocHoBaHuu npaBun JeficTBHA C
KJAeTOUHBIMH MaTpHLaMd HMeeM

Ay i |’B11 "I
An Awn ' Bzi Bss —
LASI AsQ ‘e Ass L_-le Bsi . B.ss‘
r A 1‘*'* B T

=4 |
Ay '}15; Beu.. Ao Bus

A T [Bu N
Ay Ay _ By By l
LAS1 Asg ssj l_le SQ"'BSS_i

AuBy 7

L Ca ABa |

Tl e .. . |’

|

Csi Cs% Aschs_y

rae Ciy=A:;B;;-- Ai, juBja, ;... + A;Biy. Caenosatesblo, cymma
U npoussederue NOAYpPACRABUILXCA Mampuq ABARIOMCA NOAYPACABUIU -
MUCR Mampuyamy, OuQeOHAAbHble KAEMKU KOMOPbIX PABHBL CYMMAM
U npousee0eHUsM COOMBEMCMBYIOWUX KAemoK 3a0anHblx mampuy. B
YaCTHOCTH, ecHu [ (A) — HEeKOTOPBIH MHOrouJieH or A U A — nojypac-
naBmasca Marpuua suja (1), To

[ (Au)
Da f(Ax)

J(A)= (2)

- .

Dsi . f(Ass) |

(knetku D;; umetor Gonee caoxuoe ctpoenve). Ma § 2 ussectro, dro
onpeeuTesib ToJypacnasiiefics MaTpHUbl paBeH IPOH3BENEHHIO
onpezeJuTesiell ee JHArOHANbHAIX KJIETOK.

Orciona HelOCpeACTBEHHO CJexyeT, UYTO XapaxKmepucmuveckull
" MHO204AEH NOAYPACNABUIELCS MAMPUYbL PAsEH NpPOU3seOeHUo xapaxme-
PUCTTULECKUX MHO204AEH08 OUQ2OHANbRLIX KAEMOK MO mMampuist.
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Ecan noaypacnaBmasica matpiua A COCTOUT M3 KJeTOK CTeNeRd
I, To A HasplBaercsl TakXKe HUMEIOLeH mpeyeorvryo opmy HIH
npocro mpeyeoabroi mampuyeii. Co6CTBeHHbIE 3HAYEHHS TPeyroJbHOH
MaTpHIbl PaBHbH €e [HaroHaJbHbM 3JeMenTaM. M3 dopmyan (2) cre-

H'UP’I‘ TQV‘)I’(P uTo ecJu £, {5 ?’ — cOOCTROUHLIA IHauecHU4dg TpP-

;;;;; LTS ¢ ¢ 1 iy =Zy vy (VA V LN S LS B Lwy WFAllh A xidisa

YIOJII::HOH ManHubI, TO f(C1) f@), ..., F(&) 6yayT cobGcTBeHHBIMU
3HaueHHsAMH MaTpHusl [ (4).

[IpumMepnt ¥ 3a8auu

1. MaTpHla Ha3LIBAETCA HUABNOMEHMAON, €CN HEKOTOpas ee CTeMeHb PaBHa
nynresoll marpuue. doka3aTe, 4TO nogdypacnapllascd MaTpuua 7Torla ¥ TOAbKO
T0rjga HUIBIOTEHTAA, KOrAa HUJIbLIOTEHTHB ee AMaroHalbHbie KICTKH.

2. Ucnonb3ys teopemy [amuistoHa—K3aH, nokasats, 4TO ecInw B Joae
KOMIIEKCHRIX YHcen Bce cOOCTBEHHBIE 3HAYEHHS MaTpHIbl PaBHB HYIIO, TO MaT-
pHia HUALIIOTEHTHA.

3. Ilokasare, yt0 ecin B npAMOL CYMMe MarTpHl NepecTaBUTh ClaraeMbie,
TO HOBas cyMma Oyxer MaTpHuel, nogdobroi crapoii cyMme.

4. Beiyucaurh Xapaxtepuciuueckie MHOTOYJEHB M COOCTBEHHBIE 3HAYECHHA

MaTPHIY
T R g N R I

—sina cosa 3 3 6

5. Hafity MyHIIManbHble MHOTOUMEHBl MaTpHIL

g 7 [310 2 0 0 20007

0 2 00
, 10 3 0], 0 3 14, .

031" 1o 0 3 00 3 0030

0 0 0 3

6. HOKHBHTB YyTO COBCTBEHHBIMHM 3HAYEHHAMH AUArOHAdbHOH MAaTpHIb! HAB-
ANTCA ee HUATOHAALHBIe INEMEHTHI.

1. ,U,OK&S&TI.}: Q)—OpM}-’.ﬂu} o
ciren (AB) == caen (BA).

8. Ecay n3 xaxoii-1n60 kpaapatHol MaTpHIBI MMOPANKA 7 BHIYEDKHYTbh M
CTPOK C HOMepamH iy, iy, ... i, W m CTOXOLOB C Tem# e HOMEPaMH, To oHpe-
HeadTeNnb OCTaBIefica MATPHUB TOPAKKA 72 — M HA3LIBACTCA 2AASHWM MUHOPOM
creneHn 7 — m. Iloxasath, uTO KO3@duuHeHT Tpr A™ XapakTepHCTHYECKOro
MHOTOUJI€Ha MaTpHLe A paBeH CYMMe BCEX ee I'IaBHBIX MHHOPOB CTEIleHH n—im,
YMHOWEHHLIX Ha (— 1)*7%,

9. 1loka3ate, YTO XapaxTepHCTHYeCKuHi Muorouxen marpunsi AB coBnajaer
c xapamepﬂcmquKHM MHOIOMJEHOM MaTpHUL BA.

10. Ecaum ¢y, &gy 0.y Cp— co6CTBEHHb1e 3HAYCHHA MATPHIIHI A, 10 cobcTBEH-

TrOEETE REAmmssssris v L4 AN o LYY o o PR g -

HbIMH 3HAaYEHHAMH MdTpHU,bI ]'(;“l}, rme f\A)—HﬁKUlUpblH MHOrO4/ICH, OYAYT

f(cl)v f(cﬂ)y R | f(cn)



F'raeall

JIMHEAHBIE TPOCTPAHCTBA

§ 4. PaamepnocTs

4.1. Monyna u BeKTOpHble NpOCTpaHCTBA. IIpOH3BOJILHOE MHe-
IyCTO€ MHOXKECTBO 3J€MeHTOB ¢ HasbiBaeTcsd mO0y.aem #ad HEKOTOPbIM
Koavyom K, eC/aH BBINOJAHANTCA CJefYIOUHEe YCI0BUA:

a) AaHO NpaBuJo, Kak gis 6o napbl 3JeMeHTOB a, b uz &
HafTH B ¥ HEKOTOPHIA 3/IEMEHT, Ha3blBaeMblil cymsod ABYX NEPBHIX U
0o3HayaeMblli CUMBOJHYECKH a 4 b;

6) naHo mpaBuUJO, Kak Aas Jwboro uucaa a U3 K #  modoro
sjleMeHdTa a u3 & Halit™® B ¢ HOBLIA 3JeMeHT, HasbIBaeMblil npousse-
Oeruem o Ha a ¥ 0003HAUAEMDBIH o a;

B) OlepauHH CJOXKEHHS H YMHOXEHHA Ha UYHCJO YAOBJETBOPSIOT

CAEAVIOUIUM TpeSOBaAHUAM:

1° croeHHe KOMMYTaTHBHO:
a+b=>b4a; -

o

2° cJoxeHHe acCOIMaTHBHO:
a+b+oy=(@a+b)+c
3° BO3MOXKHO BBIUHTAHHE, T. €. LA KaXIAbX ABYX 3JEMEHTOB a, b
U3 ¢ B ¢ CyIIeCTBYeT 3JeMeHT X Takoi, 4To
‘ at+x=b;

4° yMHOMKeHHe dCCOLHATHBHO:

s (ba) = (o5) a:
_ b° yMHOxeHHe JHUCTPUOYTHBHO 110 OTHOIIEGHHIO K CJIOXKEHHIO
B & -
a(a -+ b)=aa + ab;

6° YMHOXKEHHE l{HCTpHﬁYTPIBHO IO OTHOHLICHHK K CJ0XKECHNIO YHCeJ !

(2 +B)a=uaa + Ba.

Ecan konbuo K HMeeT egununy 1, TO ofbiHO ellle TpebyioT,
4ro0bl BBINOJNHANOCH YCJOBHE

i l-a=a (@c 9.
3 A. 4. Mamues - -



66 JUIMMHEWHLBIE MPOCTPAHCTBA [ra I

B stoM ciyuae MOLYJIb HA3LIBAETCH YHUMAPHLIM. YHHTAPHBIE MOLYJlb
Haj TeqoM K HasHBAaeTCH AUHelHbIM HIIU BeKMOPHbIM RPOCINPAHCTIBOM

Haf K. DyieMeHThH MO,[lyJIEﬁ H BEKTOPHBLIX INPOCTPAHCTB HAa3bIBAIOTCH
geKmMOpPaMI U B Jaappedimem o0003HaUYaOTCd  MAJBIME  JIATHHCKHMH

RvAl Al Zaada

6yKBaMH a, b, x, y, ... JIuHefiHpl2 TPOCTPAHCTBA H COBOKYITHOCTH
BeKTOPOB GynyT o0o3Hauarbca OOJABLIIHME rOTHYECKHMH OYKBaMH ¥,
B, & M, ...

B npusenesHoM Bbille ONPERENEHUH BEKTOPHl YMHOXKaJUCh Ha
3JeMeHTH KoJgkla K cieBa. Ilo 3Tol IipuuHHe ornpejeJieHHbie BbIe
MOIyJIH W MPOCTPAHCTBA HA3LIBAIOTCA TAKXKe JEBBIMH MOAYJIAMH H

JeBbiMHM TpocrpaHcrBamMu Han K. Ecau norpefosats, utro0Obl OBIJIH
onpezesieHbl TIPOM3BEJEHHs 3JIeMEeHTOB ¥ Ha 3JeMeHTH K cnpasa,
M3MEHHB IPH 3TCM COOTBeTCTBEHHLIM OGpas3oM aKcHOMbI 4° — 7°, TO
IOJYUHTCA CTPYKTYpa, HasbiBaeMas MPaBLIM MOLYJEM, COOTBETCTBEHHO
NPaBbIM JIMHEAHBIM IIPOCTPAHCTBOM. SICHO, 4TO CBOKHCTBA JIeBHIX H
IIPaBblX NPOCTPAHCTB OAMHAKOBH, ¥ pas3/jHyaTb JeBoe H NpaBoe YMHO-
JKEHHEe BaXKHO TOrja, KOTIa OHH OIpeleieHsl OnHOBpeMeHHO. Huxe
JieBble TIpocTpaHcTBa Hajx K HasblBalOTCSt TPOCTO INPOCTPaHCTBaMH
Han K.

JIuHeiiHOe NIpPOCTPAHCTBO HAX IOJEM KOMILICKCHBIX uYHCeJa Hashl-
BACTCSH KOMNACKCHBIM AL KELHBIM NPOCMPAHCMBOM, & HAL NOJEM BElIeCT-
BeHHBIX UHCeN — Beujecmsermsim Aunednvim npocmparcmeom. OCHOB-

Hble NPHMEPLl MOXYJEH M JHHEHHbIX MPOCTPAHCTB OyayT YKasaHbl
HUXe a CRAauyajla naocmn"rnum TIDDFTPHTITHP CNenCTBUS, KOTOPI_)!S

XA L & Rl EGyia AL LS

HeloCPEeJACTBEHHO BBLITEKAKOT 'Hs axcHoM 10— 7°.

[Ipexne Bcero, yc/joBHe a) M akKCHOMBI 2°, 3° MOKAa3wBalOT, 4TO
KaXAb# MOJAYJbL €CTh IPYINa OTHOCHTE/JbHO Ollepallui CJOXEHHS
BEKTOPOB, npuyeM akcuoma 1° Tpelyer, uro0bl 3ra rpynna Owbija
KommyTaTHBHOH. IloaTOMy, Kak M B J10060H KOMMYTaTHBHOH TIpym-
ne, CyMMa KOHEYHOTrO YHCJa BeKTOPOB He 3aBHCUT HU OT MOpsiKa
cJaraeMblXx B 3TOM CyMMe, HH OT cnocoba pacCTaHOBKH CKOOOK.

Hanpumep,
(@+b)+(c+d)=c+(@+(d+b)).

[lanee, B mIpOH3BOJBLHOM MOAyJe, Kak B Jo00H ajguTHBHOH
TpyIIe, cpeld BEKTOPOB HMeeTCs €IHHCTBEHHHI BeKTOp, 0003Hauyae-
MBIl HaMH uyepe3 0, o0GJlajaOMIUH TeM CBOHCTBOM, YTO jAJs1 JioOOro
BEKTOpa X paccMaTpUBaeMOro MOAY/s ] '

X+o0=0+x=X.

BeKTOp 0 Ha3nBaeTCS HYAeEbiM 6eKMOPOM WJIH NPOCTO HYy/sem MOLYJIS.
Kpome Toro, nasa mw6oro BekTopa a wMoaynas ¥ B 3TOM MojayJe
CyIIeCTByeT OJHH H TOJBKC ONHH BEKTCp Y, YAOBJIETBOPAIOMHM
y paBHEHHIO

' at+y=o.
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3roT BeKTOp y 0603HaUAETCA yepe3 —a U HasHBaeTCss NpomusonoA0ic-
HoIM OTHOCHTEJILHO a.
N3 akcuom 1°, 2°, 3° BhiTeKaer, 4T0o —o0=0 H AJs8 JOObX @, b

—(—a)=a, —(a+b)=(—a)+(—b).

B Bolpaxkenusix Ttuna (—a)-+-b-4-(—c) DpuUHATO OMyCKaThb
cKOOKHM M nucatb —a+b—c. DuHapnad onepauus —, onpeje/seH-
Hasg ¢opMyJoH

x—y=x+{(—y),

Ha3blBaeTCs onepauuen 6suumaHus BEKTOPOB. To, 4YTO OAMH H TOT
e CHMBOJ 006O3HayaeT JBe pasHble omepauuu (onepanyio Inepexona
K IIPOTHUBOINOJIOXXHOMY BeKTOpPYy ¥ OHHApHYIO OLEpalHio BLIUHTAHHSA),
B JanbHeHlleM HHKaKHX HeyIoOCTB He BbLI3OBeT.

Ho cux mop 6pwin chopMyJIUPOBaHE! JHUIIL T€ CBOACTBA MOAYJeH,
KOTOpble NPHCYLIM UM, KAaK KOMMYTATHBHBIM TPyMIaM II0 CJ0XKEHHIO,
T. €. BBITEKAWwWT M3 akcuoM 1°—3° IlpuHumMas BO BHUMaHHe aK-
CHOMBI 4° — 7°, Jlerko mojiyyaeM TOXJecTBa

0-a=o,
mi=a+a+ ... +a
(m cnaraembix, m — IeJ0e MOJOXKUTEIbHOE),
(—a).-a=—(20),
®-0=0.
B camom jene, meppoe clefyeT H3 TOro, 4TO
a=(1-+}+0a=1l.a+0.-a=a-|0-a,
BTOpOe JOKa3hiBaercs CACAYIOMUM GOpasoM:
ma=(1- ... +-a=1l-a + ... +1-a=a+ ... +a.
llanee, Tak Kak

ea+t+(—a)a=(r—a)a=no,

170 (—a)a==— (2q). Haxoseu, ueTBepTOE PpABEHCTBO CIELYeT H3
TOr0, YTO

)

.0+« a:a(o-|-cf)=aa.

OTMeTUM TaKXe, UT orna K — teyio, T0 U3 a a==0 BHTEKaer, 4To
g a=—90, uam a=o0. B camoMm jene, eciu a %~ 0, TO, YMHOXKad
COGTHOILIEHHE % @ ==0 Ha YyHuCJIo a1, MoJlyuuM a==o0.

Boipaxenus BHjaa

a0 + %l + ... %85
8' - s ’
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HA3LIBAIOTCH AUHEHbIMU KOMOUHAUUAMU BEKTOPOB &1, Q9 ... Qg
Haitin paccyskieHdsl TTOKasplBAIOT, 4TO JIMHefiHble KOMOHHAUHH MOXKHO
CKJIafbiBaTh, BHIUMTATb, YMHOMXATh HA YUCJAa, a4 Takxke NPHBOIAUTH
B HHUX Nojo6Hble 4JjeHbl 110 OOLIYHBEIM ITPAaBHJAM.

HauGosiee u3BecTHHIM NMPHMEPOM JIMHEHHOINO INPOCTPaHCTBA SBJSA-
€TCSl COBOKYIIHOCThL HalpaBJ/JeHHLIX OTPE3KOB, BHIXONALIMX H3 KaKOfi-
Jaubo ¢uKcHpoBanHOi Toukd O Hallero COLIKHOBEHHOTO IIPOCTPAHCTBA.
YMHOXUTD OTPE30K Ha II0JOXKHTe/qbHOE BelIeCTBEHHOE YHCIO0 o —
5TO 3HAUUT YBEJHUHMTh €ro JJHHY B o pa3, He MeHsisl HampasJjenus.
Ecan « orpumaTtenbHOo, TO yMHOMXEHHE OTpPe3Ka Ha o O3HayaeT yBe-
JIHYeHHe ero IJIHHm B || pas M H3MEHEHHe HalpaBJeHHs Ha OpsIMO
IIPOTHBONOJOXKHOE. AHAJOrMYHO CJHOXKHTH JBa OTpe3Ka — 3HAUHT
B3#Tb JHUaroHa/b INapaJjijejorpaMMa, HOCTpOeHHoro Ha Hux. Hyue-
BbIM BeKTOpOM OyjaeT OTpe30K, HayajJo M KOHEel KOTOpOro cOBMa-
Jaiot ¢ Ttoykoil 0. IlockogbKy onepanHs YMHOMeHHS OTpe3Ka
Ha YHCJIO OnpejeseHa TOJbKO JJIA BEILECTBEHHLIX 4HceJ, TO OCHOB-
HBIM TtoJieM K 31ech SIBAAETCA I0JIe BCeX BellleCTBeHHBIX YHCeJ, H [po-
CTPAHCTBO HalpaBJeHHBIX OTpPe3KOB €CTb GewyecmeenHoe JHHEHHoe
IIPOCTPAHCTBO. JTO NMPOCTPAHCTBO Mbl OyjlemM Bcerja HasbiBaTb NPoO-
CTPaHCTBOM OOLIKHOBEHHBIX BEKTOPOB-OTpe3KOB H 06o3Hauath R.

- bonee ob6muM, a gas Bced TeOPHHM JIMHHEHHBIX MPOCTPAHCTB H
OCHOBHBIM MPHMEPOM JHHEHHBIX TNPOCTPAHCTB ABJAAETCS MPOCMPAH-
cmgo cmpox. PaccMOTPUM MHOXECTBO BCeX MIOCJENOBaTeJbHOCTEH
Buia [, %3, ..., %,), rae «;, ..., 2, -—uHcAa HeKoToporo tena K,
A — 3aJaHHOe Hejoe YHCJIOo. ITH MOCIEe]0BaTeJbHOCTH MBI OyleM Ha-
3LIBaTh TaKXke CmpoKkamy B pacCMaTpHBaTh MX Kak MarpHibl, cO-
crosiuiie H3 OXHOH CTPOKH. [Be CTPOKH Ha3LIBAIOTCH pasHbiMil, €CJH
pPaBHbl MX COOTBETCTBEHHBbIE 3/jeMeHThl. [leficTBHA CJOXeHUs CTpPOK
M YMHOXEHHSl Ha YHCJO OIpejesifloTcsl MO COOTBETCTBEHHBIM MaT-
pHYHBIM QopMyJiaM ‘

B, ... ,an]:[ﬁ% vas ,@Oln],
[0‘.1, Ugy aue an]—l"[Bh BE: ML pﬂ]:'
= [ 4~ By, ae-{-@g, ey By Bal.

SfcHo, uro aKcHoMbl 1°—7° 3JeCh BHINOJHSIIOTCA M COBOKYIHOCTB
BCEX CTPOK IJIMHBl 11 ¢ 3JleMeHTaMH H3 Tesna K sBJASETCS AUHelHuM
npocmpancmeom Had K. Ecau B KauectBe K B3SiTb INPOH3BOJBLHGE
KOJIBILIO, - TO TIOJYUHTCA NpHUMep modyin Had K.

BMecto CTPOK MOXKHO paccMaTpyBaTh MAarpHIbl, HMEIOMHE NPOH3-
BOJIbHOe (PUKCHpPOBAHHOE UHCJIO CTPOK H CTONCHOB C - 3JeMEHTaMH
u3 Koasna K. JloOylo Takylo Marpuily MOMKHO IO NpaBHJjiaM MaTpuu-
HOTO HCUMCJICHHS YMHOXHTb Ha UHCJIO H3 K, u jobble JBe MOXKHO
CJIOXHTbL — B pe3yJibTaTe MOJYUYUTCH MATPHLA TOTO XKe BHAA. AKCHOME
1°—7° 3mech, OYEBHAHO, CHOBA BHINOJHAITCA, H, TAKHM 06pa3scM,
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MaTpPHIbl ¢ M CTPOKAMH H 71 CcTOJM0HAaMH 00pa3yIOT OTHOCHTEJILHO Qrie-
pauMi CJOKEeHHsT ¥ YMHOXKEHHS HAa 4YHEJO MOAY/Ab Hax K uam Ju-
HellHOe IIPOCTpaHCTBO, ecli K — Tejio.

Paccmotpum ewie oavH nmpumep. IlyeTh It — npou3BosibHOE MHO-
KeCTBO KaKHX-JTHOO 3jieMeHTOB H K — HEKoTopce KoJabuo. I[lIpeanodc-
JKHM, U4TO HaMm 3ajJaH HEKOTOPBHIH 3aKOH, CTABSIIMA KakiomMy 3Je-
MEHTY m MHOXecTBa N B.COOTBETCTBHE OMNpejesieHHoe YHCTO H3 K.
Kaxablii Takol 3aKOH HaseiBaeTCs pyrHkyueld, onpele eHHOX HA MHO-
)kectBe M co 3HaveHusamd B K. Ecanm dynruuio o6o3HauuTh Kakoii-
60 6ykBoii f, To uyepe3 f(m) o6o3HauaeTCs UHCJO, OTBEUAKONIES
ajeMeHTy m. Yucno f(m) HasbiBaeTcst 3HaucHUEM (PYHKUUM [ Ha 3xe-
meHTe m. Ecau ¢ynkumu f, g nasa Bcex m u3 D yAOBAETBOPSIOT
paBeHCTBY [{(m)==g (m), T0 UX HasbBalOT paswermu. [las yHKIU,
saflaHHbix Ha N, oObMHBIM 00pasoM ompejessiiorTcst oNepanHd yMHO-
KEHHA Ha YHC/I0, CJOKEHHA M NepemMHOoxeHHs ¢yuruuit. Hanpumep,
ec/IH 3aJaHbl UHCJO o W (PYHKLHA f, TO, cTaBf B COOTBETCTBHE KaxK-
oMy 3JeMCHTY m u3 I gucjo of (1), Mbl NOJYYHM HOBYIO (GVHKIHIO,
KOTODYIO HasblBAIOT NpOH3BeNeHHeM uYHcaa & Ha ¢yHKuHo f. AHanac-
FHYHO OIpefledsiloTcsl CyMMa M Npou3BefeHHe ABYX ¢yHkumii, Ecan
U3 3THX onepaniii paceMaTpPUBATh TOJBKO JIB€ MEPBbLIe -— YMHOKEHHE
Ha YHCJIO M CJIOXKEHHe, TO JIeTKO yOeIHuTbcsl, YTO aKCHOMBI MOZAY.AfA
OyLyT BuNOJHSITHCA. ClejjoBaTesibHO, COBOKYMHOCTH BCeX (YHKIUHI,
onpeleseHHbIX KA HEeKOTOPOM 3aJaHHOM MHOMKecTBe IM, cO 3HaYeHHSIMH

U2 Wwawnrn-mTuiAan wnrarira K nAnanvom N nn K Waw o Bblilie,
MG BaROI0-daHOC RGAbla i\ 00pd3yLd .erUUJ./tu Hao . XaK H BbL

ecJ HCXOQHOe KOJblo K ABJseTcs TeJIoM, TO nonquM npumep “Bek-
MOPHO20 NPOCMPAHCINGA.

B cayyae, korga 9 COCTOMT U3 KOHEWHOTO 4HCJIA 3J/€MEHTOB,
I8 (QYHKUHH, onpeleNeHHBIX Ha IN, MOXHO BBecTH 6oJjee yA0OHYIO

sanuco. Ilycrs my, my, ..., m,— 3neMedtsl MHOXecTBa M. OGo-
3HayuM uepe3 [m;] dyuxuuio, paBuyw 1 ma m; u paBuyw 0O Ha BCex
CCTaJpHLIX 3JeMeHtax M (i==1, ... , s). Torma npoussereHue

o.[m;] 6ymer ¢yHkuuedl, paBHOH « ma m; 1 0 Ha Bcex OCTATbHBIX
snemenTax M, a BHpameHue

% [m1]+ag[mg}+...+as {(ﬂs}, (i)
oueBMIHO, OyjeT QpyHKIMeHd, paBHOH «, HA My, 0g HA My, ..., &, HA 71,
CrefoBaTesbHO, Kaxad (GyHKUUS, onpejesnenHas Ha M, Moxer OHITh
samkcaHa B Bule (l), U Takad 3anuch, Kak Jierko BH/eThb, BO3MOXKHa

TOJIBKO €I1MHCTBeHHBIM crioccoboM. Eciu, HeT omacHocTH cMellleHHd,
TO cxoﬁxn B (1) onyckawr u BMectro (1)} muimyT Gosiee Kparko:

ag my - ag mg ... o, my,

npHYeM uJeHs! ¢ HYJeBHMH KO3(pdHuMEeHTaMH BOOOLIe He BhLIIHCH-
Bator. Hampumep, ecau M cocrour us 6yks a, b, ¢, 170 2a — ¢ 03Ha-
yaer ¢pyHKuHIO, paBHyWw 2 Ha 4, Hymo Ha b u.—1 Ha c.
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4.2. Jluneiinasn 3asucaMocTh. Ilycts € — Kakoe-nu6o BeKTOpHOE
NPOCTPAHCTBO Hajx TeoM KoadduinentToB K H @i, Qi ... ,dy-— €I0
BeKTOphl. COOTHOLIEHHEe BHIA

dlaj+aga3+...+dman::0,

rae oy, ... , 0, — HEKOTopble yucaa u3 K, HaswiBaercs aumelHod 3a-
BUCUMOCTILIO MEXKIY BEKTOpPaMH &, ... , &,. Ecian Bce Kos(pdHIIHeHTH
%1, ... , %y PaBHBl HYJIO, TO 3aBHCUMOCTDb Ha3bIBAETCH MPUBLANLHOU.

B nporvBHOM cayuae, T. e. KOTAd IO MeHbINeH Mepe ONMH H3 KO-

(GUIMEHTOB OTJIHUEH OT HYJSl, 3aBHCUMOCTD HA3LIBAETCS HEMpUBUALbHOU.

$icHO, yTO TpHUBHANLHAA 3aBHCHMOCTL CYILECTBYET MeXAY JIOOLIMH

BekTopamMu. OTBer Ha BCMPOC — CYLIECTBYET MJIH HeT HeTPHUBHAJIbHAS

3aBUCHMOCTb — 3aBHCHUT OT paccMaTpuBaeMblX BekTopoB. Hanpumep,
A 1L A A A /]

:[1, —1, l], c=|[1, 1, 3] yeCTBeT JIHHeﬁHaH 3aBHCHMOCTD
2a -+ 3b—bc=o.

C zpyro# CcTOpOHBI, B TOM Xe€ IpPOCTPAHCTBE MEX]Y BEKTOpaMH & ==
=1, 0, 0], ea=|[0, 1, O], e;==1[0, 0, 1] HuKako#l HeTPpHUBHAJLHOH
JIHHEHHON 3aBHCHUMOCTH HeT, TaK KaK COOTHouleHHe

a6 -Hayesage;=o0

[al’ %2, as]:[o’ 0’ 0]’

03Ha4YaeT, 4To

OTKYJa
ay=ag=0a,=0.

Koneurnaa cucmema 8exkmopog i, Qa, ... , @, Kako2o-nubyde aunel-
HO20 NPOCMPAHCMEA HA3bIBREMCS AUHEUHO 308UCUMOLL, ecal MexncOy Humu
CYUWECBYEIN HeMPUBLIAALHAS AUHEHAS 3Q8UCUMOCITb.

Ecan takoii 3aBHCHMOCTH HeT, T. €. €CJH H3 BCAKOrO COOTHOLLE-

HHS BHJIA
a1a1+aga3+...+amam=0

caenyer oy =—ay=...=ua,=—0, To cucremMa a, Gy, ... , 4, Hasbl-
BAETCHA AUHEUHO HE3QBUCUMOL.

13 3toro onpejgeneHHs] HENOCPEACTBEHHO BHLITEKAeT, UTO ecAu
K AUHEHO 3a8UCUMOL cucmeme 6eKMmopos &, Qz, ... , O, NPUCOEOUHIIMY
Cuie HECKOAbKO 6eKmopos by, ..., by, M0 paclupenrHas cucmema
ocmaHemes AuHelHo sasucunmol. B caMoMm pese, ecqH

oy + Qs+ .. fa,a,, =0
—— HEeTPUBHAJbHOE COOTHOILUCHHE MEXIY a1, ... , 4,, TO
wudy + ... +o,a,+0-+ ... +0.b,=0
CylleT HeTPUBHAJBHLIM COOTHOUIEHHEM MEXAY @1, +.. 4 &y b1, w0n , by
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B Bompocax, CBfI3aHHBIX C JIMHeHHOH 3aBHCHMOCTLIO, HYJIEeBOH
BEKTOpP O 3aHUMaeT ocofoe MecTo, TAK KaK BCAKAA CHCTeMa, colep-
KAmAsd HYJeBOH BEKTOpP, fABJsercHd JUHeWHO 3aBucumoii. IIag poka-
3aTeJIbCTBA JOCTAaTOUYHO 3aMeTHTh, UTO COOTHOIIEHHE

l-o+0-a14 ... +0-a,,=0

ABJSIETCH HeTPHBHAJLHOH JIMHEHHOH 3aBHCHMOCTLIO, HMEIOMmEd MecTo
NpH JIOOHX @i, ..., Q.

[lannoe BplIUe onpejpeseHHe JIMHEHHO 3aBUCHMOH CHCTEMBI npen-
noJaraer, 4T0 5Ta CHCTE€Ma COACPXKHUT TOJNHKO KOHEUHOE YHCJIO BEKTO-
poB.OxgHAKO YacTo IPHXOIHTCHA PACCMATPUBATh H GECKOHEUYHbIE CHCTEMBI,
Mbl  ycroBumcs OeCKOHEYHYIO CHCTeMy BEKTOPOB ‘Ha3LIBaTbL AU~
HellHo 3asticumol, eclu JIRHeHHO 3aBUCHMOH OyaeT Kakas-HHOyIb
KoHeuHast vyactb ee, Crelylomuil npuMmep [IOKAa3blBaeT, yTo OecKoHey-
Hble JIHHEHHO HEe3aBHCHMblE CHCTeMbl BEKTOPOB CYLIECTBOBATb MOIYT.
PaccMOTPHM COBOKYNHOCTb BCEX MHOrouJieHOB OT OYKBBHI A ¢ KO3a(pu-
UWHeHTaMH M3 Hexoroporo Tena K, 3TH MHOrouwJeHb OTHOCHUTENLHO
omepaliuii CJOXKEHHS H YMHOMEHHS Ha uucja u3 K, oueBHiHO, oOpa-
3YIOT JIMHEHHOe NpocTpaHcTBo. MHorousexsl

| SR U Y S

COCTABASIOT B 5TOM IIPOCTPAHCTBE JHHEHHO HE3aBHCHMYIO CHCTEMY.
HefictBurenbro, Jiobasi ee KOHEUHAs 4YacTb

lml, }\mz’ cee AR
Os=m<my< ... <imy)

JUHeHHO He3aBHCHMa, TaK KaK Mu3
GA™ 4™z - oA R =0
caenyer, Uro %y =%g= ,., == 0.

PaccMoTpuM CHOBa 1NpOH3BOJIbHOE JHHEHHOE [POCTpPaHCTBO £,
Ecau kako#-M00 ero BeKTOp a4 MOXKHO MPEACTaBUTb B (opme

Q=00 + %+ oo + 8,0,
TO TOBOPST, UTO & BBIPQICQAEMCA AUHELIHO 4EPE3 @y, Qay +.. , A, WJIH
HUTO @ AUHEUHO 3asucum om Qp, ... , Q,,.

Ecau eexkmopst i, ... , Q,, 6bipaXcQIOMCa AlLHelHO depe3 by, ...
ees s bmya by, ..., b, supavicaromen aunedno vepescy, ..., 5 MO Gy, ...
cer » A, BOLPANCQIOMCA AUHEUHO Hepe3 €1, ... , Cpe

[Jis fnokasaresbCTBa JOCTATOYHO B JIMHEHHDLIE BHIPAXEHHUS BeK-
TOpOB &4, ... , @, 4Yepe3 b;, .4 , b, NOACTABUTL BMECTO by, ... , b,
HX BBHIpaXK€HHS 4epe3 ¢, ... , €, H NPHBECTH IMOJOOHbIE UYJIEHBL.

Teopema 1. Ecau cucmema Hernyregvix 6eKmopos Qy, ta, ... , O,

paccmampusaemvix 8 onpedeseHHoOM nopadke, AUHEUHO 3a8UCUMA, MO
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Nno Menbuiell mepe O0UH U3 IMUX 8EKMOPO8 MONCHO 6bIPA3UML AUHEUHO
vepes npedudyuiue. O6pamuo, ecau 00U U3 8eKMOPO8 3MmoLl - nocae-
dosameAbHOCIU  BLLPANCAEMCA  AUHelHO uepe3 npeduidywiie, mo cuc-
mema AUHEUHO 3asucuma.
[TycTb Mexay BeKTOpaMH @i, @i, ... , @ CYLIECTBYeT HETPHBHU-
aJlbHasi 3aBHUCHMOCTD
%3y -+ %ally + eeo ®,,.a,=0. (1)

O6o3nayuM yepes a, MOCTeIHHH KO3bOHUHEHT, OTIHYHBIH OT Hym
Ecan £=1, T0 cootHOomeHnue (1) obpamaercsa B

Ay =0 (2,40},

OTKVJAA @y =0 BOIpPeKH NpPejNoJIOKEHHIO, YTO CHCTEMa HE CONEPIKHT
1yJeBblX BekTopoB. CjenosatesbHo, | < k<<m, n cooTHoiuieHue (1)
Mbl MOXEM Iepenucarh B BHJE

a]a1+ PR *—]~O€hah=0 (ak¢‘0),
OTKyJa

Taxum oOpasoM, nepBas yacth TeopeMsl fokaszaHa. Ob6partHoe yTBEpXK-
JicHHe OUYeBHJHO. -
[Tycte I -— Kakoe-HuOyIb MHOXKECTBO BEKTOPOB JIHHEHHOTO

npocrpancTBa ¢. CHcrema BeKTOPOB @j, @, ... 3TOr0 MHOXECTBA
HA3BIBACTCSH cucmemoldl o6pasyrowux  1as M. ecau BCHKUN BEKTOP

SIROGL LA LALLM VU el iy AAU AL L] wawedard LOSNO AANTANE AFNela

13 M MoxeT ObITb BbIpaXkKeH JIMHEHHO uYepe3 Kakoe-JHO0 KOHEyHoe
YHCJIO BEKTOPOB @i, &, ... JIHHEHHO He3aBHCHMAs CHCTeMa oGpasylo-
mux aas M HaspiBaercs Oasod uan 6asucom MHOXKecrsa . Hampu-
Mep, B NPOCTPAHCTBE BCEX MHOrOYJEHOB OT A MHOI'OYJIEHHI

17 )\’ )\2: vaey AT s ] ’ (2)

E

cOpa3yor 0a3y, TaK KaK 3TH MHOro4/JeHb, Kak Mbl BHAEJH Bhillle,
JHHECHHO HEe3aBHCHMBLl H, C JPYyro#i CTOPOHB, BCAKHH MHOrouseH

HMeeT BHJA _
ot @ik -2k - L, g,
T. e. BbIpaxaercA JuHefiHo uepe3 1, A, ..., A",
Jdemma. Ecau cucmema obpasyowux ay, A, ... mHoxcecmea IN

coOepxcum 9AeMEHM Q;, KOMOP6LL MONCHO AUHEHO 6bipasums  vepes
ocmaasuble 0bpasyrouitie, mo, G6lbpacsleas @; U3 CUCTEMbL ob‘pasyrougux
MbL CHOBA hOAyHUM cucmemy. obpasyrowyux 0as M.

B camoM jese, mo ycJOBHIO Kaxibii BekTop H3 IR siBasieTcs
JHHEAHOH KOMOHHAILHEH HEKOTOPOro KOHEUHOro Yuc/aa OGpasylomyx.
3aMeHsiH B STMX KOMGHHALMSX BEKTOD @; €ro BLIDAMEHHEM uYepes
ccTanbHble 06pasyloniie, Mbl HOJIYYHM BEIpaXKeHHe J000ro 3JjeMeHTa
DX yepe3 obpasylomye, OTJAHYHBIE OT @;, YTO H TPebOBAJOCh.
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Teopema 2. H3 ecakod cucmembt o6pasyiouux npocmpancmea
£ MoucHO subpame 6asy Moo NPOCMPAHCMEQ.

ITycts ¥ HMeeT KOHeuHyIO cucreMy OOpasylomKx a;, ds, ..., Q.
Bhi6pacbiBass M3 3TOH CHCTeMbl BEKTODHI, BhIpaxarolipecs JHHEHHO
yepes IMpegbiqyliHe, MBI IIOJYYMM HEKOTOPYK CHCTEMY BeKTOPOB
Qiy, Qg ---, Q;,, KOTOPAsi COrJaCHO JieMMe Bce eme OyneT cucTeMoH

obpasylomux npoctpaHctBa €. Tak KakK HH OJHH M3 BEKTOPOB THOC-
JejHeHd CHUCTeMbl He MOXeT CbIThb BLIPaXKeH JHHEHHO uepe3 mpeablny-
mpe, TO B CHAYy Teopemsl 1 3Ta cucreMa JIHHEHHO HesaBHCHMA H,
c/JefoBaTeIbHO, siBJseTcd 6a30i NpPOCTpaHCTBA.

Mp nokazaau TteopeMy 2 B NpeNNoONOXEHHH, YTO CHcTeMa 06pPa3yIomux

CONEPHHUT KOHEYHOE YUCAO sneMeHTOB. OIHAKO 3Ta TeopeMa BepHa H B cayyae
feckoHeYHOIT cHcTeMbl o6pa3yiowmux. Jas NoKa3areabcTBa AOCTATOYHO PACMNOIO-

¥HTb O0pa3yiouue B TPaHCHUHHTHYIO TOCAENOBATEIbHOCTD @y, Agy vre Ay opgy--s
¥ BLIOPOCHTb K3 Hee 3JE€MEHTH, BhIPAaWalOHMecsa JIHHeHO uepe3 NpeblAyHiue.
Ilycts ay, @y, ... —0asa npoctpancrBa {. CorsiacHO onpegedie-

U0 Oasnl BCAKHI BeKTop U3 ¢ OyxeT JHHeHHO BhipaXkaTbCd 4Yepes
KOHeuHoe uuciao 6a3sHCHBIX BeKTOopoB. IloKaxem, uTo Takoe Bhlpaxe-
HHE BO3MOMKHO TOJIBKO €IMHCTBEHHEM ofpasoM. B camoM jene, nycThb

0 —dfl. b totts 4= . . o
163 7 L

= hdd'Aa'] | L ] ws

a="pa + Puta A ... 0

Bouiuuras, Mbl nosyunm
o={(n—f)a+@—f)a+ ... +@,—8)a,.

Tak kaK a,, @, ... JUHeHHO He3aBHCHUMBI, TO o — B; =0, %y — By==
=0, ..., &, —8,=0, nam ay==4P;, ..., 2,=40§,, uTo U TpeboOBAJICCE.
Ecam nuHediHOoe npocTpaHcTBo ¥ HMeeT XoTsi Obl ogHy Gasy,
COCTOALIYI0 M3 KOHEUHOro UYHC/Ja 3JIEMEHTOB, TO ¢ HA3bIBaeTCs KOHed-
Homeprbim. Bosee nofpobHO, ¥ Ha3plBaeTCst KOHEYHOMEpHBIM, €CJH
B ¥ MOXHO BbIOpaTh TaKyl KOHEUHO JINHEHHO He3aBHCHMYIO CHCTeMY
BEKTOPOB, 4Yepe3 KOTOPYIO Bce BEKTOphbl M3 ¢ BhIpaXKaloTCH JHHEHHO.
[TousiTHe 6a3nl HENDUMEHHMO K HYJIeBoMY npocTpaHcTBy. OpHako
Mbl OyAeM CYHTaTh, YTO HYJEBO€ IIPOCTPAHCTBO TaKXke KOHEUHOMEPHO.
Teopema 3. Bce 6asbt KOHEHHOMEPHO20 HEHYAE8020 AUHEUHO20
. ‘npocmpancmea € cocmosm U3 00HO20 U mMO020 e KOHEeMHO20 HUCAQ
BEKMOpP08. IMo 4UCAO HA3LIBAEMCA pasmepuocmoio npocmparcmsa L.
Pasmeprocmbio nyreeoeo npocmpaxcmea HA3bI8aemcs HUCAD HYAb.
CorsiacHo omnpelesieHHIO B £ Haijercs 6a3a, cOCTOSIAS M3 KO-
IleuHoro uucyia BekTopoB. IlycTh 31a Gasa Gyner

- al, ag, «ony an- (3)
IlokamxeM, 4TO 4KcI0 BeKTOpOB moGoi JApyroil Gasbi
‘ X1y, Xgy, oovy Xmy oo (4)

H
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He MOXeT NpeBOCXOZUTH 7. B caMmoMm pene, paCCMOTpHM CHCTEMY
X1, @1, Ay« ly. (o)

Tak kak cucrema (3) siBasercst cucTemoil ofpasywiiux €, T. e.
BCAKHH BeKTOp ¥ BLIDAXKACTCA JIHHEHHO Yepes BeKTOpEl (3), To Tem
GoJiee obnajgaer 3TuM cBolicTBoM H cuctema (5). Onnako cHcrema ()
JIMHEeHHO 3aBHCHMA, TaK KaK TepBbii ee BeKTOp X; MoXer OHITH
JMHEHHO BbIpaXeH uepe3 ocTajbHble. IlpuMeHAs K 1oc/jenoBate/ib-
HOCTH (5) Teopemy 3, Mbl BUAHM, YTO OJHH H3 BEKTOPOB 3TOH MoC/e-
JOBaTeJbHOCTH, HallpUMEp @;, NOJXKEH BLIpamaTbcA JHHEHHO yepe3
npexbiaymue. BribpaceiBasg H3 (D) BEKTOp @;, MBI NOJYYHM HOBYIO
110C/Ie10BaTeNLHOCTD

xl, a:, s ey a,ﬂ_,ly (6)

rae uepes3 a,, ..., @, 1 0003HAUYEHBI OCTABIIHECS U3 BEKTOPOB Qy, - .., Ua.
B cmy JeMMbl cucTema (6) OyneT Bce elle cHcTeMoil o0pasyrouilx
lI.fIH ¢, Paccmotrpum Teneph IoCJI€/I0BaTeIBHOCTD

x?: xl} aly LICI an_ (7)

3Ta noc/jeoBaTe/NbHOCTh JIHHEHHO 3aBHCHMA, TaK KaK BEKTOD Xa
BLIpaykaercs JIHHEHHO yepe3 OcTaJjibHbie €€ 3JeMeHTh. ChejoBaTtellbHO,
no Teopeme | OfMH K3 BEKTOPOB 3TOH CHCTEMBI JOJXKEeH BbipaXaThCs
JmHeHHo yepes npedoifyugue. DTOT BEKTOP HOJMKeH OBITb OFHHM H3
@,y «ve, A, TAK KAK X; H X MO MPEAINOJONKEHHIO JHHEHHO He3aBH-
cuMel. BoifpaceiBasi ero H3 1OC/ef0BaTeILHOCTH (7), Mbl IOJIYYHM IIO-
C/e10BaTeIbHOCTD

X2, X1, ai', vy a.",lw‘h (8)

rje uepes ai, ..., ap_o O0O3HAUEHB! OCTABILHECH BEKTOPHI H3 4, ...

., @p1. IlockodbKYy mocaenoBarenbHOCTh (7) SIBAAJACh CHCTEMOH
nﬁnnqvmnmx’ 9 TO COrJACHO JeMMe IOCJAenoBATe/ILHOCTE (R\ TAKKE

(LN S P Y AAN A A 2 v a LN 2

Gyaer CHCTEMOi obpasytomux aaa L. [IpucoexunseM Tenepb K IoC-
JefloBaTeJbHOCTH (8) BEKTOP X3, M3 HOBOW MOC/AEJOBATEIBHOCTH BBI-
OpacbiBaeM BeKTOD, BbIPAXKAMOUWHKACA JHHEHHO 4Yepe3 INpegbiAyilHe,
H T. i. Ecan O6b1 uHclo BekTopoB x; Obio Goablne r, TO yepes 1
LIaroB Mbl MOJYY#Jd OBl IIOCJEL0BATENLHOCTD

Xy X1y vosy X2,X1, . (9)

COBCeM He€ COACpXKAanlyI0 BEKTOPOB 4y, ... , Oy, IPHUEM 3Ta NOCAENO-
BaTeIbHOCTh Gbla Obt cHcTeMoi obGpasyiomux Aad &. ITo o3HAuaer,
UYTO BC€ BEKTOPBHl INPOCTpPaHCTBa ¢ MOXKHO ObLIO Obl BHIPA3UTh JIH-
HEHHO 4epe3 BekTopHl (9). B uacTHOCTH, MOXKHO GbIIO Obl BHIPA3HTh
JUHEHHO 4Yepe3 BeKTOpHl (9) W BEKTOD X,,;, YTO NMPOTHBODEYHT JIH-
HeHHOH He3aBHCHMOCTH BEKTOPOB Xj,Xa, ... CjegoBarenbHO, 6asza (4)
‘HE MOXKET COJepxkaTb BeKTOPOB 60J1b1ue, yeM 6Ga3za (3), 4, TaKuUM
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o6pa3oM, Bce 6asbl £ cOCTOSIT U3 KOHeHHO20 uyuc/a BeKTopoB. OfHaKo
B KauecTBe 0a3nl (3) Gbwia B3fATa NpPOHU3BOJNbLHAA KOHeuHas 0asa.
- [losToMy Hallle paccyxjeHHe MO0Ka3ano, YTO YHCJIO0 BEKTOPOB OJHOM
Gasbi He MOXeT ObITh MeHblle YMCia BEeKTOPOB JI0OOH Apyro#, T. e.
uTo Bce 0aspl ¥ HMET OJHHAKOBOE UYHCJIO BEKTOPOB.

Teopema 4. [Jira kawood auwetino He3a8UCUMOL cLCMEMbE BeK-
mopos Qi, ... s Q, KOHEHHOMEPHOR20 Npocmparcmea € moxcHo Hadmu 6 ¢
maKue 6eKmopsl Qu.1, .. , Qn, HMO CUCTEMA Q1, -.. , Qmy Qpits - oo
.. » O, O6ydem 6azod npocmpancmea .

HokaszateabcTBo. Boifepem B ¢ Kakyw-AHuHOynp 0Oasy X,
X3, .. , X, U COCTABHM IIOCJIE/[OBATENIBHOCTD

Qy, Azyvee , Ay X1y, X2, oov y Xy (10)

BuibpocuM Temepb H3 3TOH NOCJAEKOBATEJLHOCTH BCE T€ BEKTOPHI,
KOTOpbI€ BRIPAXKAKOTCS JUHEHHO yepesd npelblayiite. Tak Kak a;, s, ...

, 4, JHHEHHO HEe3aSHCHMBI, TO HH OJMH H3 HHX BmOpolneH He Oy-
JeT, ¥ OCTaBLUAfACA CHCTeMa IPUMET BHJ

@y oo s Qs Xiy oy Xigy ovvy Xip (11)

Ha ocnoBanun teopemsl 1 3Ta cHcrema JiuHeiiHO Hesapucuma. C apy-
rofi CTOPOHbI, BCe BEKTOPhl NPOCTPaHCTBa ¥ Bblpaxasnch JHHEHHO
yepes cucremy (10). Corsacio JemMe TeM X€ CBOHCTBOM AOJKHA
ob6aagate U cHcrema (11). CaenoBaresbHo, cuctema (11) ectb 6asa
npocrpaictea ¥, a Xx; , Xiy, ... , Xi, — HCKOMBIE BEKTODHI.

Teopemy 4 MoxHO copMmMyaupoBaTh elle TaK: 6CAKAA AUHEUHO
HE3QBUCUMAA CUCmeMa 6eKmopos npocmparcmsa ¥ aubo cama s6Aa-
emes 6asod R, aubo ecmes uacme Hekomopol 6asel €.

ITycte ¢ mmeer pasmepHoctb n. Torma Kaxzast 6asa npocrtpail-
cTBa ¥ CONEPHKHT N BEKTOPOB H, 3HAUHT, YHCJ0 BEKTOPOB JIH0OGOH
JIMHEHO He3aBHCHUMOH cHcTeMbl H3 ¢ 100 MeHblue 71, JHOO paBHO 7.
B nocienHeM ciaydyae cucTeMa go/ixkHa ObiTh 6a3ncoM TIPOCTPaHCTBA
2. B yacTHocTH, MakCHMaJsibHOE YHCJO JIHHEHHO HE3aBHUCHMbIX BEKTO-
poB u3 ¥ paBHO 7, T. €. paBHO pa3MepHocTH {.

Mul mpuin K caeayiomell Teopeme:

Teopema 5. Beaxas cucrmema u3 n-+1 gexmopa n-mepro2o Au-
Hetinoeo npocmparncmsa & aunetino sasucuma. Jlwbsie n AUHEIHO He-
306UcUMBIX 8EKMOPO8 3moc0 npocmparcmeq oopasyom e2o 6asy. Max-
CUMAAbHOE HUCAO AUHELIHO HE3AB8UCUMbBIX 8eKmopos npocmpancmea £
PAGHO PA3SMePHOCMIL 3mo20 NPOocmpaHcmea.

B 3sak/loueHHe oTMeTHM, YTO TeopeMul J, 4, quopMyJIHpOBaHHbIe
HAMHU nJad KOHeCUHOMEeDHEIX TINOCTDAHCTR HAa CaMOM TIPTTP UMemnT

==i2d AAVESL ARNI LN AApsNT N A Caia sy adida Lasvalrava

MecTo M JJis npocTpaHcTB OecKOHeuHOH pasmepHocTd. J[lad 3TOTO
TOJIbKO TIPHIETCH BMECTO yuCJa BeKTOpoB 0Oasbl paccMaTpuBaThb MOLIL-
HOCTL COBOKYIIHOCTH €€ BeKTOPOB M COOTBETCTBEHHO 3TOMY 10N
PasMepHOCTBIO ITIPOCTPAHCTBA MOHHMMAThb MOLIHOCTH  COBOKYITHOCTH
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BEKTOPOB, 06pa3y101unx Kakywo-HHOyAb 0asy 370ro IIpOCTpaHCTBa
Uro kacaercs TeopeMbl D, TO H3 €e YTBepKAeHUH INepPeHOCHTCA Ha
ciyuall GeCKOHEWHOHl Pa3sMEpPHOCTH HENOCPEJCTBEHHO TOJBLKO ITOC/el-
Hee. B nacrosumel kHure Mol OylJeM HM3yyaTb CBOHCTBa KOHEUHOMEp-
HEIX TpocTpaHcTB. TlosToMy B jadibHeflleM 6ciody, e0e He 02080peHO
npomusHoe, no0 AUHEUHBLM NPOCIPAHCIMBOM 6yoém - NOHUMAMoCA  All-
HellHoe npocmpaHcmeo KOHewHOU pasmepHOcmu.
OnpeneauM pasMepHOCTb NPOCTPAHCTB, paCCMOTpE‘HHbIX B . 4.1.
[lycts M — oOLIKHOBEHHOE NPOCTPAHCTBO HAMpaBJEHHBIX OTPE3KOB,
BLIXOASHX U3 HeKotopoll Touku O. 3TH
/S - OTPe3KH, KaK OObluHO, OyneM Ha3bBaTh

4 BekTopaMu. JloraxeM, 4To aioboie mpu
gekmopa i, @z, az npocmpancmea R, 6oi-
xo0auue w3z O U He sexcauyue 8 0OHOU

naockocmu, coemasasom 6asy npocmpar-

0\ _B,y/ a, cmea R. B camom jene, a1, a;, a, JuHel-
HO He3aBHCHUMBI, Tak KaK B IIPOTHBHOM

g cyyae ONMH H3 HHX, HalpUMep @, A0J-
\ " KeH Oblj1 OBl BoIpakaThcsl JIMHEHHO depes

% aBa Apyrux. OjHaxko COOTHOLUEHHE aj==

— a4y - 0302 O3HAUAET, UTO g, €CTh JH-

Puce. 1, aroHaJjip napaJiaeJorpaMma, nocTpoeHHOro

Ha BeKTOpaXx &;d;, %d;. 1IOCKOJBKY o304

H 2;a; JieXar B IJockoctTd a;0ay, TO B TOH XKe IJIOCKOCTH JEXKHT

H a; YTO [POTHBOPEUYHT Npeanosnoxenuto. C Apyrof CTOPOHLI, BCH-

Kuii BeKTOop OA mpoctpaHcTBa R Moxer ObITh BhIpaxeH JIHHEHHO ue-
pes ai, a3 a; (puc. 1):

OA= 65; ~+ ﬁ:ﬁa -{—752—;4 =01 @) + %9Qs + 2303,

rae o; €CTb OTHOIUeHHe [JAHUHBl OoTpe3ka P; P; (Py=0, Py=A4A)
K AJUHE @;, B3ATOe C HaJeXKaluM 3HAKOM. TakuMm o0pas3oM, ai, ds,
a, ectb 6asa npocrpaHcrsa R, u, caejoBarenbuo, R HMeer pasmep-
HOCTE 3.

AHnasordyspiM 00pasoM JOKasbIBaeTCs, YTO COBOKYNHOCTh BEKTO-
POB, BBIXOAALHX H3 TOYKH O H JeXalHUX B HEKOTOPOH IJIOCKOCTH,
- npoxoasulei yepes O, gBJAsgercd JBYMepPHbIM JIHHEHHbIM IpoCTpaH-
CTBOM, a TaK¥e€ YTO COBOKYIHOCTL BEKTOPOB, BbIXoAAmuX M3 O H
JexalluX Ha HEKOTOPOH IpsiMoil, Npoxopsieil uepe3 O, siBJdercs
OJHOMEPHbIM HpPOCTPAHCTBOM.

PaccMoTpuM DPOCTPAHCTBO CTPOK IJIHHBL 1 € 3J€MEHTAMH H3 He-
kotoporo teja K. Ilyers ‘

81"—-":[1, 0, ..., 0],
£2=[O; l’ s 0]:
e, =10, 0, ..., 1],
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YMHOKAS -3TH CTPOKH NOCJICNOBATCJIBHO Ha NpPOH3BOJIBHLEIE YHCAA 44,
ap ... &, H CKJajbiBas, IOJYYHM

ﬁ1€1+ﬁg€g+ ‘e "i—ﬁn€n={ﬁ.1, %3y 2 an C‘tn].
Tarum 06pasoM, NPOM3BOJbHAA CTPOKA [ay, ..., @,] BHPAKAETCH
JHHEHHO uepes ey, ..., €,. OnHako cHucTeMa ey, ..., €, JAHHeHHO He-
3aBHCHMAa, TaK KaK COOTHOLIeHHEe -
a1€1+ag€2+ ‘e +an€n=0

paer

[G.I,O'.g, aney an]=[0, 0, .y O],
OTKyla oy==up== ... ==a,==0, Tlosromy e, e, ..., e,— Gasa

paccMaTpUBaeMOro NpOCTPAHCTBA, M PasMEPHOCTb ero, TaKUM obpa-

0M ecTE R

WFASAVE Y VWL AT FEw

Haxkonen, nycrs € Oyler NpoCTPaHCTBOM (yHKIIHE, OIpefeeH-
HHIX Ha KOHEYHOM MHOXecTBe N co 3HaueHusamu B Teqae K. Ob6o-
3HAYMM 3JeMeHThl u3 IN uepes my, my, ... m,. Corjacho 1. 4.1
BcAKas ¢yHKUHA f H3 € MOoxeT ObITb IpeiacTaB/jeHa B BHIE

f=o m]+olm]+ ... +a,[m],

roe [m;] — ¢yukumsa, pasHaa 1 Ha m; ¥ paBHasi 0 Ha OCTaJbHBIX
sjJeMeHTax MHOxkectBa . CrepgoBatesibHO, [ Bhipamaercst JHHeHHO
yepe3 [m], ..., [m,]. C npyroii cTopoHbl, paBeHCTBO

ay [ +ag Myl + ..o Ha [m =0

03HayaeT, UTO BCe 3HAUeHUs PYVHKIUH, NMPEACTABASEMOH JeBoH YacThlo,
PaBHBI HYJIO H, CIEIOBATeNbHO, ay= ... ==a,==0. Msl BuauM, Ta-
KuM obpasom, uto [m}, ..., [m,] ectb 6a3a npOCTpaHCTBa ¢ u pas-
MEepPHOCThL €ro paBHa S.

Bpie paccmarpHBainch JHHEHHbBIE MPOCTPAHCTBA, T. €. (YHHTap-
Hble) MoayJn Hax TeaoM K. Cambie NPOCTHe IpPHUMepHl IOKa3bIBAIOT,
yTo AJI MOAyJeH Hal ApoussOAbHHIMU KOAbYAMU H jJaxke Hajx Npo-
W3BOJLHLIMU- KOMMYTaTHBHBIMM KOJIbIAMH TeopeMbl 1, 2 nepe-

CTaloT GbITH BEPHBIMH. B UacTHOCTH, NMyCThb K -— KOJbUO OGBMHBIX Ile-
JILIX UH(‘PT‘I QH—PGRORVTTHOPTI—\ TEX Xe '[TPHR‘IY UI/I(‘PWTI pﬂ(‘(‘Mﬂ’!‘pHRﬂP-

MBIX C OGBLIHOI onepauﬂea CTIOXEeHHA, a YMHOXCHHe «uucesa» H3 K
Ha «BEKTOPhb». U3 ¥ — 3T0 oOLMHOE YMHOMEHHe IeJblXx uHces. Llesbe
yucJa, paccMaTpuBaeMble KakK BeKTOPBI H3 ¥, ycjoBuMmcst 0003Ha-
Yarb XHUDPHBIMM IHppaMH, a yucsia U3 K — OObIKHOBEHHbIMH IH(pamH,
Tak kak anst jo6oro BeKTopa mt McTHHHA dopmyna

m=m-1,

TO Hall YHCJIOBOH MOZAyJb £ mopoxpaercss BekTopoM 1. Bekrtophl
2 u 3 nuHefHO 3aBHCHMH, 4 MMEHHO:

2.3 4+ (—3)-2=0. |
Oauako jaa JoGoro o€ K-a-3£2, a-2%43, 1. e. B £ HH OXHH H3

-
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BeKTOpoB 2, 3 He BLIpaXKaeTcst JIMHEHHO Yepes apyroii, CpoicTBa
MojyJ/efl Haj NPOHU3BOJBHBIMH KOJbLAMH CHCTEMATHYECKH M3yyaloTCs
B TEOpPHH MOALyJiell, TeCHO CBs3aHHOH ¢ TeopHed uyuceq. Hac xke Oy-
JYyT HMHTEPECOBATb JHIUIb CBONCTBAa BEKTOPHBIX MPOCTPAHCTB, H K
TEOPUM MOAYJEH Hajl KOJbIaMH Mbl OyleM BO3BDALIATHCSA JIHIIL TaM,
rie 370 OyLeT HYXKHO HJIf TEOPUH BEKTOPHBIX NPOCTPAHCTB.

4.3. Hzomoppusm. IloHsiTHe JHHEHHOTO MPOCTPAHCTBA COCTOHT
M3 JBYX CYIIECTBEHHO pPAasjUYHHIX uyacTed. Bo-nepBbix, JHHeHHOe
IIPOCTPAHCTBO €CTb COBOKYNHOCTb HEKOTOPEIX Bellell, Ha3blBaeMbIX
BEKTOpaMH, BO-BTOPBIX, HA JHHEHHOM INPOCTPAHCTBE AEHCTBYIOT oOfle-
paluM CAOKeHHS H YMHOXEHHA Ha uHcao. Ilostomy ju60 MOMXKHO
HHTEPEeCcoBaTbCsl, UYeM SBJAIOTCA BEKTOpbl, KA4KOBH HX MNpHpoIa H
CBOMiCTBa, JIMO0O MOXKHO BCTATh Ha IIPOTHBOIIOJIONKHYIO TOYKY 3pEHHSA
H HHTEpPeCcoBaTbCA CBOHCTBAMH YKa3aHHLIX ONepalHil He3aBHCHMO OT
IpUpPOAbLl 37€MEHTOB, HAaJ KOTOpLIMH OHH coBepluawrcs. B pajabHed-
HieM Mbl OyneM HHTepecoBaThCsl TOJNbKO CBOHCTBAMH BTOpPOro pOAA.
[TostoMy ngBa mpoCTpaHCTBA, YCTPOEHHBIE OJMHAKOBO I10 OTHOLICHHIO
K oflepanusiM CJOXCHHUS U YMHOMEHHS Ha YHCJO, Mbl OyjeM CUHMTaTb
06J1afal0mUMI OfHHAKOBBIMH CBOACTBAMH, HJIH u30Mopdprbimu. Donee
TOYHO [OHATHE U30MOPPUIMA MOKHO CPOPMYJHPOBATL CJeLYIOIHM
o6pasom:

Jlea auwetinoix npocmpancmea Ha0 O0HUM U meM Jce Mmeiom
KoaghuytieHmos Ha3vi8atomes U30MOPPHHbIMUL, ecau medcOy UX IAeMeH-

mamnmit BOSMOMHO uﬂmnunaumh maxoe noanﬂ,un nﬂunqynuuna coomaet-

A STt udrluulv viiiiiivuey Fillviv WIfLwwir e

crmeue, npu KOMopoMm CYMMe 6eKmopoe nepsozo npocmpaxcmea Oyodem
omeedamsd CyYMMQ COOMBEMCMBEHHbIX BEKMOPO8 8MOpPo2o, «a npousgede-
HUIO KAK020-Aub0 4ucAQ HQ 6eKmop nepsoso npocmpancmea Gydem
omeeqams NpoussedeHUe Moeo KHe HUCAQ HQ COOMBENMCMBeHHbIL BeKMOp
8Mopoeo.

B3aUMHO OJHOBHAUHOE COOTBETCTBHE, oﬁ.na,aalomee yKa3aHHbIMH
CBOHCTBaMH, HAa3bIBACTCHA U30MOpHHbIM HIH U3omopgusmom, PaceMor-
pHM npocTeHinne CBOHCTBA H30MOPGhH3IMOB.

ITpu usomopgprom coomeemcmeuu Hyaesoll sexmop nepexodum
8 wyseeol eexmop. HefiCTBUTEJbHO, NYCTh NPH H30MopdHOM oTOGpa-
JKEHHH OJHOro JHHeHHOro npoctpaHcrBa ¢ Ha Jpyroe % BeKTOp a
u3 ¥ nepexomut B BeKTOp @; M3 ¢&. Torma corJsacHO olpejeseHHIO
Hsomopdusma npousseieHne 0.a A0/KHO IiepeXONUTh B IIPOH3BEje-
nue O-@, T. €. HYJEBOH BEKTOp NEPBOro IIPOCTPAHCTBA NOMXKEH Iie-
pexoJdTb B HYJEBOH BEKTOP BTOPOro.

ITpu usomopgprom omobpaxcenuu cucmema 00pA3YOWUX NEPEoco
nPOCMpPAHCmea nepexodum 6- HeKOmopyw CUcmemy oopasyowux 6mopoeo.,

JleldCcTBUTENBHO, NYCTb @i, &2, ..., Q;—00pasylouie MepBoro

IIPOCTPAHCTBA U by, by, ... , b, — COOTBETCTBYIOIINE HM BEKTOPHl BO

BTOPOM. BoasMeM BO m‘gpgu NpOCTPAHCTBE HnﬂMQROHBHHH BEKTOD b

H paCCMOTpHM OTBeYyaloUllii eMy BeKTOp a4 B NEPBOM _npOCTpaH_cwe.
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ITo yc/ioBHIO @ MOXHO NpeICTaBUTL B (popMme

Tlo onpenenenuio nu3omMopdHoro oto6paxeHusd cymma @y - ... +a.a,
JOJDKHA mepeldTH B CyMMY aby + ... +a,bg, caefoBaTebHO, BEKTOD b
IOJKeH COBNAacTb C CcyMMod o0 ... 4ab,, a 370 ¥ 3Hauur,
4TO BEKTOPH by, ..., by COCTABJAAKT CHCTeMY O0GPa3ylOILIHX BTOPOrO
NPOCTPAHCTBRA.

ITpu uzomophusme AuUHeliHO He3aBUCUMble BEKMOPoL  Nepexodsam
8 AUHEHO He3asucumble.

B camom fese, mycTb JHMHEHHO He3aBHCHMBIE BEKTODHI @1, O3, ...
..., @, TEpPBOro NPOCTPAHCTBA MEPEXOMUAT B BeKTOpb! by, by, ..., b,
Broporo. [onycrtuMm, 4YTO MeX[1y NOCJeJHHMH BEKTOpaMH CYyLIeCTBYeT
COOTHOLICHHE :

) Bibr +Babs 4+ ..o + 8,0, =01

CorsacHo onpelieneHHI0 H30MOp(hH3Ma JIeBOH YacTH 3TOro paBeH-
CTBa OTBEYAET B NePBOM IPOCTPAHCTBE BeKTOP B4y + By + ... 4+ B,.0ps
HYJeBOMY BEKTOPY Oy OTBeYaeT B MePBOM NPOCTPAHCTBE HYJEBOH
BekTop 0. CneloBaTesbHO,

Tak Kak BeKTOPH 4@, ... , @ JUHEHHO He3aBHCHMBI, TO

m

Blp__—p‘lu cs :ﬁmio,

T.€. BEKTOpH! by, ..., b,, JUHEHHO HE3aBHCHMEI.

U3 1Byx mnocnelHHX CBOHCTB HENOCPeACTBEHHO BHITEKAeT, YTO
basa aunelino20 npocmpaxcmea npui u3omMophusme nepexooum CHO6Q
8 6a3y AuUHeUH020 NpocmMpaHcmea, W, TaKuM o0pasoM, U3OMOPPHbIE
AUHelHble NPOCMPAHCMBA UMEIOM 00UHAKOBYIO DA3MEPHOCIb.

O6paTHoEe TakxKe CNpaBelJIHBO: ecau 08a AUHCLHbLIX RPOCMPAH-
Ccmea Had OOHUM U MeM e MeAOM Koa(hpuLueHmos umerom o0UHaKo-
BYI0 DASMEPHOCMb, MO ORU U3OMOPGHLL.

Jlns JokazaTesbCTBA BHIOEpeM B KaXKJIOM H3 33JlaHHLIX [po-
CTPAHCTB KakKywo-aubo 6asy, Hanpumep oy, @z, ..., @, 4 by, by, ...
..., b,. BekTopnt

A= -0+ .. 00,

b=pb--Bbs+ ... + 8,0,

Mbl HAa30BEM COOMBEMCMEeHHOIMU, eCaH oy =B, ..., a,==8.. Tak,
KaK Kaxjblfl BEKTOP NpPOCTPAHCTBA MOXKeT ObITb BhIpaxKeH JIMHEHHO
uepes 6asy TOJBKO OJHHM CrmocOGOM, TO Haille COOTBETCTBHE B3aHM-
HO ojnosHayHo. Ilyctn Temepn

= Fodaf .0 40,

b——;aleF]—agbg+ e —}—anbn
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— JiBa COOTBETCTBEHHBIX BeKTopa. Toria

0a =oady & - e@a |+ ... }oa.a,,
ab == (Z'llbl + aagbg —{- . .‘. —I— aanbn.

Tak Kak COOTBeTCTBEHHble KO3P(MHUHEHTH B 3THX DAa3JOXKeHHAX
pPaBHBl, TO a@ H ab GyAyT COOTBETCTBEHHLIMH BEKTOPaMH, T. €. IpH
HauleM COOTBETCTBHH TPOHM3BEJEHHE UYHCJIAa HA BEKTOD IHepexojHT
B MPOU3BEJEHHE TOrO XK€ YUCJIa Ha COOTBETCTBEHHBId BeKTOp. AHa-
JIOTHYHO JIOKa3biBaeTcsi H TO CBOHCTBO, 4TO CyMMa BEKTOPOB Nepexo-
AHT B CyMMYy COCTBETCTBEHHBIX BeKTOpOB. [loatoMy nocTpoeHHOe co-
OTBETCTBHE SIBJSETCS H30MOP(pH3IMOM, 4TO H TPebOBAIOCD.
IlepeurcriesHbie Bbillle CBOHCTBA HM30OMOP{HLIX COOTBETCTBHH @O-
KA3LIBAWOT, UYTO nnn 3ajaliiuOoM OCHOBHOM TeJie K Kaxnoe JIHHPHHOP

AR YA

NPOCTPAHCTBO onpenemercs; CBOEH PasMEPHOCTBIO ¢ TOYHOCTBIO 1O
usomopgusma. IlosToMy npocTpaHCTBa CTPOK JJMHBEI 71 C 3JIEMEHTaMH
3 Tesa K npu n=1, 2, ... C TOYHOCTbIO JO H30MOp(pH3Ma Hucuep-
NBIBAIOT BOOGLiE BCe TPOCTPAHCTBA KOHEYHOH pasMepHOCTH Hal K.
B uactHOCTH, OGBIKHOBEHHOE NIPOCTPAHCTBO HAMNPABJCHHLIX OTPE3KOB
130MOppHO BPOCTPAHCTBY CTPOK AJIHHEI 3 Haj noJjem BELLECTBEHNBIX
YyHUCceJs, MPOCTPAHCTBO (PYHKIHH, ONpefesieHHHX Ha MHOXecTBe M,
colepxKameM S 3JeMEeHTOB, CO 3HAueHHAMH B TejJe K H30MOppHO

NpoCTpaHCTBY CTPOK AJHMHBI § C SJIEMEHTAMH H3 KwurT A

¥

.
- B zakamouenne cmexaem eme OIHO 3amcuaHue, B ofme#t anre6pe neHTpanb-
HYIO pOidb WrPa0T MOHATUA anreSpbl NAaHHOH CHTHATYPHl U u3oMopdM3Ma anrelp
¢uKcHpoBaHHOH CHrHATYpH (cM. «AC»). B npuHATOM HaMH OnpeiedeHHH HOHA-
THsA MOAYJASA GopManbHO He Oblaa YKa3aHa cUrHaTypa MOAYJIA, T. €. He Oblau
)KBBHHN Te UHEdeI’IH KOTOpre CYNTATCA OCHOBHBIMH U NO OTHCOUICHHID K KO-
TOPBIM OTIpefensteTCs mousTue usoMopduama. Onpemesus (TOUHO TaK e, Kak
¥ 105 AuHeHHbIX TIPOCTPAHCTB) NMOHATHE H30MOPdH3Ma MOXYIel, Mb TeM CaMBIM
hUKCUpYEM COBOKYNMHOCTb OCHOBHBIX Ollepaiuif, XOT# H HesBHO. Bruimeass aTu
OCHOBHBIE OMNepauHlyd B SABHOM BHIe, NPHUXOIUM K CAEAYOILEMY ONpeleIeHrIy
YHHTapHOTO MOAYIH, JHIUb MO GopMe OTIMYAOMIEMYCs OT onpedetenua B n. 4. I.

YHuTapHEIM MOAyneM Hall KoabloM K ¢ eausdueii 1 HasoiBaeTcs anre6pa,
CHTHATYypa KOTOPOH COCTOMT M3 CHMBOJA -}- GMHapHOH ONepaluu U CHMBOJOB —
F (2 (—' K} omHOMECTHHIX onepauuii, NpU YCAOBHM, UTO B 9TOMH ameﬁm\ m.mmx-
HAOTCA TO}KﬂeCTBq

Mp: xty=y-+x

Me: x+(y+2)=(x+yl+75
Ms: x4+ + (=) =x

M, Fy (Fgla)) =Fy(a);

M : F, (a-b)=F, (a) | F, (b);
My Fopg(a)=F,(a) 4 Fg(a);

M,: F{(a)=a.

TakuM 06pasoM, Mu NPUHHMAaeM 31eCh B KayecTse OTAEAbHHX OCHOBHBHIX
ONepalui yMHOMEHHE 9JIEMEHTOB QCHOBHOTO MHOXECTB2 (BEKTOPOB) Ha moGOit



§ 5] KQOPAUHATH! 81

¢bukcuposaunntii snement a €K, Ecau ocHoeroe Koabno K GeckoHelWHo, TO CHE-
HaTypa MOAYAA Takye OeCkoHeuyHa, MeHsst KOabUO K, MBI MEHAEM M CUTHaTypy
Knacca Monpyunei. : _

Boo6me rosops, BO3MOWEH H ApyroH nyTh. BKMOYEHHA TEOPHH MORYaeH
B 06y Teopuio aare6p. Jis 9T0r0 MOTYaM PACCMATPHBAIOT KaK AATe6psl ¢ ABYMS
OCHOBHBIMHY MHOMKECTBAMU: MHOXECTBOM uUMCE€l M MHOMeCTBOM BekropoB. CHrHa-
TYpa Tenepb COCTOMT U3 ONepParuil CIOMeHNA YHUCET 0 B3ATUA UX NPOTHBONOIOK-
HbIX, CJHOKEHHUA W B3ATHA NPOTHBONMOIOKHEIX BEKTOPOB, ONEPAUNH YMHOWEHHH
yHcIa Ha BekTOp M O-mecTHOH omepaund, Bbipeaswmed etnHnly 1 (scero 6 one-
paunuit). B kauecTBe OCHOBHBIX TOXAECTB OEPYT TOMIECTBA, ONpeleA0LHE KOAbILO,
onpenexAiomye KOMMYTAaTHBHYIO CPYNNY H Toxinectsa 4£°—7° u3 n. 4.1.

Hosoe nonsitue momyasa oTamudo oT craporo. Bce MOAYAH B HOBOM CMBICIE
HMEIT OXHY H TY e CHrHatypy (ykasadusie 6 onepauuil), 1 HoTOMY CTaHOBUTCH
BO3MOMHBIM CNPALIABaTh, H3OMOPQHLI H.IH HeT MOLYIH HAl PasiHYHBIMH KOILUAMH.
ITH HOBBIe M3OMOPQN3MEL, B OTAHUHE OT ONpeleMeHHBIX Bbilie, YacTO HA3HIBAOT
Kocoimu uzomopgusmamit. CoOTBETCTBEHHO 3TOMY ONPelelddiOTCA U KOChie a8mo-
MOpPu3mot, IHOOMOPEGU3Mb. N IPYTHE AHATOTHUHBIE TOHATHA

[pumepnt u 3amayu

i. Tloka3aTb, YTO pa3MEpPHOCTb MPOCTPAHCTBA BCEX MHOTOWIEHOB CTeNeHY
He BBIIe 7 OT OZHOH nepeMcHHOH paBha n - 1.

2. OnHOpoaHbBIE MHOTOYJNEHBI CTeNeHA 7 OT OBYX [ePCMEHHBIX 06pasyior
nUHeiHOe MpPOCTPAHCTBO Pa3MepHOCTH n ~- 1.

3. Hemy paBHa pasMepHOCTb HpOCTpaHCTBa OMHOPOAHLIX MHOI'OYJICHOB CTe-
NeHH n OT R mepeMeHHbIX?

4, Marpuusl ¢ m CTpoKaMu M n croabuaMil C 271€MEHTaMM M3 3aZaHHOIO
Tera K o6pa3yloT OTHOCUTEIbHO OOBIMHLX MATPHYHBIX ONEPAUUH CHOKEHHT H
YMHOXeHNsA Ha YUCTO AMHeHHOe NnpocTpaHcTsO. [1oKa3aTe, YTO MATPHUILBE, Y KOTO-
PBIX OIMH KaKOH-IHGO 91€MCHT paBeH eluHUIle, a OCTajbHble PaBHL HYMO, o0pa-
3yi0T 6a3y 3ITOro NPOCTPAHCTBA M, TaKUM OO6GPa3oM, Pa3MEPHOCTb MNPOCTPAHCTBA
paBHa mn.

5. CuMMeTpHUYeCKHe, a TaKiKe KOCOCHMMETPHYeCKHe MaTPHILL MOPAIKA 72 € 3JC-
MEHTaMHM U3 Kakoro-in6o Tena K ofpasywT audelinsie npocrpaHcTsa Hay K. Ioka-
3aTh, YTO PasMepHOCTb 3THX MPOCTPAHCTB paBHA COOTBETCTBEHHO n(n2+___1)
nin-—1)

5 .

H

'§ 5. Koopanuats!

5.1. Koopaunatel BékTOopa. B npenpinymem naparpade Oblix
paccMOTpeHb! NpocTeiife oOulhHe CBOHCTBA JHHEHHBIX NPOCTPAHCTB.
OnHako B NpUIOKEHHSX, KpoMe 3HAHHS OGIHKX CBOHCTB, BaXHO
YMETh 3ajaTh BEKTOPH NPH MOMOIIH YHCEJ H CBECTH BEKTOPHbIE
onepamuy K JeHCTBUSM HAJ YHMCJaMH. 2Ta 3ajada peuliaetcs NyTeM
BBC/CHHS B BEKTOPHOE TIPOCTPAHCTBO KOODJHHAT.

Besikyio 6asy  siMHeHHOTO NpoCTPaHCTBa ¥, BEKTOpbi, KOTOPOI
Oepyrcss B onpeleNeHHOH mNocJeNOBaTebHOCTH, Mbl OyneM Hashl-
BaTb Koopdunamuot 6asol win koopdurnamuol cucmemold B L. Taxum

ofpasoM, ecsu

"

=

a, @y ooyn - (1)
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€CThb CHUCTEMa KOOPAMHAT B ¥, TO Te XK€ BEKTODbI, B3fTble B APYyroM
nopsinke, 6yAyT Apyroil cucTeMod KoopAHHAT B ¥. Mwpl BuMJenH, 4TO
Ka¥@Jbld BeKTOp @ u3 ¢ MOoXeT ObThb OJHO3HAYHO TpeAcTaBJjeH

B Qopme

Q= %4 ... - 2,0, (2)
Yucna a4, ..., &, HA3BIBAIOTCA KOOPOUHQAMAMU 6eKMOpA @ B CHCTEME
koopauuat (1). Crpoxa [a;, a3 ..., @,], COCTaBJIEHHAst U3 KOOPJHHAT

BEeKTOpa @, B3fTbIX B HaJAJeXallleM MOPSJKE, Ha3bBaeTcs Koopdu-
namuod cmpokod u obo3HauaeTcs [a]. CrenoBaresbHO, €C/AH B TIPO-
CTpPaHCTBe BbIOpaHa onpejne/eHHas KOOpIMHATHAfA CHCTeMa, TO KaxK-
IOMY BeKTOpY OTBeuaeT KOOpJAHMHaTHas CTpoKa H, ofparHo, AJs
KaXJO0H CTPOKH MJHUHBI 72 (popMmyJa (2) naer onpeleseHHbll BEKTOD
@, UMEIOUIHH 3Ty CTPOKY CBOell KOOpIMHATHOH CTPOKOI.

ITycTe BekTOpHl @, 0 HMeIOT KOOpAHMHATHBIE CTPOKH [0y ..., %,] U

[B1, «--y Bnl, T. €.

a—u1+ 0l + ... +a,Q,,

b=+ Buta+- ... -~ B
Torpa, oueBHAHO,

aq==(aa;) @y - (209) &y - ... +(ax,) ap,
a+b=(a1+{'31)a1+(qg+ﬁz)a-z+ oo (2, B,) ap.

ITH paBeHCTBA MOXKHO, NOJb3YACh, NIPaBHJAMH JEHCTBUH CO CTPOKAMH,
nmepenucaTth B BHJE

[ea] =a[a], [a+b]=[a]+[0]

CrnenoBaTenbHO, KOOPOUHAMHKAA CMPOKA CYMMbL BEKMOPOE DPABHA CYMME
KOOpOouHamHbix CMPOK Caqeaembly U KOOPOUHAMHAS CMPOKA NpPOU3-
Be0eHUA 4UCA@ HA BEKMOP pPABHA npouseeaefm/o sMo20  uuCAQ HA
KOOPOUHAMHAHYIO CMPOKY 8eKmopa.

ITOT pe3yJbTaT MOXKHO HCTOJKOBATh eme CaeaylomuM o6 pasom.
ITycth 2ajaHo kakoe-nmuGo JHHEHHOE NPOCTPAHCTBO ¥ pasMepHOCTU
n Han Tesom K. OGo3HauuMm uepe3 &, NpOCTPaHCTBO CTPOK JJHHBL 7
¢ ayeMeHTaMH W3 K. BbiGepem B ¢ onpelesieHHYI0 KOOPAHHATHYIO
CHCTeMY M TOCTABHM Ka)XJOMy BeKTopy H3 ¢ B COOTBETCTBHE €ro
KOODAHHATHYIO CTpoKy. Ham pesysbTaT mnokasbiBaeT, YTO 3TO COOT-
BETCTBHe eCcTb H3oMoppusM Mexay ¢ u ¥¢,. B uactHoCcTH, OTCIOfAa
cJaenyer, uTO JHHeHHO He3aBHCHMBIE BEKTOPHl MMEIOT JIHHEeHHO Hesa-
BHCHMblE KOOpPJAMHATHblE CTPOKH M Kaxkjaas JiuHeHHAad 3aBHCHMOCTb

AU UMOAAST MACTY U MWV “ KOONMUIUA TS
a 1 FLYILG L HX HBUMW P AKIGGL

1¥LK WECA IRF KL SRR Y

MY NIV 2RANAHURMVMU BOKTO

MEeX ]y 3aJaHHBIMU B
HBIMH CTPOKaMH.

B onnoM u ToM ke mpocTpaHCTBe € CYIIECTBYIOT pas3JHyHBIE KOOD-
JAUHATHBIE cHcTeMbl. [lo3TOMy BO3HHKAaeT BONPOC, KAaK H3MEHATCH
KOOpJHMHATEL BEKTOPA, *eCJH Mbl OT OJHOH KOODIAMHATHOR CHCTEMDI
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nepeiifem K npyrofl. Ilas pelleHNs 3Toro Bompoca BmﬁepeM B ¢

KaKHe-Au60 [Be KOODAUHATHHIE CHCTEMBI @y, @3, ..., Gn K @, G2, - ..
caey Qn= Taxk rakg BEKTODHI &y, ..., O, ABJASIOTCH (2300 IPOCTPAHCTBA g
TO @), ..., @, JOJKHHI  TUHeHHO Bpra)KaTbCH yepes ai, ..., dp. I'chrb

3TH BbIpa)keHUd OyayT

a' =Tud + T1e da - . + 1, Qny
ag =Ty ‘l— Taz A2 + + T‘Zn am

*

n =Ty + The A2 + ‘Jl— Tan an'

Marpuna
i—“f]l T2 o+ Tip
T — ‘ Tay T23 «.o T3p
Tl Tn2 »vs Tpp

HasblBaeTCs Mampuyed nepexoda oT KOOPAHUHATHOH CHCTEMBL &1, + .., Uy
K cucreme @, ..., @,. BO3bMeM IPOU3BOJBHBEIA BEKTODP @ H 0003HAUHM
yepes [ay, ..., 0,], [#), ..., %] €FO KOOpAHHATHLIE CTPOKH B CTApOH
M HOBOH KoopauHaTHHIX cHcreMaXx. CrenoBaTesbHO, Mbl HMeeM

a==01 0 -i—agag + N —[—anan,

a=a.a, -+ aay + ... -+ aa,.
[ToacraBasis Bo BTopoe H3 STHX DABEHCTB BMECTO BEKTOPOB &, ... , Qn
HX BBIpAKEHHS uyepes ai, ..., d,, NOJYyUHUM

a:(al’tu —-i— afyc.u + ‘e ‘{— (1;;'5,21) a1 —1‘ (a;'tlg + ‘ae —-l— a.;,'cng) (45 + sev y
HJIH .

Ay == a"tn + ATy —]— —!— LnTnt,

g =0, 1T12 + aﬂae —{— + Oﬂn'cn‘a,

=%, + @3T2, + —[— A e

DTH paBeHCTBa H ABJSIOTCS HCKOMbIMU (OpMy7aMH npeobpasoba-
HUA KOOpJAHHAT.
3ameuasi, YTO BBIpameHHe IJS a;:

& "—.““(11"\:15 + aéT‘Z;' "l— ces + (‘L;{Cni,

npejcTaBser coboli NpousBeleHHe KOOPJAHHATHONR CTPOKH [a), ..., oy]
Ha i-# cronGen, matpuiel T, Mbl BHAMM, 4YTO BCIO cHcTeMy GopMmyJ
npeobpa3oBaHUsl KOOPJHHAT MOXKHO 3alHcaTh B KPaTKOM MAaTPHYHOM

BHjE: |
[y, --vy 2x]l =12, «vv, @a] T
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Mol nonyuusn caepyoiliee

[IpaBuno npeobpasoBaHus KOOleHHaT Cmapasn
KOOpOUHAMHAA CIMPOKA 8eKMOPA PABHA HOBOW, YMHONMEHHOU HA Mam-
puyy nepexoda.

JIOKaxkeM cCJIefyIOUlyI0 MOJEe3HYI0 BO MHOTHX cnyqaﬂx JIeMMY

Jlemma. [Tyems A, B — xeadpamrnole mampuybt nopadka n ¢
AeMEHMAaMU U3 Mmerq K. Ecau Ona amobod cmpoku [§y, ..., &4 ¢
sremernmamu uz K

51, -0es EJA=]4, ..., E,] B, 3) -
mo A==8B,

B camom pente, ecan seMeHTH MaTpHibl A oGosHayaTh uepes oy,
a sneMeHTbl MaTpuubl B uepes 8;; (4, j=1, ..., n), To and KaxJIOro i
npu sHauvenusix & =1, §;=0 (i £ j) paBeHcrBo (3) HaeT ay =i
(i, k=1, ..., n), uro 4 TpeGOBaJIOCb.

PaccmoTpuMm Temeps B n-MEpPHOM JHHeiiHoM IipocTpancTBe ¥ ABe
KOOPAHHATHBIE CHCTEMbl @i, +.., @, H a, ..., @, Mol MoxeM 71HGO

a,, ..., a, BoIpasuTh uYepe3s ai, ..., a4, '

alz't“ a4+ 0 Ty, A, (4)

An=="p &+ ... +T4,0a5
au6o, naoGopor, @i, ..., @, BBIPASHTL UYeEpes a,, ..., Qn

ay == o al—l- . —[—cs,,,a,,,

ap=0oma,+ ... +0,,a,

Matpuua T, cocTaBjeHHas H3 KoacpcpﬂuHeHToa Ti;, €CTh MaTpuua Ine-
pexoja OT CHCTeMHl @i, ..., @, K CHCTEME a,, ..., G, a MaTpHia S,
CcoCTaBJleHHast H3 Koatm)HuHeHToB oij» ABJSETCS MaTpuued obpam-
K020 nepexoda OT CHCTEMBl @), ..., G, K CHCTeMe ai, ..., @, Ilycts
[x] — KoopauHaTHasi CTpoka HpOHSBOJIbHOI‘O BEKTOpPA X B KOOpJHHAT-
HOH CHCTEME @, ..., @, a [x]i— KoopJAuHATHAas CTPOKA BekTOpa X
B cucre™e a,, ..., @, PaccmMaTpHBas KOOpDAUHATHYIO CHCTEMY ai, .

.., @, B KauecTBe CTapoifi M NPHUMEHds TpaBHJO NpeobGpa3oBaHHs

KOOPJUHAT, MOJYYHM
[x]=[xh 7. (5)

PaccmatpuBasi, Hao00DOT, B KauecTBe CTapoll CHCTEMY @, ..., @,
NOJIyYHM _
[xh=]x]S. .

-

Honcrasnsns ciofa BMecTo [x] ero Bbipaxkenue u3 (5), Mbl NOJYYUM
[xh=[xh TS
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"M aHaJordyHbM obpa3oM :
[x]=[x] ST.

h ’ ~
3aech BEeKTOp X, a CJ/lefloBaTeIbHO, H €ro KOOpPJHMHATHbE CTPOKH [x]i,
[x] npousBonbHEL. B cuny seMmbl OTCIOAA MOJydaeM

E=TS=ST, S=T"

Tarum 00pa3oM, mampuya npeobpasnsanus Koopouxram ecee0a umeem
obpamHyo, KoTopas siBJdeTcid MaTpHUed ofpaTHoro npeoGpasosa-
HUS KOODIHMHAT.

YKasaHHbie paccyXAeius [O3BOJSIOT BbIICHHTL ORHY [Ae€Talib,
CBSI3aHHYIO € OOPATHBIMH MaTpHUAMH H OCTABJIEHHYIO HamMH 0Oe3 pac-
" cmotpenust B 0. 2.3, Corsacko m. 2.3 kpajaparHas wMartpHua S Ha-

3blBaeTcs O0paTHOH AJsi MaTpHLbl 7', eCJH BGLIMOJHEHHl jBa paBeH-
CTBa: _
SI'=E, TS=L.

Ecnn § ynoBaeTBOpsieT TOJNBKC NEPBOMY HJH TOJBKC BTOPOMY, TO
Ha3bIBaeTCs o0pamnuoili caresq WM COOTBETCTBEHHO 00pamHol cnpasa.

Teopema. Ecau xsadpamuas mampuya T ¢ 3aemenmamu  u3
meaa K umeem AC6YI0 UM NPABYIO oépam;iylo mampuyy S, mo S
aeasemces npocmo obpamuod mampuyed darsn T.

bBepem n-mepHoe npocTpaHcTBO ¢ ¢ KakoH-HHOyAb 6asoi. aj, ...
...y @, Boruncasem no ¢opmynam (4) BekTopm a,, ..., 5. [lokaxkewm,
4TQ OHH JHHEIHO He3aBHcHMBI. [lycThb

Mai+ ... Fhap=o.

HCHO, qTO 37O COOTHOIIEHHe paBHOCHJIbHO ManH‘JHOMy YCJIOBH}O
By oevy Ml T=o0. (6)

Eciu T wumeer npaByw oOpaTHYIO MaTpury 8, To, yMHOXad obe
yacTh paseHcTBa (6) cnpasa Ha § W 3amedasi, 4ro TS=E£E, noxay-
unm [, ..., r,}=0. CaenosarteibHo, BeKTODH ai, ..., a; huHefiHO
HE3aBHCHMEI, W TIOTOMY CHCTEMY ai, ..., a; MOXHO NpHHATH B Ka-
YeCTBe HOBOH KOOpJAMHATHOH cHcTeMbl B R, npuuem Martpuua T 6y-
JeT Mmatpuuel nepexoja. MaTpuua nepexoja HmeeT o6paTHylO Mart-
puny 771, YMHOXas cooTHomeHHe 78=—=F caeBa Ha 1 ', Nonyuyum
S=T"1. Mbl nokazanu, 4ro npaBad oOpaTHasi fABJAsSeTCH NPOCTO
o6patHO#. AHaJIOTMYHO yCTaHABJHBAeTCs, UTO JieBasi o0paTHas TaKkKe
sIBASIETCH NMPOCTO OOpaTHOH.

HanoxeHHble paccykJeHHA NOKA3bIBAIOT, B YACTHOCTH, YTO Kaxjas
obpatuMasi MaTpHUA TOpsAKA n SBJseTCS MaTpHlled nmepexoaa AJis
NOAXOASAIIMX KOOPAHHATHBIX CHCTEM.

5.2. Pauru marpuu. PaccMoTpHM BEKTOPHOE MPOCTPAHCTBO £ Haj
KakuM-To TesoM K, HMeioUlee KOHEUHYI pPasMEpHOCTb 1. Buibepem -
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B ¢ npousBosbuyw 6asy ai, ... ,Q, B KauecTBe KOOPAMHATHOH CH-
CTeMbl, U NYCTb BE€KTOpBI X1, ... , X, HMECIOT COOTBETCTBCHHO KOOpIH-
HaTHbie CTPOKH
- [xll :[allr ey aln]’
[xm]:[lml; ses amn]'l

— CocraBaseM W3 3THX CTpOK MaTpumy —

g1 ... dip,
A _— . . I . " -
Lam1 von Oppn

Mger _yke 3HaeM, UYTO MaKCHMaJbHO€ YHCJC JHHEHHO He3aBHCHMBIX
BEKTOPOB B CHCTEME X, ..., X, PABHO MaKCHMAJIbHOMY YHCJY JHHeH-
HO HE3ABHCHMBIX CTPOK B cucreme [xi], ..., [X,], T. €. MAKCHMAJbHO-
My UYHCJIY JIMHE[IHO He3aBHCHMBIX CTPOK MaTpuisl A

MakcrManbHOe YHCI0 JHHEHHO HE3aBHCHMEX CTPOK IIPOH3BOJIbHON
MaTpHuiubl A ¢ sjeMeHTaMu H3 3aJaHHOrO Tesa K HasblBaeTcst paw-
eom mampuyp: A nau, noppoGHee, pPawoM NO CMPOKAM.

Takum oOpasoMm, MaKCHMaJlbHOE YHCJIO JHUHEHHO HE3aBHCHMBIX
BEKTOPOB CpelH Xi, ... , X, PaBHO padry MaTpHULI, COCTAaBJEHHON
H3 KOOPAHHATHBIX CTPOK 3THX BEKTOpOB.

BepreMca cHOBa K NpoH3BO/MbHOH MaTpuue A ¢ m CTPOKaMmH H
n cronbuamu. OTMETHM KakKHe-TO % CTpok M k cronbuoB B A. Die-
MEHTHl MaTpuunl A, HaXxoAslMecs Ha NepecedeHHsIX OTMEYEHHBIX CTPOK
M CTOJOLOB, B3ATbiIe B HX €CTECTBEHHOM Nopsjke, o0pasyloT KBak-
paTHylo MatpHny nopsaka k. Ona HaselBaeTCss MUHOPOM 4-TO NOpsii-
Ka Matpuubl A. PaccMmaTtpuBas BceBO3MOMHLIE MHHOpPLI l-ro, 2-ro
H T. 1. DOPAAKOB MaTpuubl A, YBHANM, 9TO Yactb HX OyaeT oOpaTHMBbI-
MH MaTpHUAMH, a YacTb — HeoOpaTumbiMu. HauBriciuuil nopsjaox oc-
paTUMBbIX MHHODOB MaTpHULI A HAa30BeM ee paHeOM no MUHOPAM Wi
MUHOPHOIM  PAH2OM.

Munopel 1-ro mopsaka —310 aseMenthi MaTpuusl A. Tak Kax
maTpuua A Gepercs Haj TesqoM, TO HeoGpaTHMOCThL MHHOpa l-ro no-
pAlKa O3HayaeT NpOCTO, 4TO 3TOT MuHOp ofpasoBaH HyJdeM. [lo-
sToMy MaTpulla A He uMeeT OOpATHMBIX MHHOPOB TOTAA H TOJLKO
TOLJa, KOrga OHa COCTOUT H3 HyJeid. B 3Tom ciaydyae ropopdr, 4To
MHHOPHBIA paHr Marpuusl A paBeH HyJ0. 3aMeTHM, 4TO paHr MO
CTpPOKaM HYJIeBOH MATpHUbLl TaKXe paBeH HYJ/IO, TdK KaK CHCTeMa
HYJIEBBIX BEKTOPOB HE HMeeT JIHHEHHO He3aBHCHMBIX NojcucTeM. Mol
XOTUM Tenepb ACKasaTb, YI0 PAHr IO CTPOKaM IIPOH3BOJIBHON Mart-
pHUBl COBNajgaeT ¢ ee paHroM no muuHopam. Opnako Mbl CleJIaeM 3TO
He cpasy, a NpeABapHTeJbHO pPACCMOTPeB KBaJpaTHLIE MAaTpPHILL.

Teopema 1. [aa moeo umobu rsadpamuas mampuya A==
=|tifen ¢ 2nemenmamu u3 Hexomopoeo mesx K Ovira 00pamuma,
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Heobxodumo u Cccmcmoyro, umo€ol ee (MEPoKu 6biau  AUHEIHO Hesa-
BUCUMbE,

OGo3nauuM uvepes q; {-10 CTPOKy MarpHusl (i==1, ..., n). Tor-
Ia Tpou3BoJbHAsl JUHEHHAas 3aBHCHMOCTb
MG - ... Aa,=0 (1)
CTpOK MaTpHUbl A Moxer ObIThb NMepenHcaHa B BHJE
[y oo, kal-A=0. (2)
Ecau Matpuua A of6paTuma, To, yMHOXass ofe 4aCTH paBeHCTBa
(9) Ha A7, moayuuMm [k, ..., kﬁ}_un H HeoOXOIUMOCTh VCJOBUH
TEO PEMBI 1 JIOKa3aHa.
Hanporus, nycre CTpokKM @y, ..., @, MaTpuusl A JHHeAHO He3a-

BUcHMBI, OGo3naunM yepes ¢ BEKTOPHOe INPOCTPAHCTBO BCEX CTPOK
JJHHBL 1 ¢ sJjeMeHTaMH u3 Tena K. CTpoku

e;=|[1, 0, ..., 0],

Eg—'—_—-‘lo, 1,..., O],

“[O 0 1]
cocraBisAoT Gazy £. C japyrofl CTOpOHBI, NpPOCTPaHCTBO ¢ n-MepHO
W, N[O YCJIOBHIO, €ro BEKTOPHl &i, ... , G, JHHEHHO He3aBHCHMELI.
FloaToMy BeKTOpHI @y, ..., G, TaKXKe COCTaBJAOT 6Gasy POCTPaHCTBA
Q anr‘mra'rnun pa v | ﬁﬂ'-'!\f 2. 2 n Vﬂuﬂ{"’l‘nﬂ unvnnunu L’{'\{'\nﬂﬂu DT -
. t] Lrea sl Uu\.lJ \'1’ LI ) Vn L Ak 5% H ANS L AT 1.1/_\1111(.11
HOi cuctemnl B &, a 6asy a, ...,Q, B KauecTBe HOBOH KOOpAMHAT-

HOH cHCTeMBbl, BHJAMM, 49T0 A eCcTb MaTpHua nepexoja oT NepBOH KO
BTOpOH KOOpPAMHATHOH cHcTeMe, ¥ MnoToMy (cM. m. 5.1) Marpuma
A o6paTuma.

CnepnctTBHe. Onpedesumens K8aopamnol Mampuybl ¢ A6 MEHMa-
Mu U3 HeKomopozo noas mo2da u moAavKO moeda pased Hymo, Kozoa
CMPOKU IMOLU MAMPUYbLL AUHEAHO 3a8UCUMbL.

JlefACcTBHTE/IbHO, [Js1 KBaApaTHbIX MaTpHIl C 3JeMEHTAMH H3 IoJas
0o0paTHMOCTh pPAaBHOCH/JbHA HEOCOOEHHOCTH, T. €. OTJHYHIO OT HyJisd
onpeJeHTeN s MaTPHILLL.

BcnomuHas Tenepb 3amMeuaHHe, CleJaHHOE B HayaJje 3TOrO IYHK-
T4, BHJUM, Y4TO CHCTEMa 71 BEKTOPOB A -MEPHOrO BeKTOPHOIO Ipo-
CTpaHCTBa Haj NOJEM TOrja M TOJBKO TOrja ss/sercs 0a30d 3Toro
IPOCTPAHCTBA, KOTrAd ONpejesuTe/lb MATPUULI, COCTABJIEHHOH H3
KOODAMHATHBIX CTPOK YKa3aHHBIX BEKTOPOB, OT/JHYEH OT HYJA.

B Teopeme 1 u ee caencTBHd peyb HIET O CTPOKAX MaTPHULL
Onnako 3t Xe yTBepxIeHHA GyIYT COpaBEIJNHBHE H I CTOJOIOB,
€CJIM TIOJ BBIpAamEHHEM «IHHEeHHAsd 3aBHCHMOCTB CTOJOLOB» MOHHMATh
JHHEHHYIO 3aBHCHUMOCTL OTHOCHTEJBHO YMHOMXKEHHA CTOJA0UOB Ha
saementol K cnpaBa. [lostoMy BCIOLy, TA€ NPOTHBHOE HE OroOBODEHO
SIBHO, NIOJ YMHOXKEHHEM CTPOK Ha 3JjeMeHTsl H3 K Mbl IOHHMaeM
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yYMHOXEHHe CTPOK Ha 3JIeMEHTH CJIeBa, a TNOoJ YMHOXEHHeM CTOJG-
I0B Ha 3jieMeHThH K NOHHMaeM yMHOXEHHe cmpaBa. fcuo, uTO 3TO
ycsioBHE H3JHIIHe, ecaM B KadectBe K Oeperca mnose. [ns HEKOM-
MYTaTHBHBIX TeJ K NPUHATOE YCJOBHE CTAHOBHTCA CYIeCTBEHHBIM.

Jlerko NpoBepuTb, YTO BCE PACCYXKAEHHSA, NPHBEAIIHE Hac K Teo-
peme 1, ocraloTcs clpaBelJIUBbIMH, €C/JAH B HHX CJOBO «CTPOKa» 3a-
MEHHTb CJOBOM «cToJ6eny». B pesyabrare nosydaercs

Teopema la. [ana moeo umobot keadpamnas mampuya c sie-
MeHmamu U3 Hexkomopozo meaa Oovira o6pamuma, Heobxo0UMO U Co-
CQmMoYHo, umobs ee cmoabybl Oblal aunertino nesasucumst, Onpedeau-
meab KBAOPAMHOUL MAMpUYybt € 3NeMEHMAMU U3 NOAS M020a U MOAbKO
moeda pasen HYyao, Ko20a cmoabybl Mampuusbl AUHELIHO 3Q8UCUMbL.

$lcuo, uro pJs cJaydas, KOrja pacCMaTpHUBalOTCs MaTPHIBL HaJ
noJieM, TeopeMa la moJydyaercss H3 TeopeMb! 1 NMPOCTHIM MEpPEXoloM
K TPaHCIIOHHPOBaHHOH MaTpHIE.

Teopewma 2. yemo A =0 ;;!,, — npoussorsrnas mampuya ¢ sae-
Mmenmamu u3 kaxoeo-mo meaa K. Paweu mampuyor A no cmpoxan,

no CroAbyam U no MUHOPAM HE UBMEHAOMCes, ecad Had A npoussecmu
Ai0boe u3 caredyrowux npeobpasoeanuli:

a) NOMeHAMbs MeCmamu Kakue-mo Cmpoxku mampuuyst A;

0) nomersme Mecrmamu Kakue-mo cmoabyvl mampuuyst A,

B) K saemedmam o0Holl u3 cmpox mampuyst A npubasums coom-
gemcmeyroujue INeMeHMbl KAKoU-mo Opyeol cmpoKku, YMHONCEHHble CAesq
" HQ NPOU3BOAbHBIL (PUKCUPOBAHHbUL MHONCUmMess b € K;

T) K ajsemedmam o00HO20 u3 cmoabyos mampuysl A- npubasume
COOMEeMcmeyroujie IAeMeNmol KaKozo-mo 0pyaoeo cmoabya, ymHodxceH-
Hble cnpasa Ha npou3sossroll mMHoxcumens h € K.

Panr marpuust A mo crpokam paBeH MaKCHMaJIbHOMy YUCJHTY JIH-
HeHHO HEe3aBHCHMBIX B COBOKYNHOCTU ee CTPOK &, ..., 4,,. Meuss
NOPAJNOK CTPOK A, MBI H3MEHHM JIHIIL MX HyMepauuio, a JiHHeiiHas
3aBHCHMOCTH HJIH HE3aBHCHMOCTb BEKTOPCB He CBfi3aHa ¢ HyMepaiued.
Taxxe sicHo, uto panr MaTpHuie! A MO CTPOKaM He MeHseTcsl NIpH mepe-
CTaHOBKe ee CroqbunoB. B camom gese, o6o3nHauuM CTPOKH HOBOH Mart-
PHUBI, TIOJTYUUBIIeHCH TIOCTe NepecTaHOBKH CToJ6IIOB, Yepes by, ..., b,,.
Ecau mexny CTpOKaMI/I MaTpHilbl A CyLleCcTBOBAJA KaKasi-TO JUHeHHas
3aBUCUMOCTb A @1 ...+ A, @, =0, TO OYEBHJHO, UTO HOBBIE CTPOKH
CBfi3aHpl AHAJOTHUYHOH SaBHCHMOCTbIO Mby 4. - A,by =0, H, 0O-
paTHO, W3 IocJeHeH 3aBHCHMOCTH BBITEKaeT nepBasi. 1o e caMoe
BEpPHO M JJIs caydas, Korja K Kakomy-HHOyap cTon6umy ‘mMaTpuun A
Mbl npubaBiseM Apyrod cronbell, YMHOMXeHHHIH cripaBa Ha A. Hako-

I -
pagalnl MAALIIVATTLITAO TTU/ATN TIIIIATIIIN HIAADRTINTIAMIIY ATNALR IO DIouatiiamsna
A%k, IVICADNFLVIGJYIIMINAG TREFGYIN JRILLA LAWY IV OUA DI FLIVIT A U IJUI'L IV KIOIVIN LKL AN T

ecJid {-I0 CTPOKY Marpuiltbl A 3aMeHMTHb choxon a; -+ \a;, Tax KaK
BeKTopr CHCTEMBI @1, ..., ai—l—la,, c++y @j -+ 5 Oy BHIPAXKAKOTCA
NUHEHHO Yepe3 BEKTOPHI @, ... , O, 4 BEKTOPHI NocJAeAHel CHCTEMBL
BLIPAXKAIOTCH JHHEHHO yepe3 BEKTOPH - NepBoH.
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Mpr yGeaunnch, uto paHr MaTpHuk A no cmpoxkam He MeHsieTcs
NPH YKasaHHHX B Teopeme npeoGpasoBaHHAX. AHaJOrUYHBIE PAcCyxK-
JEHHUS TOKA3BIBAIOT, YTO PaHr MaTpHilbl A no cmosbyam Takxke He Me-
HSIeTCSl IPH npeoﬁpaBOBaHHHx a), 6) B), T'). Mbl Tenepb mepeiigeM K Jio-
Ka3aTeJbCTBY HEH3MEHHOCTH paHra A no muropam, uto norpeGyer
HEMHOTO 00JIbLIero BHHUMAaHHSA.

ITycth B MaTpulle A mepecTaBJSIOTCS KaKHe-TO CTPOKH WM CTOJIG-

bl. MHHODEI HOBOH MaTPHLE! IPH 3TOM NOJYYAKOTCH U3 COOTBETCTBYIO-
IIHX MHHOPOB CTApOH TaKiKe NePeCTAHOBKAMU CTPOK HJIH CTOJOLOB,
H HAaM CJeAyeT JHIUb VOeIUTbCs, YTO, NepecTap/isisd CTPOKH HJIH CTOJO-
bl o6paTHMOH MaTPHUBI, Mbl NOJYYHM CHOBa OOpaTHMYIO MATPHILY.

Hrak, nyctb B KBajgpartHo#l matpuue B—=|f;;|;; nepecrapasorcs
nepBas H i-1 cTpoxkd. IIpocTol mnojcyeT nokasbiBaeT, YTO HOBYIO
MaTpPHILy MOXHO MNpeJICTaBHThL B Buae DB, rpe

D:E11+Eﬁﬂ+---+5i_1, i—1+Eil+Ei+h i+1+--- -I—Ess-
3nech uepes E;; ofosHaueHa MaTpuua, y KOTOPOH B I-ii CTpoKe H
j-M cTonbue CTOMT €IMHHLA, a& HAa OCTAJbHbIX MecTax — HyJHu. Heno-
CPeACTBEHHBIMH BBIUHCJIECHHAMH yOeXKiaeMcs, uTo

DD=E, D'=D.

ITosToMy, ecsau MaTpuna B uMmeer obpaTHyio, To Martpuua B1D 6ynet
ob0patHo#i ana DB. AnanoruuHo matpuua BD mnoayuyaercss U3 B ne-

nectaHoBko#l 1-ro u I-ro cronbuos. Ecau B ofGparuma, to BD Takxke

pPyrwiainvionssis S A WSV RS Ry At X E2 WG L LA ANTS AL F i CAXsAAN

HMeeT oOpaTHYIO MaTtpuuy, UMeHHo DB,

HeuaMeHHOCTh MHHOPHOIO paHra npu nepeC'raHoaxax CTPOK H
cTosIOLOB Jl0Kasana. Ilycrs Tenmepb MHHOPHBIN paHr B paBeH r, H
Mbl K i-i cTpoke B npubaBisieM ee j-10 CTPOKY, YMHOMKEHHYIO HA A,
ITo npeanonoxenuo MaTpuna B uMmeer o0paTHMLIH MHHOP NOpSijaKa 7,
MpHHAJEKAUHA KAKUM-TO 7 CTPOKaM H r ctoabuam: UTobbt He yCa0xK-
HATH 0e3 HYXJbl 3alHCh, JONYCTHM, YTO 3TOT MHHOD TPHHALJIENUT
NePBLIM ¢ CTPOKaM M NEPBBIM r cTosbuaM Matpuusl B. Ecnu usme-
HsieMas I-1 CTPOKAa He DNPHHAAJIENHT K YHCJAY MEpBLIX r CTPOK, .TO
YKasaHHbIH MHHOP 7-TO NOPSAJKa SBJASETCS MHHOPOM H HOBOH MaTpHIbI,
[TosToMy paHr HOBOH MaTpuupl ==r. [{onmycTum, uto -1 CTPOKa NpH-
HAJJEeKUT K UYHCJAY NEPBLIX r CTPOK. BLiMHChiBaeM 3JeMeHTH! cTapol
H HOBOH MaTpHIl, HAXOLAUWecs B MepBhIX 7 cTrosbuax, nepsbix r
CTPOKax MU B j-H CTPOKe (eCH ]>r) IMonyuarcs MaTpuibl

TBu v By p 0
p| P B
prl e Brr
B By d
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B cuny TteopeMmnl 1 mepBble 7 CTPOK MaTpuubl P JHHEHHO HE3aBH-
CHMBI, ¥ TOTOMY paHr P no crpokaMm paseH r. CorsacHO JOKasaH-
HOMY OTCIOa CJIefyeT, YTO paHr MaTpHiusl @ MO CTPOKaM TakkKe
paseH r. Crpoku 1-1, ({— 1)1, ((-+-1)-4, ..., r-9 mMaTpHLBl Q
3aBeJIOMO JIMHEHHO HE3aBHCHMBI, TaK KaK OHH COCTaBJAIOT 4acTb
JUHEIIHO He3aBHCHUMBIX NepBbIX r CTpoK MatpHubl Q. Iloatomy amGo
nepBbie r CTPOK MATPHIbl Q JHHEHHO He3aBHCHME, JHOO0 i-f CTPOKA
JHHEeHHO BBIpaxKaeTcss uYepe3 OCTaJbHbE CTPOKH, H NOTOMY OCTajb-
Hble r CTPOK MaTpuubl  JUHefiHO He3aBHCHMbL. MubiMH cioBami,

OAuH H3 MHHOPOB

I ?11 Bir
le"l )qu e Bu- “I—)\B_;r '
LI Brl prr L
1 pil . plr B y
Biil,l - pi——i,r
@i_g_l,l s @i+1,r
prl e Brr
. pﬂ e Bjr -

mMaTrpuunl @ UMeer JHHEHHO He3aBHCHMble CTpOKH. B cuay teopewmnr 1
3TOT MHHOP oOpaTHM M MHHODHBIH paHr MaTpHubl @ He MeHbile 7.
Mur nokasanu, yto npeoGpasoBaHHe BHJA B) HE YMEHbLIAET MUHOD-
noro paura marpuupl. Ho ecqan marpuua C [OTyYaeTCs 3 A npu-
GapJieHHEM K i-fi CTPOKe ee j-H CTPOKH, YMHOKEHHOH Ha A, TO A noJiy-
yaercss H3 C npubasjenueMm K i-ii cTpoke Marpuunl C ee j-# CTpokKH,
YMHOXKeHHOH Ha — A. Panr mo MuHOpaM npH ToM H JpyroM npeol-
pasoBaHWM HE YMEHbIIAeTCH M INOTOMY OCTaeTCA HEHU3MEHHBIM.
OcraeTcsi paccMOTpeTh elle Ipeo0pasoBaHHE T); HO HEU3MEHHOCTH
NPH HEM MHHOPHOIrO paHra MaTpHubl A yCTaHABJHBAeTCs COBEPLIEHHO
TeM Xe crnocoboM, UYTO W HeM3MeHHOCThb TNpH TpecOpa3soBaHHU B).
113 TeopeMbl 2 myTeM HeC/IOMHBIX PACCYAEHHH BLIBOJHTCS OCHOBHAS
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Teopema 3 (o paHre MmaTpuubl). ¥ npoussossHoll mampuybst
A=|0;jlm, € 2semenmamu us mera pawez no CMPOKAM, PAHZ NO
CMOAGYAM U paHe no muuopam cosnadarom.

YTBepxKeHue TPUBHATLHO, €CJIH BCe 3JIeMEHTH MaTpuilhl A paBHB
nymo. IlostoMy npeanmonoxuMm, 4To A CONEPKHT HEHYJNEBOH 3JeMEHT
;;. Ilepecrapnsa 110 # i-10 cTpoKH U 1-il M j-H cTONOUL! MaTPHIUEI
A, nonyunM HeKoTopyio MaTpuny B==;;|, y Kotopoi Py ==a;; 7= 0,
NnpHYeM B CHJY TeOpeMbl 2 TpH paHra MarpHup B GyayT paBHBI
COOTBETCTBYIOUIUM paHraMm Matpuusl A. Teneps, npubasssas Ko 2-4, ...
..., m-d CcTpokaM wMarpuusl B ee NepByl0 CTPOKY, YMHOXEHHYIO
cJeBa COOTBETCTBEHHO HAa — Pufiy, ..., — PBmfyy, nosydyuMm Matpuiy
BHJIA

{‘@u Cia ... @m}
om0 10

O "l’mg PR Tmn-: a
npHYeM TpH paHra Marpuubl C; OyAyT TAKHMH Ke, KaK y MATPHIBI
A. Ecau Bce v;; paBHbl HY/IO, TO NpeoGpa3soBaHHs CUHTAeM 3aKOH-
ueHHbIMH. Ecau xe 7;; 20 (i=2, j=2), To, nepecrabass 2-10 H
{-10 CTPOKH U 2-H ¥ j-ii cTonOubl MaTpHusl C;, MBl 100beMCA, 4TOOB!
Yy HOBOH MaTpHIIBl 3JEMEHT 7y ObLI OTIMYeH oT HyJas. [IpuGabisg

3areM K 3-H, ..., m-ii CTPOKaM BTOPYIO CTPOKY, YMHOMXEHHYIO COOT-
BETCTBEHHO Ha — TsYpa, ---» — TmeTas» HOJYHHM MATpHLY BHJLa
~811 81'2 B]3 s Bin ]
0 3-22 3-23 e B-zn
Ca=| 0 3 ves O (311920 7 0).
33 an
EO 0 Bma e an_ﬁ

Panru matpuunl C; CHOBa COBNAJaloT € COOTBETCTBYIOUIMMH PaHTAMH -
marpuunt A. Ilpononxasa npouecc gagbilie, Mel He GOJIbLIE YEM Yepes
m 11aroB NpUAeM K MaTpHle BHAA

P P2 e Pap Paan e Pag
0 wa ... p2y e S R T
Cr= \ 0 0 cor Ber Prrt e Pra (P‘ll vor Py # O)v
0O 0 ... 0 0 ... O
0 o0 ... 0 0 ... 0

paHrH KOTopoil Bce eume GYAYT COBNAAATh C COOTBETCTBYIOUIMMH paH-
rami Martpuusl A. OpnHako H3 BuAa Matpuubl C, HENOCPEACTBEHHO
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cJeAyeT, YTO Bce TPH paHra 5TOH MaTpHIB! PaBHBl OJAHOMY H TOMY
xe uucay r. IlosToMy B Bce TpH paHra Marpuusl A EMeOT OJHO
U TO XK€ 3HaueHue r.

B n. 2.3 6uy0 nokasano, 4To KBaJparHas MaTpHUa C 3JeMeH-
TaMM H3 noJdsi ofparuma Torja U TOJAbKO TOTJA, KOrja OHA HMEeT’
HeHy/neBO# onpenenurtenb. [lostoMy A/ MaTpHU Hajg noJaeMm Teo-
pema 3 MoxeT CbITh niepedOpMy/JHpPOBAHA CJACAYIOILHM 00pasoM:

Teopewma 3a. ¥ anwboii mampuysr ¢ sremenmamu u3 noss max-
CUMANBHOE HUCAO AUHEIHO He3ABUCUMbIX CMPOK™ PABHO MAKCUMAALHOMY
qucay AUHENHO He3asucumblx cmoADU08 U PABHO Hauebicuwiemy nopaoky
ee MUHOPOB, UMEIOWUX HEHYAeBOU Onpedesutnens.

DaKTHUECKOe OTBICKaHHe paHra MartpHilbl OOBIUHO IIPOH3BOJAMTCS
no cnocofy, yKazaHHCMY B JOKa3aTesJbCTBE TeOpeMbl 3, HJAH L0 €ro
NOAXOAALLHM BHJOHU3MEHEHH M. ' ,

Jl0BO/MBHO 4aCTO OKa3bIBAIOTCS MOJIE3HBIMU CJAELVIONLNE IBA 3aMeya-
HHS, HENOCPEACTBEHHO BHITEKAIOIIHE W3 TeopeMbl 3.

TeopeMa 4. [Hara aobvix mamputy A=|%;|mn B=|Brlno
C 3AEMEHMaMu u3 NPOU3BOALH020 meaa pare npouseederusl, AB
He hpesocxooum Hu panea mampuybt A, KU panea mampuyst B.

JeficTBUTeIbHO, H3 ONpelesieHds] TpPOM3BEJNeHHs BHIHO, YTO
CTpOKH Matpuibl AB #ABJAsOTCS JHHEHHLIMH KOMCOHHAUHSIMH CTPOK
MaTpuUb B, U NOTOMY MakKCUMaJbHOE YHCJIO JUHEHHO HEe3aBHCHMbIX
CTPOK MaTpHubl AB He MOXeT ObiThb 6OJblIe MAaKCHMAJLHOrO 4HCja
JHHEAHO HEe3aBHCHMBIX CTPOK MaTpuiel B. AHanQru4yHo cToJ6IbL
MaTpuisl AB sBAsioTCS JMHEAHBIMM KOMOHHAUMSIMH CTOJAGLOB MAr-
puiipl A, 4 HoTOMYy paHr maTpHubl AB mo croafuaM He npeBOCXO-
JIMT paHra no cToabiaM MaTpHubl A.

Teopewma b. Ecau aremenmor mampuyo:, A npuHadaexcam rnoiio,
mo pane ee cognadaem ¢ PaHeOM MmpaHcnoHuposarroi mampuyst A’

Bce MuHOpBI MaTpuubl A" NOAy4yalOTCsl TPAHCIIOHHPOBAHHEM MHHO-

nos Marpuus! A. IlockoJABKRV 3JeMeUTHl MUHODORBR CepvTed U3 IOJA

| et AVACAL PRIEALL  J3e AL INUVIDIL Y SSYATAYANALL B LS IVAKA XIS QRS M i MUy

TO TPaHCHAOHHpPOBaHHe O0PATUMOro MHHOpA NPHBOAHT K oOpaTHMOMY
MUHODY, U NIOTOMY paHr (0O MHHOpam) MaTpHusl A’ copnajaer ¢ pam-
roM (10 MHHOpaM) MaTpHILb

B ynpaxzenuu na crp. 97 ykasaH npuMep oGpaTHMOH MaTpHLbI
C 3»JeMEHTAMH H3 HEKOMMYTATHBHOIO TeJa, Y KOTOPOH TPAHCIOHH-
poBanHas Marpuua He sBJseTcs oOpaTHMOH.

[ 3 ) Fa¥y-4 (2] . _ L3 e Ty TR m T e Ty T am

5.3. OO6wue cucTeMbl JHHEHHBIX ypaBHeHHWHA. PHKCHPY KaKoe-
HUOYAb TesJo K W pacCMOTPHM NPOU3BOJBLHYIO CHCTEMY YDaBHEHHMH

BHJA
a]lEI‘E"QIQEQ“I—---“!““MER:QI’

Oigy By — Oige gafl-----{—aeﬂ En:pe, “ (1)

s a - . . - LI ]

by - Xmeba . . - Umnbn = @m,
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Tae a;;, B; = sajaHHble sneMenTol u3 K, a i, &, ..., &, — Heuspect-
Hble, YHCJIO KOTOphIX n MOKeT ObiTh MeHblie, GoJblie HJAH PAaBHO
yucay m ypasHeHHH. OIMH H3 aJTOPHTMOB AJIS pPEUIEHHS TaKHX
CHCTEM — CIOCO0  MCKJ/OYEHHS HEHU3BECTHBIX — yXKe Obll  H3J0XKeH
B n. 2.4. /lokasanuasi B INpejbliyllleM TIYHKT€ TeopeMa O paHre
MaATPHL, NO3BOJSET NO-HHOMY MNOJOHTH K HCCAeROBAHHK JHHEHHBIX
CHCTEM YypaBHEHHH,

Kos¢duunenTsl «;; 0 cBoGopHbie ujeHnl B; ypasHenu# (1) ecrecr-
BEHHO pacnosaramwTcd B JBe MaTpHLBbI: ‘

o1 @12 e Ogp [ay O ..o Gy 31

A= Ogp  Oaa ... Og, B By Gz ... Oy, @z
— L | s

* » - [ ] [] » L] * . - - L] - - a - - - . -

L&mi %m2 eee Oppo Ll Ema cee &ppn pm

Ha3blBaeMble OCHOBHOU 'H pacuiuperroll MaTpHuaMH CcHeTembr (1).
KaxgoMmy ypaBHeHuio cHcreMmbl (1) oTBeudaeT olipejieseHHad CTPOKa
B mMatpuuax A u B. IlepecranoBka ypaBHeHnuii B cucreme (1) Bieuer
COOTBETCTBYIOUYIO TEPECTaHOBKY ¢Tpok Marpuiu A U B, a uaMeHe-
HHE HYMepauHMH HEH3BECTHHIX BJIEYET NEPECTAHOB .y CTOJGLOB B YKa-
3aHHBIX MaTpHLAX.

['oBopaT, uTo i-e ypaBHeHHe cucTeMbl (1) JMHEHHO 3aBUCHT OT
{1-TO, ..., is-TO" YpaBHEHUH 3TOH CHUCTEMEI, €CJH {-5 CTPOKA MaTPHIUki
B ectb nuHefiHag koMmOuHauus ee [-#, ..., i;-B cTpok. Tak Kak
Tel0 K He [peanojaraercss KOMMYTaTHBHBIM, TO CTPOKH MaTtpHI
MHOXKATCH BCerja cJjesa Ha 3JeMeHTbl K, a cTosnblubl MaTpHIL MHO-
artca cmpasa (cM. 0. 5.2). ‘

PemenueM cHcTeMbl ypaBHeHHHA (1) HasbiBaercs MOC/€A0BaTelb-
HOCTh &), ..., &, sjeMeHTOB Tejla K, npH MNOACTAHOBKE KOTOPbIX
B ypaBHeHus (1) Bmecto 6yKB &, ..., §, Bce paBEHCTBA CTAHOBATCH
UCTHUHHBIMH. JJeMeHTHl &, ..., &, Mbl pacnosiokHM B croJjbel
{1, ..., &) =x, mnocie uero cucreMy (1) MoxHo 6yHeT nepemnucarb

B MaTpPHYHOH dopMe:
A-x=b, ‘ (2)

rae b — cronGen, [By, ..., B, cBOGOAHBIX uJEHOB.

A) Ecau i-9 cmpoxa mampuyst' B asasemca auredrod kombuna-
yuel oCmaAbHolX e CMpoK, MO, 8bMePKUBAn i-€ YPasHerue u3 cucmemol
(1), noayyum coxpawienryro cucmemy YpasHeHut, umerowyo my xe
cogokynrocme pewlerutl, umo u cucmema (1).

$icHO, uTO Kaxjoe pellieHHe cHCTeMbl (1) ABJAETCA pELICHHEM H
COKpaulieHHoH cucreMbl. OOpaTHO, NyCTh [-9 CTPOKA MaTPHILI B paBHA
cyMme i-H, ..., I;-# CTPOK, YMHOMKEHHBIX CJIeBa COOTBETCTBEHHO Ha
b, ..., s u3 K (i #4y, ..., is), U NycTb 3HaueHus &, ..., &, yIOB-
JAeTBOPSIOT §1-MY, ..., is-My ypasHenusM u3 (l). Torza, ymuoxas
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3TH YpaBHEHHA CJe€Ba COOTBETCTBEHHO Ha Ay, ..., A; M CKJaAbIBas
NOYJIEHHO, TIOJYYHM i-€ ypaBHeHMe.

B) Ecau pawe (no cmpoxam) mampuyvr B pasgen r, mo cucmema
ypasuernud (1) codepocum nodcucmemy U3 r AUHEUHO He3aBUCUMBIX
ypasrerutl, obiadarowyio Mol e COBOKYNHOCMbIO petueHutl, 4mo u
cucmema (1).

Ilockonbky paHr martpuusl B paBeH r, To MaTpUla B HMeeT r
JHHEHHO He3aBHCHMBLIX CTPOK, 4Yepe3 KOTOpHE BCE OCTaJibHbie ee
CTPOKH BbLIpaXawTCcd JHHeHHO. Deps ypaBHenus, OTBedaioulHe yka-
3aHHBIM r JIHHEHHO HE3aBHCHMbIM CTpPOKaM, NOJYYHM TpebyeMyio
NOACUCTEMY .

B) Ecau cucmema ypasrenuti (1) umeem xaxoe-mo peuteruet], ..., &,
Mo pare pacwupertod mampuybst B paser paxey ocHosHot mampuiet A.

Ecnu pasencrsa (1) ana HekortopoIx &, ..., &) HCTHHHBI, TO OHH
NOKAa3blBAOT, YTO NOCJEeIHHH CToqbel MarpHubl B paBeH cymMMme ee
l-ro, ..., n-ro cronfuoB, YMHOXKEHHBIX CIpaBa COOTBETCTBEHHO Ha

.+, En. IlosToMy ofilee MakcHMaJbHOE YHUCJIO JHHEHHO He3aBH-
CHUMbIX CTOJIOLOB MaTpHibl B paBHO MaKcUMaJdbLHOMY YHCAY JIMHEHHO
HEe3aBUCHMBIX CTO/0LIOB MaTpuume! A, T. €. paHr no crojabuam Mmar-
puusl B paeen panry no cronbuam matpuust A. Cnosa «no cron6-
aM» 31ech MOKHO BHIOPOCHTB, TaK KakK B I, 5.2 OblJIO nmoKasaHo,
YTO paHr 1o €TOI0LAM COBNajaeT ¢ PAaHrOM MO CTPOKAaM.

13 yreepxkaenuil B) U B) Jerko BuIBogUTCs OCHOBHAS

Teopema Kponekepa—Kanenanu. /[laa moeo wumobst
cucmema ypasrenull (1) umesa peuwierue, HeoOxoOumo u docmamowro,
4modst pane pacwupernol  mampuyst Obld paseH paHzy OCHOBHOU
mampuyst smod cucmemor. LEcau paneu ocHosHoll u  pacuiupeHrol
mampuy cosnadarom ¢ YUCAOM HEU3BECMHbIX, MO CUCMeMQ Umeemn
eduncmeerHoe pewerue. Ecau pane r ocHosHOG u paciuupennol mam-
Puy meHelie wucaq n  Heusgectmuelx, mo cucmema (1) umeem 6oaee
00H020 pewieHUn U PABHOCUALHA cucmeme 8uda y

-——mEh-F +Tinr1n,+Ti'
g - (3)
E' ““lesjl_!— _}_Trﬂ rgfn ,+Tf'

ede (i1, ..., i, J1y, «ovy o) — NOOXOOAUGA NEPECMAHOBKA HUCEA
1, 2, ..., n. ‘

Muaue rosopd, B nocaejgHeM cjyyae cpeld HEHU3BECTHBIX &i, ..., 5,
MOXKHO BLIOpaTh TaKHe n— r HeusBeCTHIX &;, ..., §; ., HasbiBae-

MBbIX CBOOOJHEIMH, IPHJaBasi KOTOPbIM I POH3BOJIbHBIE 3HAUYeHHd H3 K,
MOXKHO JJ1s1 OCTA/JIbHBIX HEU3BECTHBIX HAHTH Yy¥Ke eMHCTBEHHbE 3Ha-
YeHUA, YAOBJeTBOpsiomue cucteme (1).

Heob6xoauMocTb yenoBuil BhITekaer u3 yrBepxienus B). Ilostomy -
nycre paHru Mmatpuy, A, B coBnajalor H pasBHbl r. Marpuuma A,

-
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~
COJIEPXXHUT BCEro n crosabuoB, H noroMy r==n. Tlo ycioBHIO MaTpHIIa
A obnanaer ob6paruMbiM MuHopoM M nopsaaka r (eMm. m. 5.2), npH-
HaanexamuM KakuM-10 Ryi-#, ..., k-0 CTpOKam H ij-My, ..., i,-MY
cronbuaM wmarpuiel A. Orcioga clexnyer, uto ky-si, ..., R~ CTPOKH
MaTpHUbl B JHHEAHO HE3aBHCHMBI H YTO BCE OCTaJIbHBIE €€ CTPOKH
SIBJSIIOTCS  JIHHEHHBIMH KOMOMHAUMAMU YKa3aHHLIX CTpoK. Ilostomy,
OCTaBAsA JUlib ky-€, ..., B,-e YPaBHEHHS CHCTeMbl (1) H BHIUEPKH-
Basi OCTaJlbHble YpaBHEHHH, Mbl IOJYYHM COKpPALIEHHYIO CHCTEMY,
HMMeLyI0 Te Xe peiieHHsi, uto H cucrema (1). Ocrabiassi tenepb
B KaXJoM YpaBHEHHH COKpalleHHOH CHCTeMBl CJIeBa UYJIEHBI, COHEp-
XKalllie HeH3BeCTHhIE Eil’ cer, E,-r, U TEepPEeHOCs BIPABO OCTaJbHLIC

uJieHbl, Mbl TIPUBEJEM COKPAINEHHYIO CHCTEMY K BHAY

Eil Cy
Eir Cr
rje
Csz—aks’jlgjl —_— . aks’jn—rgjnu'r +pks (S: 1, ceey r).

ITo ycnosuo muHOp M siBasiercst o6paTHMOH MaTpHLUeH. YMHOXasA
006e uactu paBeHcrBa (4) cieBa Ha M™, noayuum

[ 1 Fed 7l
e |
Eir ¢,
Bruinosnsas 3zech B npaBoii 4aCTH YMHOXEHHe, NPHAEM K cHCTeMe
Buaa (3). Teopema IOKasaHa.

Cucremy ypaBHenuil (1) MHOra HasbIBAWOT onpedesentoll, Heonpe-
deaenHoll, npomusope4usoil, ecJi OoHa HMeeT COOTBETCTBEHHO eJUHCT-
BeHHOE pelleHHe, 0oJiee OJHOrO pelIeHUs, He HMMeeT pelleHHii. 3ame-
THM, YTO COIJIACHO 3TOH TepMHHOJOTHH CHCTéMa, He gBJSIOmancd
onpejesieHHOH, MO0 HeompejesleHHasd, JHOO NpPOTHBOpPeUHBas.

CanencrBue 1. Ecau wucao ypasnenutl 8 cucmeme (1) mensviue
qucaq Heussecmuolx, mo cucmema (1) aubo neonpedenerras, aubo

P L NN T Vet s VeV R Ve Va s

CrnencrBHe 2. Cucmema n AuHelHolX YpasHeHuil ¢ n Heussecm-
HbIMU MO20a U MOALKO mo20a onpedesentas, Ko20a OCHOBHAS MAMPUYQ
smod cucmembl obpamuma.

OGa 3TH CJAEACTBHA HEMOCPEACTBEHHO BBITEKAIOT H3 TEOPEME
Kponekepa — Kanennu.

Mur  paccmorpesn cucremy JuHeHHBIX ypaBHeHHMH (1), B KoTOpo#
KO3(pUIMEHTH CTOAT CJieBa OT HEU3BECTHBIX. YUTO MOXHO CKas3arb
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0 CHCTEME YypaBHEHHUH

E1%1y ‘{—52121 ‘Jg----'_l_ana'n! ==y,
(5)

& + I | .
S1%m E-ﬂ?m T Enlnm = .Bm,

y . KoTopofl Ko3dpuUuUeHTsl CTOAT cmpaBa oOT HeHSBeCTme? 21y
CHCTEMY MOXKHO 3alycaTb B MATPHUHOM BHJE:

[El, Ceay En]'A:[‘lB], ey @m],

ne A — ﬂ MaTpHIA KOs3bhOHIHEHTOR IDH HOeK3BeCTHBIX CHCTeMB!
l. AHW 41 |-ﬂ-lj I ividl lJ].’ I\VJ\i—’\i}llMK!bLllU llt}ll IIGEL I R LM A pl e L il
(5). O6paTiM BHHMAHHE, 4TO B MaTpHLEe A koapduuMeHTsl i-ro ypas-

HeHHS1 cOpasylor (-# cTo,nﬁeu, a He {-I0 CTPOKY, KaK OblJIO paHbILE.
Bee paccyxpaeHus, npHBeleHHBle HaMM NpPH J0Ka3aTesJbCTBE TeOPeMbl
Kponekepa — Kanessiu, COXpaHSIOT CBOIO CHJY H A CHCTeMBl (D),
eC/IH B HHMX CJIOBA «CTONOCI» H «CTPOKAa» MOMEHATH MECTaMH, a TOJ
paciMpennoi maTpuuedl cuctembl (5) NOHMMaTh MaTpHLy

Ly |

(5411
Clnl s s anrnJ.
Lp] 'R Bm
Taxum ofpasom, ANsi COBMECTHOCTH CHCTEMBI (D) HeoGXOAHMO i1
JOCTaToulo, 4TOOLl paHr MaTPHILLI B COBNAjal ¢ PaHroM MaTtpuubl A.
Ecau pauru marpuu A, B cOBNajaloT H PaBHBI YHCAY HEH3BECTHBIX,
TO cucTema (5) WMeeT e€1MHCTBeHHOe pewenue. Ecnu pauru A, O

COBNAAAOT H paBHBl UHCJAY r, MEHbLIIEMY YHC/JAA 7 HEH3BeCTHLIX, TO
Cpean HeH3BEeCTHBIX HAilnyTCsd n — r CBOGOJHBIX HEHM3BECTHBIX & , ..

.., & jo, UEPE3 KOTOPDBIE OCTA/IbHEIE HOH3BECTHDIE E’]' cen, E,-r OyayT
BblpaxkaibCst opMysaMH BHJA

Eis;:Ele}3+..-"J““Ejn_r'rn__r_s"{"rs (821, ey I‘).

D ____
D ==

SIcno, uTO eCqM pacCMATPHBAIOTCH JIWHEHHBIS yDPaBHEHHUA HaJ
noJieM, TO pasjuune Mexjay cucremamu (1) u (5) wucuesaer. as,
HEKOMMYTATHBHBIX Teql K (HampHMmep, LJs KBaTepHHOHOB (cM. m. 1.5))
Hapsiy cO cTaHiapTHBIMH cHcTemamd Buua (1), (b) uHorza paccmar-
PUBAIOT H YDPABHEHHH (CMCIIAHHOrO» 'BHJA, HanpyMep YpaBHeHHUE
af —fe==0. Onsako Bompocb! O pa3pelIMMOCTH TaKHX ypaBHEHHH
HUMEIOT cneumbnqecmﬂ Xapaktep M BBIXOJAT 3a paMKH COOCTBeHHO °
JuHeHHoH aarelGpeol.
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JonoAHeHHSE U NPHMEpDI

1. B npocTpaHcTBE CTPOK HMAHHBE 3 Han noxem panHoH aNbHEIX yucen bepercs
KOOPIAMHATHAA CHCTeMa, cocToAmas u3 crpok [1, 3, 5], [6, 3, 2], [3 1, 0] KHKOBb[

B 9TO#f CHCTEME KOODIANHATHbie CTPOKH BeKTOpoB [3, 7, 1] [0, 1] (2, 3, 5},
L, 1, i]?

2. [pocrpancto ¥ 06pa3oBaHO MHOTOUJMEHAMH OT A CTCIICHHM HE BBILIC 11,
[Mokasatb, uto Muorougenw 1, A—1, (A —1)% ..., (A — 1)* obpasywr 6a3y

npoctpancTtea Y. Haiitu .8 oroli Gase KOOplIHHaTHbIe CTPOKH MHOrOYACHOB
2 — 3423, MR
3. Ha nnocxoctd Ocperca KoopAHHATHam CHCTeMa, COCTOAMEAA M3 IBYX

T ATy rorvew vy  ATA T A T T IATYIE 1 [ocne AL ATMIITA AT AT

B34dWUMHO lleut:H,L.mt\_)ul)lpnblA BEKTOPOB MOIHNHB 1, H IIoCOE 3TOIG COBCPLIACTOA
24
ﬂp306p33038HH€ KOOpAUHAT C ManHueﬁ [Y g’]. Kaknm YCROBHUAM MOAYKHBI YAOB-

neTBOPATH umcaa a, B, ¥, 3, YToObt HOBLIE KOOPAUHATHEIC BEKTOPH ObliH B3alMHO
MepHeHIUKYMADHbE H HMenu ZauHy 1?
4. Hafity panru marpui

T 1 0 2 5 T3 i1 1 1 17
) S | 1 9 3 | I v ) PA 1
ek i i et w v -y ~ i
l 2 1 7 17 24 X oyt 2 o P
I 1 3 15 41 551 Lx® y» 25 ud |
14 1 1 1 1 7
l 1 I+ 1 1 1
1 1 114x 1
1 1 1 1, T4l

5. Tlokasarp, uto B Teae ksartepumoHoB K (m. [.4) cucrema «iIpasbix»
HUHe#HLIX ypaBHeHUH

G +JEh =1,
kEl b Eg =l
uMeeT €AMHCTBCHHOC pelleHHE, 4 CHCTeMa <«IeBblX» )’paBHEHHﬁ
Sl +6J = 1,
Elk — Eg =

PeLICHHH He HMeeT. J10 MaeT npuMep oOPATUMOIl MATPHILLI HAJ TEXOM, Y KOTO-
poit TPAaHCNOHWPOBAHHAA MaTpuila HeoOpaTuMa. -

F\ N Uy TINN NIAT ruauasaBrAll DoaaMnurmuaS~TLEY ATHRALT RLT TTATIII ATy WTRUDT'J
Ve AV LA Ul VO OV HANUY] OLdDALMULELNY UL PPV NN LU Nididedr v -

HYIO He3aBHCHMOCTh OTHOCHTENbHO YMHOMEHHA CTPOK Cil€Ba Ha 97eMeHTH Teaa K,
a NMHEHHYI0 He3aBHCUMOCTb CTOAOUOB TIOHMMAJM KaK HE3ABHCHMOCTb OTHOCKHTEIbHO
YMHOXEHHA CcTOAOLOB Ha '3JeMEHTH Teaa Cnpasa. IJTO CBA3AHO C HUCXOXHBIM
MPaBHJIOM YMHOMEHHUH MAaTPHU: CTPOKH nepBoﬁ MHOXHTb Ha CTONOIBI BTOPOH.
KoHeuno, Bcs Teopus ocraHeTcd HEU3MEHHOH, €CIH MaTpHUUbl YMHOXATDL IO
¢I€BOMY> NpaBUaY: cToabunl HepPBOil MHOWMTHL Ha CTpoku BTopoit. Ho Ttoraa
Hano OyAeT pacCMaTPHBATL JAMHEHHYIO 3aBHCHMOCTb CTPOK OTHOCHTEIBHO YMHOXe-
HHS Ha 3aeMeHThl K CnpaBa, a AMHeHHYI0 FABUCHMOCTb CTOXOUOB OTHOCHTEIBHO
YMHOXEHHA Ha 9NeMEeHTHl K CieBa. B pesyabTaTe TNOAYUATCA PaHTH MaTPHIH
0o CTpoKaMm cnpasa u no cronbuam caesa, O6a 9T paHra OyAyT COBNajaTh

4 A, H. Mansues ’
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IpPYr ¢ npyroM, Ho B o0ueMm cayuae OydyT OTAWYHEI OT OOKUHEIX PAHTOB
o CTpoKaM (caesa) ¥ Io croabuam (cnpasa). IlpumepoM wMoOmeT CRHYEHMTH
KBAaT€PHUOHHAA MAaTpUIa

lx ]

:_b _IJ

v

M3 YUpPaXHeHus 5, Y KOTOPOH JeBBbIH PAHT MO CTPOKaM DpaseH 2, a NpaBbIlit paHr
Mo CTpoKaM pased 1.

7. Mlyctb A — ofparuMasi KBalpaTHaa MaTpHua nopagka n, B u C -- npous-
BOAbHBIE MATPHIIB, HMECKOIIHE COOTBEICTBEHHO 7 CTPOK M n cToabuoB. Torma
pansr {AB) = panr B,
panr (CA) = panr C.

8. [IpuBecTH npuMep KBaAPATHRIX MaTpull A, B oqHOro u Toro e nopsaika 2,

118 KOTOPHIX panr (AB) £ paur (BA).
9. TloKa3sare, uTo AnA MOOHX KBaApaTHLIX Matpuy A, B mopsaaxa n

paHr (AB) = paur A +- panr B — n.

§ 6. Jlunelinple moAnpocTpaHcTBa

6.1. IlepeceueHne m cymMma RoAnpocTpaHcTs. Henycrad cOBOKyI-
HOCTb ¥ BEKTODOB KaKoro-HMOYyIb JHHEHHOTO NMPOCTPAHCTBA & Hasbl-
BAETCA JIMHEHHLIM [OANPOCTPAHCTBOM 3TOTO INPOCTPAHCTBA, €CJIH
BLIMOJIHSIIOTCS CJAEYIOUlHe ABA YCJOBHA:

1° ecau N codepacum karxoli-nubyde eexmop a, mo N codepacum
u 8ce Kpamuote ha, 20e h— 4UcA0 U3 meaa Kodppuyuenmos;

2° ecau N codepocum kaxue-rubyds sexmopot a, b, mo U codepacum
u ux cymmy a--b.

$lcyO, 4TO 3TH JBA YCJOBHSA PABHOCHJDbHBLI CJAEAYIOLIEMY OJHOMY:
ecau N codepacum xaxue-nubyde eexmoper a, b, mo U codepacum
u aobyo ux auHednyro Kombunayuw ra - pb.

M3 stux onpegeseHu#l BHITEKaeT, 4YTO Kaxjoe JAHHeHHoe INOA-
NPOCTPAHCTBO ¥ CONEPIKHT HYJEBOH BEKTOP H BMeCTe ¢ JIOOHIMH
CBOMMH BEKTOPaMH COJAEPMHUT H BCE UX JHHeliHble KOMOHHAIMH.

B n. 4.3 6na0 oOTMEYeHO, UTO Kaxaoe nHHeHHOE MPOCTPAHCTBO Had TexoM
K — 310 Hekortopas aareGpa, OCHOBHBIMH ONEPAIUAMH B KOTOPOH SABAAIOTCH
ClOXeHHe BeKTopoB, ofpalleHue BEKIOPOB M YMHOXKEHHE BEKTODOB (Clesa) Ha
saementh u3 K. Tak Kak ofpaifeHne BEKTOPA2 PABHOCHIBRO YMHOKEHHIO €ro ha
sneMeHT —1 w3 K, To ycxoeus 1°, 2° 03HAYAWT, UTO AUHeHHbIE ROONPOCMpPAH-
cmea npocmpadcmsa ¥ — 3amo npocmo nodaﬂzeﬁpm aazebpo Y.

CoBOKYNHOCTb, COCTOALIAS TOJNLKO H3 HYJEBOro BeKTopa, obJajaer
cBoiicTBaMH 1°, 2° u, cJefoBaTelJbHO, SBJASETCH JHHEHHBIM DOANPO-
cTpaHcTBoM B €. ITO MOANPOCTpaHCTBO HasblBaeTcs Hyaesvim. C npy-
rOH CTOPOHBI, CaMO TNPOCTPAHCTBO ¥ MOXHO TaKXKe paccMaTpPHBaTh
KaK CBOe COOCTBeHHOe JHHEHHOe nojnpocTpaHcTso. HyJsesoe moj-
NPOCTPAHCTBO M € HHOrJA HA3BIBAIOTCH MPUBUAALHHIMU TIOIN POCTPAH-
CTBaMH mpocTpancTBa ¢. Bee ocranbHEle HOANPOCTPAHCTBA HA3LIBAIOTCA
HeMPUBUAAbHOIMU WK UCTIUHHBIMU,
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[Tpoerefimmii  crnoco6 MNOCTPOEHHS JIMHEHHBIX HOLMNPOCTPAHCTB
cocTOMT B cJjepyiomeM. bepeM B 3alaHHOM JHMHEHHOM NPOCTPAHCTBE
£ npoH3BOJIbHBIE BEKTOPH @y, 4i,..., 4 H paccMaTpHBaeM Bce HX
JHHedHble KOMOUHAIUH

o0+ asay . . - apap,.

O6o3HaunM COBOKYIHOCTb 3THX KoMmMOuHauuii depes %, Tak Kkax
cyMMa JUHeHHbIX KOMOMHAUUH OT a,..., 4, B NPOU3BEACHHE JHHeil-
HOH KOMOUHAIMH Ha YHCJAC CHOBA ABJSIOTCS JHHEHHBIMH KoMOuHa-
UHAMH OT ay,..., Gy, TO A — JHHEIIHOE MoAnpoCcTpaHCTBO. Bexropnl
Qi, ..., Qp ABJAIOTCA 00pasyWLIUMH 3TOC0 NoanpocTpaHcTBa. Bribpa-
CbiBAs H3 HHX Te€, KOTOpble JIHHEHHO 3aBHCAT OT NPeIblAYIIHX, Ml
MOJIyUHM JIHHE[HO He3aBUCHMYIO CHCTEMY 00pasyiomuX NOANpPOCTpai-
crBa U, T. e. 6asy B . Ho uHcso BeKTOpOB 6a3bl €CTh pasMepHOCTh
NPOCTPAHCTBA, [IOITOMY pa3mepHocme nodnpocmparcmsa A pasHa
MAKCUMANBHOMY HUCAY AUHEUHO HE30BUCUMbIX BEKITIOPOB, COOCPICAUUXCA
8 cucmeme ai, ..., Qn. MlHOrma roBopAT, 4TO nmogmpocTpaHcTRo U ecThb
NOANPOCTPAHCTRO, HAMAHYMIOE HA BEKTOPH! 4y, . .., Q. CJIeloBaTeIbHO,
pasMepHOCTb MNOANPOCTPAHCTBA, HATAHYTONO HA CHCTEMY BeKTOPOB
a, ..., Gy, P&aBHA MAKCHMAJbHOMY W4YUCAY JHHEAHO He3aBUCHUMEIX
BEKTOPOB, COAep:KALUXCS B 3TOH CHCTeMe,

Crnoco6 HaTAruBaHHs IOANPOCTPAHCTB Ha 3afaHHYIO CHCTEMY
BEKTOPOB #IBJISIeTCs] BIOJIHE OOILUM: 8CAK0€ AuHeliHOe nodnpocmpar-
cmeo N aunelrozo npocmparcmea & g8asemcs  nOONPOCHLPAHCIBOM,
HamMAHYMmMoIM Ha c8010 0a3y.

[TockoabKY 4MC/IO JIHHEHHC HE3aBUCHMBIX BeKTOPOB B € He MOXKET
ObiTh 60JIbLUC pPA3MEPHOCTH ¥, TO OTCIONA BHJAHO, YTO PasMEepPHOCTb
JIHHEHHOr0 MOANPOCTPAHCTBA HE MOXKeT NPEBOCXOAHTH Pa3MepHOCTH
CcOBEMJIIONIEr0 NpocTpaHcTBa. DoJsee Toro, ecsu pasmepHoCcTb JHHell-
HOro IpocTpaHcTea ¥ pasHa paSMepHocm ero nomipocrpancraa U,
To 0a3a nns 2 Oygzetr Gasoit u gas €. [losTaMy Bcsakuii BeKTOp M3 ¢
Oyzer Bolpaxarbcd JuHeliHo yepe3 Gasy noAnpocTpaHcTsa A, TAKUM

oGpasom, % coenajaer ¢ ¢ CienoBaTesbHO, pasMepHOCTb HCTHHHOTO
HHHPHHOT‘Q noannocT pﬂ CTRA MeHLITIe nF]'—lMF‘ﬂI—Tn(‘TH nﬁT\PMHmTTTPY‘ﬂ

AR XRLLNAR PANSAALL 2 2 is A aantkiel CEda¥ar AL ) L L e S Y

TIPOCTPAHCTRA.

B xauectse mpuMepa paccMOTPHM OOBIKHOBEHHOE NMpocTpaHcTBO R,
o6pas3oBanHOoe HanpaB/JEHHBIMH OTpPe3KaMH, BHLIXOZAIMMH H3 HEKOTO-
por toukn O. PasmepHocTh npocrpaHcTBa R paBHa TpEM, NMOITOMY
HUCTUHHBIE TOANPOCTPAHCTBA MOTYT HMETh pasMepHocTb 1 uiu 2,
IlognpoctpancTBa pa3MepHOCTH 1 J@/IKHBI HaTATHBAThCA HA KAaKOH-

nMufin OMUHE HaHVJIeRNAN BAKTOD A4 T. £ NOJBKHEl OBITE  COROKVII-

VaARANSNS S ALEE AR D543 yURL LA EL Ll o iy LR S s AAASVALANLA LR NALFASAN Y &3

HOCTBIO KpaTHBIX «g Orpeska a. Ho Bce orpeskH BHIa aa Jjexar
Ha MpsIMOH, coiepxkaillei BeKTOp a. TakuM o6pasoM, 00HOMepHbie
nodnpocmpancmea R gsasomen  npaMbiMi, NPOXOOAUUMU  Hepe3
mouxky 0,

4+ .
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JIByMepHLle mnOANpOCTpPaHCTBA JOJKHBI HATATHBATLCA Ha JBa
JuHeHHO HEe3aBHCHMBIX BEKTOpa, T. €. Ha [Ba BekTopa a, b, He
JeKalllUX Ha opHol npsamoi. Ilyers ¥ — mjockocts, npoxonsmast
yepes BeKTopel @, b. Torga Bce JiMHedHele KoMOuUHauuu oa-|-[3b
Oynyr Jexarb B NJOCKOCTH A M, ¢ APYroH CTOPOHBI, BCAKHH BEKTOp,
Jexkamud B U, Oyaer JuHeiliHoH KoMOHHauue# BeKTOpoB aq, b.
ChaefoBate/ibHO, NOAIIPOCTPAHCTBO, HATAHYTOe HA BeKTOpH a, &,
OyZeT COBOKYNHOCTHI BEKTOpPOB, Jexamux B miaockoctH A. Hrak,
OBYMEPHOIMIL  ROONPOCMPAHCIBAMU Npocmparcmea R a84a10mes naoc-
rocmiu, npoxodawue ueped mouky O. ‘

IIpocrpancrBa pasmepHoctd, ©OoJbllell TpeX, He HMEIOT CTOJb
HArJSZHOrO reoMeTpHUecKoro Heroskopauus. OIHAKO reoMeTpUYecKyio
TEPMHUHOJIOTHIO NPUMEHAIOT U [JIs HUX, Ha3blBasd OZHOMEpHHE JIHHeH-
Hble NOANPOCTPAHCTBA NPAMbIMU, IBYMEpPHbE — naockocmamu, k-Mep-
HBle HPH R2>=3 COOTBETCTBEHHO — k-MepHoIMU nAaocKocmAmi. JIMHed-
HBle MOANPOCTPAHCTBA, PAa3MepHOCTb KOTOPBHIX Ha | MeHble pasmep-
HOCTH MPOCTpPAHCTBA, HOCAT CHELHAAbHOE HA3BAHHE eunepnaocKocmel.

Han noanpocTpancTBaMu 3aJaHHOro JIHHEHHOrO IPOCTPAHCTBA
MOXKHO MPOH3BOAUTbL HEKOTOPbIE ONepalliH, BaXKHEHIIHMH U3 KOTOPBIX
SBJSIOTCA CJOXKeHHe W nepecedeHue. [lepecederyiem TOANPOCTPAHCTB
9, B,... npocrpancTBa ¢ HasbIBaeTCsl COBOKYNHOCTE ‘I BEKTOpPOB,

BXOASIIHX ONHOBPEMEHHO BO Bce 3TH mnpoctpaHcTsa. Onepanus
mepecedednsa oboszHauaercs 3HaKOM (], TaK UTO ’

| P=ANBN...

ITepeceyerue 2106020 wucrq AUHERHbIX NOONPOCHLPAHCME NPOCITLDAH~
cmea L ecmv AuHelHoe noONpoOCMpaHcmsn Moo NPOocHipancmed.

B camoM jnene, HyJIeBOH BEKTOp COJEPXKUTCA B KaXKJOM H3 3ajaH-
HelX noanpoctpanctB ¥, B,.,. IlosToMy OH comepXuUTCS H B HX
nepeceyeHun ‘, KOTOpoe fABJSETCS, TA4KHM 00pa3oM, HENyCTHIM
MHoKecTBOM. C Apyroil CTOpOHBI, €CJAH Kakue-HHOYIb BEKTOD®l a4, b
BXOIHT B mepeceueHue |}, To OHHM, a BMecTe ¢ HUMH H Jiobas ux
JuHeiiHasi KoMOuHanusi eq -+ Bb BXOAAT B KaXKJA0e U3 NOANIPOCTPAHCTB
A, B,... Caencrareabno, oa-+Bb copepxurcs B P n P — JuneiHoe
HOJIIPOCTPAHCTBOC.

Cymmoll KOHeUHOTO UHCJa JHHeHHBIX nojgnpocTpadcts ¥y, Ay, ..., s
npocTpancTsa ¢ HaselBaeTcsl COBOKYIIHOCTb BEKTOPOB, NPeJCTaBHMBIX

B BHIC
g Lat...a, (1)

_rIe a; — Kakol-uubyap Bektop M3 A; (i=1,..., s). Onepauus cioxe-
HHS TOJANPOCTPAHCTE 0603HAYaeTCd 3HAKOM —|-. ,

Cymma KOHEYHO20 4HUCAQ AUHEURbIX ROOnPOCMPARCMe 1NpoCmpPan-
cmea ¢ ABAAEMCA CHOBA AUHeUHbIM no0npocmpaHcimsom, Komopoe
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co0epacum 8ce BeKmopbt 3Q0AHHbIX NOONPOCIPARCING, 4 MAKXHE 8re803-
MONCHBIE UX AUHelRbie KOMOUHayuu.

B camoMm jese, nycTb 3anaHbl JIMHeHHbIE. HONMNPOCTPAHCTBA
Ni,..., % 1 nyctp A=, |-...+A;. Ecau a, b~ Karue-aHbo
BeKTOpbl U3 ¥, TO 3TO 3HAYHT, YTO HX MOXKHO [PEACTABHTH B (opme

i a:al—!—ag—}—...‘:—as, b:bl—l‘“bg—{—...—{—bs,
rge a@;, b; npunagnexar A; (i=1,..., s). Ho torma npu mobuix «,
B u3 K )
ad ~ Bb == (aa1 — Bb1) - (243 - 3ba) . . . - (25 -} Bby)

ecTh pasyiokeHHe Bektopa oa-+80 THnma (l), tak Kak aaq; -+ (Bb;
pxogur B ;. Ciuenopatenbno, aqg—+ 36 Bxomur B A u ¥ — juHedinoe

------

] MIDI D A FEIvE,

Ara == ;
yro q; OyJlerT cojepxarbca B U, T. e. o COJAEPKHT BCe BEKTOPHI
us As.

OrtmetuM, HaKoHel, 0e3 J[oka3aTe/bCTBa CJedyioHiHe CBOHCTBa
CYMMBI [OANPOCTPAHCTB, HEMOCPEACTBEHHO BBITEKAIOUIME H3 ee ollpeje-

JIEHH A
TP ALDB=BF;

2 U 4 (B4-6) = (A B) - ;

3° ecau ¥ codepacumen 8 nodnpocmparcmee B, mo A -}-B="91.

PaccmatpuBass CyMMy JBYX IIPOH3BOJIbHBIX JIMHEHHBIX HOANpo-
crpancts ¥, B, MBI JErKO 3aMeTHM, UTO ee DPa3MepHOCTb 3aBHCHT
He TOJbKO OT pasMmepHocTed nopnpocrpancte Y u B, HO U OT TOrO,
KaK BeJHKa HX ofias wactb. TouHoe 3HayeHHE PasMEPHOCTH CYMMbI
JaeTcsl CJAeRyIOomen TeopeMoH.

Teopema. Pasmeprocnis cymmor 08YX AUHELHBIX NOONPOCHLPAHCIS
npocmpancmea € pasHa cymme pasmepHocmer. smux noonpocmparcms
MUHYC PAIMEPHOCHIL UX NEpecederis.

[Tycte ¥ U B — 3azaHHble NOANPOCTPAHCTBA, f; H r3 — COOTBET*
cTBeHHO HUX pasMepHocTH. O603HayuM pasMmepHOCTb fiepeceueHuss ¢
9THX MOANpPOCTpPAaHCTB uepes m. DBoibepem B ¢ Kakyro-nu6o 6asy
€1, Cay--+, Cm- DBEKTOPHI €y, Ca, ..., Cp JUHEHHO HE3ABUCHMBI U JieXKAT
B . Ilostomy B U MOXHO HaWTH TaKHE BEKTOPHl ai, g, ..., Qp, YTO
cucrema ai, 4z, ..., Qy, C1,..., Cn Oyner Oasoll B ¥ (cMm. n. 4.2).
[To roit ke npuuHHE B MNOARpOCTpaHcTBe B HAHAYTCA BEKTOPLI
b1, by, ..., by, KOTOpBIE BMECTEe C BEKTOpPaMH Ci, Cy, ..., Cm HARYT Oasy
Jasa B. IlockoJseKy 4MC/I0 BeKTOpoB 06asbl COBNajaeT C Pa3MEPHOCTBIO
IpOCTpaHCTBa, TO MeXAy UHCJAaMH 2, p # pa3MepHOCTSIMH MOANIPO-
crpauctB A, B CymecTBYIOT COOTHOUIEHHS :

n==~k-tm, re=p-+m.
Ecnu ™Mbl jokaxeM, 4TOo cHCTeMa -
a], sy ak, 01, Ve Cm,‘ bl, veey bp N (2)
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siBasiercst 6a3oll mpocrpancTBa A 4B, 1o Teopema | 6yger noKasana,
TaK KaK TOrja pa3MepHocTb npocTpaHctBa % --B Oyner papHA

k—i—m—}-‘p:ﬁ-{*—ﬁz—ﬂl.

Beaguit Bektop a u3 A BeIpa)kaercs JHHEHHO 4epe3 CHCTeMY
Qi, ..., Qp, Cly-rv, Cy, SBJASOIIYIOCA 6a30d #ast N, u Tem Oosee BhIpa-
)aeTcsl yepe3 cucreMy (2). AHAJONHYHO BCAKUH BeKTOp b u3s ¥
TakKe BbIpaxkaercss Judeftno depes (2). Ho toraa u cymma a-+ b,
T. e. Joboit BekTop U3 A - B, OyIAeT JUHEHHO BbIpakKaThCs Yepes (2).
Hawm ocraercs noxkasaTth, 4TO cucTema (2) JiiHeHHO He3aBHCHMA.

ITyctb

! Py

oo 1B ] - (0
0.4 1—|— -*—Ukuk—riibi—r [ dmbm 7T PIVT T e T Pplp U 0)
-— KaKoe-HHﬁy,ILb JIUHEHHOE COOTHOIIeHHe MCXKAY 3THMH BEKTOpaMH.

TTonocxkuMm
b=0by ... 4-Bpb,

Bektop b Bblpaxaercs JHHEHHO Hepes BeKTOPHI by, ..., by, comepxa-
muecs B npocrpancTee B, mnosromy b coxepxurca B B. C apyroit
CTOPOHBI, H3 (3) BhITEKaeT, 4YTO

b—— oy — ... — apap — [1C1 = « oo ™ YmCrm- (4)

[TocKoaBKY ai, ..., dg, €1, ..., €n cOZEpKATCH B ¥, TO OTCIOKA CaefyerT,
uro b Takke cojepxkuTes B U. CrenoBaTesnbHO, b BXOAUT B Iepeceye-
Hue mnpocTpartrs ¥, B, H, 3HAUHT, B BLipaxkeHuHd (4) BexTOpa b
yepe3 6asy A OTCYTCTBYIOT Y/EHBI C @i, ..., Qg T. €.

TC = oo = YmCm = Bibr - - Bby = 0.
I—If\ Falp¥alsarand ¥ Xal Fa rad k, l\ an Tagoamr o KGO(’\;} T Tr ¥ m kP Falhe Vo'l Vet
11V Lrlvivivid Uy e . ’ Uy U], . +y Up Apvirsrivivsa VAUl vl ~J fl’ LTy | AU-
Bare/ipbho, JHHEHHO HQSaBHCHMa, MMo3TOMYy
TJ:"‘:Tm:glz"‘ZSP:O'

JliiHellHasl He3aBUCUMOCTb CHCTeMbl (2) JoKasana.

3 jpokasanHHOll TeopeMbl MOXKHO BHLIBECTH HEPAaBEHCTBO, Aalolilee
HauMmeHbpllee 3HayeHHE pasMepHOCTH IepPecedyeHHs] NOANPOCTPAHCTR.
PaccmoTpuMm  Kakue-ubo JmHelinele mognpoctpasctBa A, B uz
1 o603HAYUM uepe3 ry, f; Pa3sMEpHOCTH 5THX MOAMPOCTPAHCTB, Yepes
71 — Pa3MEpHOCTh €, ugepes /M — pa3MepHOCTL MepeceyenHs AN B.
Ha ocrHoBanuH TeopeMbl pa3mepHoCcTb cymmbl A - B paBHa ry + ra — m.
Opnako pasmepHocTs cymMMbl ¥l -8B He Moxker ObITH GoJiblle pasmep-
HOCTH TIPOCTpaHcTBa . CJIE,Z{OBaTe.HbHO, ri—~re—m=<n, OTKyAa
mz=r~--rys—n. Hrtax, pasmeprocme nepeceyerus O08YX AURELUHbIX
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nodnpocmpancmg npocmpancmea & He moscem Oovunb mexslue u3bbimsa
CYMMbBL  pasmepHocied  3mux NoOnpoCmpancms HA0  pPABMEPHOCITLLIO
npocmpancmea .

Hanpumep, mnepeceuenne IBYyX TIJIOCKOCTEH B TpexXMepHOM Mpo-
CTPAHCTBe BCerja CONEPXKHT [IPAMYI0, MepeceyeHHe JBYMepHOTO
¥ TpexMepHOro MOANPOCTPAHCTB YeThlPEXMEPHOro NPOCTpaHCcTBa colep-
JKHT IIpsIMylo, [lepecedeHHe JABYX TPeXMEpHBIX MOAMPOCTPAHCTB
B YeTbIpeXMEepHOM MPOCTPAHCTBE COAEpPKUT MJAOCKOCTh H T. [.

6.2. Ilpsimpbie cymmsl. COrJIacHG OMPeUCJCHUIO BCAKHH BeKTOp @,
NpHHalJIeKAlUHK CcyMMe JIMHEHHBIX NOJIPOCTPAHCTB

Q[:%II+913++%{sv

MOXKET GbiTh npejacTaBjell B BHAE
a:al—{—ag—{-...—{—as (aie%, i:—"l,...,S). (1)

Onnako 3T0 npeicTaBieHue, Boollle rosopsd, He 6YJeT GIHO3BAUHbBIM,
Ecan xaxiapli BeKTOp a U3 A JOUyCKaeT TOJBbKO OJHO IpecTaBJe-
uue BHza (1), T. e. ecau u3 paBeHCTB (1) u

a=ai-+ay--...+a; (@€, i=1,...,59) (2)

caenyer, 4Tto @ =4aj,..., ds=4a;, TO CYMMa Ha3bIBAETCHA NPAMOL
cymmoti v obo3Havaercs

W =Wy Ay . .=

[TpsiMple cyMMb! 001a1a10T MHOIOYHC/IEHHBIMH CIEIHaJbHEIMH CBOIl-
CTBAMH, HEKOTOPBIE W3 KOTOPHIX MBI Temepb PaccMOTPHM, Tpexie
Bcero, TpeOoBaHHe OJHO3HAUHOH pAas3/OXKUMOCTH JioOOro BekTopa
CYMMbI MOXHO B ONlpefesieHHH PAMOH CyMMbl 3aMeHHTh GoJiee cabbiM
TpeGoBaHHEM OJHO3HAUHOH pPA3JI0KUMOCTH TOJBKO HYJEBOr0 BeKTopa:
ecau  Hynresoli eexmop cymmot U =W -+ Ag+...-+A; donycraem
moavko 00HO pasaoxcenue suda (1), m. e. ecau u3

QTG+ ...+a==0 (q; ¢ A, i=1,...,59)
caedyem, 4mMo 4y ==0y=...==Qs==0, MO CYMMQ ABAREMCA NPAMOL.

Hnst poxasaresbcTBa paCCMOTpHM KakoH-HHOY/1b BEKTOP CYMMbl d
M JcHycTHM, 4TC OH HMeeT fABa pasqoxenus: (1) u (2). Beiuuran
M3 OJHOrO pa3JoXKEeHHS LPyroe, MOJYYHM

(a1—a[)+(ag~a§)—|—...—{~(as—a;):o.

Tak kak 3fmecb (q;—a;)) & A;,, i=1.2,..., s TO COrJIaCHO IpPEANo-
JOXKEHUIO
Qy — Q==0y — Qy==,,.=0s — A3 ==0,
HJIH
a=ai, Q==a, ..., G;=—0as.

YTBep:KIeHUe J0KasaHo,
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Caenyiomas TeopeMa OTHOCHTCH K YNOTPeGJEHHIO B MNpPSMBIX
cyMmax ckoGoK.
Teopema 1. Ecau pasroxcenus aunetinoix nodnpocmparcms

A== Uy - My ..., (3)

A, =§H11+§Hm+...+g{1ml, 2

- L . L[] L] - - L] L] - - . - [ - (4)
g[s=glsl+%[ 2—*—-..'_1—%[5”13,

npamele, mo pasroxcerue .
A==y Ang oo Uiy, oo Hg + Ya o - Uemg (5)
MAKHE RNPAMOE; UHbIMU CA0BAMIL, €CALL 8 NPAMOL Cymme Kaxcooe
CAG2AeMOE 3AMEHUMb €20 NPAMbIM PA3A0IEHUEM, MO NOAYUUNICA CHOBA
npamoe pasaroxcerue. Obpammuo, ecau . pasaoxnenue (D) npamoe, mo

pasaoxcerus (4) u (3) maxoe npamsie.
JokaxeM cHauaJja nepBoe yTBep:aeHue.  IlycTh-

au—r—ala—-ﬁ—.---r—aiml —i—---—P-asi —ras%—r--o—}—asmszo-
IlepenuiieM 3T0 paBeHCTBO B BHAE

G +ay+...+a;,=0o, (6}
rae '
Qr==a;--ap ...+ Q. i=1,2 ..., 8 {7\
] i1 | | im; 154 3 3 e \i)
Tak kKak a; € ¥;, a cymma (3) npsmas, 10 ua (6) craeayer, uro
Q=Q==...==Q;==0 H PaBeHCTBO (7) MEepPEeXCHHUT B
a,-i—}—a,-g—{—...—{—a,-mi——-o (i:l,?,..., S). . (8)

Ho. pasJgocxkenune '
'%Iv,-xgl,-l—i—%g—i— .o —i—g[imi

IO YCJOBHIO TaKXKe INpsMoe, MO3TOMY u3 (8) cllefyeT, uTo @; =
— . .==0:,..=0. |aKUM o6pa3oM, cymma ("ﬂ npsMasi, 4To U

Ay MMa (D) npamasd U1
Basock. [loBTopsisi paccyxienusa B oOpaTHOM HOpsiIKe, TOJYYUM
LIOKA3aTeJbCTBO O0pPATHOIO YTBEPKACHUS.

Teopema 1 nosBossier paccMaTpHBaTh NPAMYIO CYMMY HeCKOJBKHX
NOANPOCTPAHCTB KaK pe3yJbTarl MNOCJAeJOBATENbHBIX HPAMBIX CYMM
ABYX cJaraeMblX. ¥ CJIOBHSI, IpH KOTOPBHIX CYMMa ABYX NMCJANPOCTPAHCTB
OvaeT nmpsAMOH, MOXKHO INpPeACTaBHTb B cJelyiomeil YHOOHOH ¢opme.

Teopema 2. [aa moeo 4mobor cymma 08yx AUHELHbIX noonpo-
cmpancms npocmparcmea £ bviaa npamoi, Heobxodumo u docmamouno,
umolvl nepecedenrue smux nodnpocmpancme ObiA0 HYAEBLIM.

B camom jese, ecau mnepeceyeHde AByX noampocrpaHcts U u B
COIAEPXKUT HEHYJIEBOH BEKTOP @, TO JAJs1 0 MOXKHO HAIllHCaTh pasjio-
JKeHHe . ' ‘ ‘

a-(—a)=o

-
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rie a0, a €A, —a € B, u, ciepopatesnbHo, cymma Y-+ B nps-
molfi He Oyger. OOparHo, ecad cymma U - B He npsamas, 10 Aad
HYJIEBOTO BeKTOpa NOJIKHO HAaATHCh pa3JoXKeHHe

a-+b=0 (a0, ac ¥, bcB).

Tak kak b=-a, 10 b Bxomur U B nopupocrpanctso Y. Crenosa-
TeJIbHO, B 3TOM caydae nepeceuenvie U () B copepxuT HeHYJIeBOH
BeKTOp b, 4TO U TpeGOoBAJOCh.

Teopema 3. Pasmepnocme npamoild cymmot noOnpocmMpancs
pasHa cymme pasmeprocmel 3mux noonpocmpancme.

Ecnu caaraemblx gBa, TO corsiacHO M. 6.1 pasMepHOCTH CYMMBI
paBHA CyMMe pa3MepHOCTell cJjlaraeMblX MHHYC pasMepHOCTb Nepece-
yeHug, Ho no Teopeme 2 nepeceueHue NOANPOCTPRHCTB B CJjyyae
NpsAMOH CyMMBI SIBJfIeTCSl HYJIeBBIM H €ro pasMepHOCTH paBHA HYJIKO.
TlostoMy pasmepHocnie npamotl Cymmvt 08yx NOORPOCMPAHCME pPABHA
cymme ux pasmepuocrieli. Ecau caaraemblx OoJiblle wyeM gBa, TO JOKa-
3aTeJIbCTBO JIGTKO IPOBOJHTCS NOJHOH HHAYKIUeH,

s rteopembl 3 BbiTekaeT Takoe CJEICTBHE: ecatt NOONPOCIPAR-

cmeo U ecmv npamas cymma noonpocmparcms Uy, ..., U, mo,
golbupas. 8 KaxcOom nodnpocmparncmse U; basy an, Qp, ..., Qin,
(i=1, 2,..., s) u o6wedunnn smu 6aspt 8 00HYy cucmemy

Qit, Qg ey Bmyy ovvs sty sty ven s omgy 9

MoL noaywum 6asy no@npocmpaﬂcmea A.

JeHcTBUTENBHO, Kax bl BEKTOp NOANpPOCTpancTBa A; Bhlpaxkaercs
JIHHEeHO uepes BEKTODbI (9), noatomy u JuoOofi Bektop M3 A Gyaer
BbIpaXkaThCs JIHHEHHO yepe3 BeKTophl (9). UHcs0 BeKTOPOB crcTeMsl (9)
paBHO Ha OCHOBAHHH TeOpeMbl 3 Pa3MepPHOCTH MNoJnpocTpaHcTBa .
[Toaromy cucreMa (9) siBnsercs OGasod ans A, yto U TpeboRaJoch.

Teopema 3 nonyckaeT o6pallleHHe: ecAll pASMepHOCb CYMMbL AUHel-
HUIX NOORPOCMPAHCIG PABHA CyMMe Ux pasmepHocmet, mo cymma
npamas.

[lyctb cHavana U=y u

Fl

pasM. ¥ = pasm. A; - pasm. As.

B cuay Teopembl n. 6.1 orciofa cJjepyer, YTO pasMepHOCTL Iiepece-
yenusa Ay {) Yo paBHa HYyMO, H, CJeJoBaTeNbHO, 3TO MNepeceueHHe
aBaserca HyJseBbiM. CorsiacHO Teopeme 2 OTCloja B CBOIO oqepe,ub
Chchyer, 410 CyMmMa al -I—‘-:‘Ag npaAaMasn. CCId 4KHCIO Cjaraeémbix 6oJibilie
JABYX, TO IJ1f1 JOKa3aTesIbCTBA JOCTATOUHO IPHMEHUTh HHAYKIHIO.

- 6.3. CuacremMbl OJHOPOXHHIX JAMHEHHBIX ypaBHeHMd. B kauecTBe
WJULIOCT PallHi K TEOPHUH JIMHEHHBIX HOAMNPOETPAHCTB PACCMOTPHM 3ajauy

O pelIeHHH CHCTEM JIMHEHHBIX OJHOPOAHBIX YpaBHEeHHH, T. e. CHCTEM
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BHIA
£1011 + Eaar + —i— notm =0,
c . (H
E1OC1m + Eiaﬂm “ee _f" gnanm - 0;
rje «;;,— 3ajaHHble JeMeHThl Kakoro-to tena K, a & ..., £, — Heus-

BECTHbIE, 3HAYEHHS KOTOPbIX HIYTCST B Tese K. CHCTeMy (1) MOKHO
nepenucatb B CJeAyOLIEH MaTpuuHoil dopme:

x-A=0, (2)
rre v [E, ET — rrnniza uouonaeturnty a A —lla. . Il — mrarnira
IA\, Vv l:l’ :.U' ] ‘nj L 1 IJUZLM Ll\al]uu\z\ulllullk, ia 4 A || V’vl] “ Jllul}lllqu
y Kotopoil j-ii croaber; o6pasoBaH KOs(PUUHEHTAMH j-ro ypaBHEHHS
cucreme! (1). Hyneras crpoka [0, ..., 0] sBiasercs pelueHueM cHcre-

Mbl (1) npu JoObiX KospHLUHEHTaX o;; ITa CTPOKA HA3hIBACICS Hyae-
6bIM WJIIH mpusuasbreim pelieHHeM cucreMbl (1). CymectsoBanue TpH-
BHAJBHOIO pellieHHs] MOKas3bIBAET, UTO CHCTeMa OZHOPOAHBIX JMHEHHBIX
VpaBHEHHH BCerja HelpoTHBOpPEUHBaA.

Has 6onee moapcOHOTO M3Y4YeHHS CBOMCTB peuleHHH cucTeMbl (1)
o603HauuM depe3 ¥ MPOCTPAHCTBO CTPOK JAJHHBI n Hal TejoM K H
kaxpgoe pewmenue [§f, ..., &| cucremnl (1) 6yzem paccMatpHBaTh Kak
BEKTOp X MIpocTpaHcTBa £, yIOBJeTBOpsOWIMA ypaBHeHuto (2). Coso-
KYNHOCMb 6CeX pelleHutl ypasHerus (2) ABAAemCa AUHERbIM noonpo-
cmparcmeom npocmparcmea €. lefictButenbHo, H3 (2) B y-A=0

caenyer
(% 4-py) A=\ (xA) --p. (yA) =0

nas mobeix A, w € K. Muaue roBops, npou3posibHAs JuHeliHAag KOM-
OGuHALUS peLleHH “CHCTeMbl (1) aBasiercs CHOBa pelreHHeM cucremsl (1).
[TocKo/IbKY nmpocTpaHCTBO ¢ HMeeT pasMEepHOCTb £, TO pa3MepHOCTh
MPOCTpAaHCTBA pelleHHH tHcreMbl (1) MMeer pasmMepHOCTb He BBILIE 1.

['oBopsT, UTO Kakue-T0 pellleHHA Xi, ..., Xs CHCTeMbl (2) o6pa3ywoT
pyndamenmanonylo cucmemy peiwenuti paa (2), ecau Jmoboe peleHue
CHCTeMBI (2) MOXXHO INpelCTaBHTb B BHIe JHHeHHOH KoMOHHALHU
yKa3aHHBIX pemteHuit Mx;— ... 4-XX; H B TO e BpeMs HHKAKOe H3
pelIeHHH Xy, ..., X; HeJabsd Hpe,[[CTaBHTb B BUJe JIMHEHHOH KOMOH-

HAaUMHM ocTtaJdabHblX. Ha s3blKe Teopuu JiMHefiHBIX I[IPOCTPAHCTB 3TO
OQHQUQPT‘ UTO COROKVIHHOLTL X Y. gRrJdercd nnocro H13011 nnﬂ..

ariada Rl a A% ARV Y RIS L Ay ey g JIDVIAL I Al AR v

nPOCMpPancmea peluenud, a YHCI0 (QYHIAMEHTAaJbHBIX PellleHHH — 370
pasMepHOCTb MOANPOCTPAHCTBA peLIeHni, '

Panzom o0nopodnoid cucmems: (1) HaszpiBaeTcs paHr ManPlIlbI A.
Onnopopsbie cucreMul BuIa (1) siBASIOTCST YacTHBIM BHIOM OOIIHX
CUCTeM JIMHeHHBIX ypaBHEHHH, yXKe H3yueHHHX BT. 5.3. C nowmoibio
JOKa3aHHOH TaM TeopeMbl Kponekepa — Kaneanu Jerxo nosygaercs
OCHOBHas
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Teopema 00 OJHOPOAHBIX JHHEHHBX YPaBHeHH A X.
“Pasmeprocmb npocmparcmsa peuienuil cucmemvt (1) 00ropoOrbix auneli-
HOIX YPABHERULL C N KEUSBECMHBIMU PABHA PASHOCIU N — I, 20e t — PaHe
cucmemot (1).

Ecau r=n, 10 no teopeme Kponekepa—Kaneanu cucrema (1)
JOJXKHA HMETbh eAMHCTBEHHOE pelleHue, SIBJSIIONIEECs, CJeR0BaTeabLHO,
npocTo HynaeBblM pemendeM. [loanpocTpaHcTBO pelueHHI COCTOHT H3
OJHOTO HYJIeBOro BeKTOpa, H ero pasmepHocTs ( coBnajaer ¢ pas-
MEDHOCTBIO 71— T.

[Tyere r<n. Coraacro teopeme Kponekepa—Kanesnn cucrema (1)
B ITOM CJyyae (nocje MNOAXOAsIleHd nNepeHyMepalllld HEeU3BECTHBIX H
ypaBHeHHil) 6yJer paBHOCH/IbMA CHCTeMe BHJA :

b= Euﬁui 1 . + EnTnl,

: (3)
- Er+1Tr+l r + + Qnan:
rope s, — nopxopsmue saeMeHtsl H3 K. HewussectHeM E,4, ..., &,

31ech MO)KHO NpuaaBaTh HPOH3BOJbHLIE 3HayeHus H3 K. I'Icmara;;
nocJeioBaTeNbHO

oty Erts oov s Ex]==[1, 0, ..., 0],
[Er+]'? Er+‘-’9 ey En]=[0: 1, vy O];

1, E_)"J_Q, e g E-’!]:!_O. O 1]
U BBIUHCAAS KaxIbld pa3 mo QopMmysam (3) 3HAYeHUsT HEU3BEeCTHBIX

&, ..., &, HAXOOUM CJAEAYIOIIYIO cHCcTeMy petueHu# pias (1):
5| :[anl,l: tery Tr.{J s 1 0 ’ 0]’
Cg:[“{]._a_g’l,..., Tf+2f’ 0 1 ,0], (4)
Cnr— [Tnly ceey ana O 0 , I]

Mpbl 3HaeMm, UTO YHCJO JHMHEHHO He3aBHCHMBIX CTPOK B CHCTEME ¢y, ...
..., Cn_, COBIIAJIAET C PAHMOM MAaTpHIbI, COCTABJEHHOH H3 9THX CTPOK.
Ho u3 (4) BuaHO, uTO yKa3aHHAsi MaTpHLA COAEPXHT MHHOp, o6pa-
30BAHHLIN I[OCJAEIHUMH N — r cToJ0LAaMH, SBJSIOIIHACT eLUHHYHOHR
matpuueit. [losTomy paHr marpuupl paBeH H-—r, H, CJeROBaTeJbHO,
BCe BEKTOPHI Ci, ..., C,, JAHHEHHO He3aBHCUMEL C ApYrod CTOpOHLL,.
bopmyasst (3) NOKaswIBaKOT, UTO J060E pellleHue x =&, ..., &3] ynos-
JIeTBOpsieT COOTHOLIEHHIO

x__'_Ej]'—l—lcl_'{_ “oa ‘+Egcn_r,

T. €. sBJAfercsl JuUHefiHOH KoMmMOuHalueH pemeHHd ¢j, ..., Cpp. 1€M
CaMbIM ML y6e,tm.1mcr: YTO CHCTEMA €, ..., Cn_, ABJIAETCH 6430i npo-
‘CTPAHCTBA pelleHHld cucTeMel (1) u nm‘omy pasMepHOCTb 3TOrQ Hpo-
CTpancTsa paBHa f — 7.
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OtmeTuM 1Ba HEHOCpeIlCTBEHHbIX CJeACTBHSI I0Ka3aHHOH Teopemal.
Crnencreue 1. [Jas moeo umobor cucmema n 00HOPOOHbIX AuHeli-
HulX YPABHEHUIL C N HeUu38ecHbiMU

51111+ —Q—E’l 1—-0
J7nl+ +E 1nn“—’o

¢ Koaghpuyuenmamu u3 kaxoeo-nubyde menra K He umera Heriiesvix
peterutl, Heobxo0umMo u 00CMAMOYHO, 4rmobsor MAMPUYA IMOL cucmembt

11 <o Gy

A= ..

L e By |
Ovbiaa 0Opamumoll.

JleficTBUTe/IBHO, YCJCBHE 1 ==r O3HayaeT, YTO PaHr MaTpHin A
JOJXKeH coBnafjaTh € ee IOpsAKoM, T. e. mMarpuua A jo/xHa OHITH
o0 paTUMOH.

Cnencteue 2. Has moeo umober cucmema n aHeliHoix 00HO-
POOHbIX YPaBHEeRWU ¢ N Heu3BeCHHbIML € Koddpuuuermamy u3 Hexo-
MOP020 NOAS UMEAQ HEHYAeB0e pelueHue, HeobXo0umo u 0oCmamoyro,

4mobvt onpedeatmens mampuybt 3mow cuctemvt Obla pasen HYo.

B camom jgene, KBajpartHasi MaTpHua C 3JeMEHTAMHM H3 noJs
TOrja U TOJBKO TOorja HeoOpatuma, KOrja €e Olpejfes]uTesb paBeH
HYJHO.

Mbt BuaeaH, uTo TeopeMa 00 ONHODOZHBIX JIHHEHHBIX ypaBHEHHSIX
ABJASIETCS NMPAMBIM caelcTBHeM Teopembl Kponekepa—Kaneaau. Ilo-
cefHAs Teopema -CNpaBejJ/HBA HE TOJBKO JJs JIHHEHHBIX CHCTeM
¢ npaBbiMH Kos(dunHeHTaMH, HO U AJS JHHeHHBIX CHCTEM C JIEBBIMH
Kosdpdunneraramu. ITosToMy HapsiLy ¢ TeopeMOH 00 OXHOPOIHBIX JIHHEl-
HBIX YpaBHEHHSIX W CJeACTBHeM | clipaBel/MBbI AHAJOTHYHBIC YTBEpK-
JEHHd ¥ O CHCTeMaX OJHOPONHBLIX JIHHEHAHBIX YPaBHEHHH C JIeBbIMH
I(OB(pqi)HILHEHTaMH a HMEHHO: COBOKYITHOCTD peleHHHA-CTOJIOLOB X ==
...y &n] cUCTEMBl OJHOPOAHBIX JIHHEHHBIX YpaBHEHHH

03151 -1‘ + aln =0,
. )
amIEI "{— + Cpnnbn == 0 _

¢ KoxpduumueHTaMH H3 HeKOoTOporo tesa K sB/sIeTCs JIUHEHHBIM Ioj-
IpPOCTPAHCTBOM NPOCTPAHCTBA BCeX CTOJONOB AJuHbI n HaX K. Pas-
MEPHOC® STOrO MPOCTPAHCTBA pelIeHHi paBHa n—r, rle r— paHr
marpuitl A==||a;;||, y KoTopoii i-i CTpoKa oﬁpasosaua Koagpu-
UHEHTAMH [-rO ypPaBHeHHs CHCTeMb (9).
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MpuMepbl H 3aKa%H -

1. Hafity pasmepHocTb JTHHEHHOro NMORNPOCTPAHCTBA, HATAHYTOrO Ha BEKTOPH
a=1,3 2 1], b=1[4,9, 5 4], c=[3, 7, 4, 3].
'Ecan’ €1, gy .on, €y — '6a3a auHEHHOTO npocTpadcTBa ¢, a A;—amneitHoe
NOANPCCTPAHCTBO, HATAHYTOE Ha €;, TO

e=9, %, - ... -9, '

3. Jlas ¥amROro MCTHHHOTO MoAnpocTpaHcTBa A mpocTpancrBa ¢ cywectByer

Takoe nHHeHHoe nognpoctpaHctio B, yto ¥ =N 1 .
4. Jlokazaty ciaenywuiee 06061ueHne teopeMbl 2 m. 6.2: nus Toro uro6bl
CYMMa HeCKONbKHX 33JaHHBIX.JIMHEeHHBIX MOANpPOCTpaHCTB Oblaa npamoft, Heobxo-
AUMO H AOCTAaTOWHO, yToObl Ka¥Ja0e W3 3adaHHbLIX MOXIPOCTPAHCTB HMeo HYyJe-
BOe MNepeceuyeHHEe € CYMMON BCEX OCTalbHbIX.
5. HoxaaaTb NTO MepeceueHite Beex mmeﬂﬂblx nonnpocrpancrs NpPOCTpaH-
X § 1 [] t

nocnenﬂnx. ‘ -
6. [Mokazath, uto a1a awl6ux noanpoctpancts A, B, € aunelinoro npocrpan-
CTBEA MMEIOT MECTO paBeHCTBa

-6)
) (91+§S)(9I—|-(§)=91+(21+%)(S

rne nast KparxocTe nepecCevyeHUC MOAnpocTpalCtTs o603HayeHo Kak nponsseneHmne.

7. Besgree auygelinoe NDOCTNAHCTED [\ ﬁanununuunﬁ DAZMENHOCTY CONODIKPT
i e LA FIINV Ulll[l\-l’l[lu\_ s tl yuuhjuu g AVASL P LR TIP R AR R AV ¢ IJ h)l"l\.ar)l]\.f\.vl 1 43 AL Pm'll

HCTHHHOE JAHMHEeHHOe NOANMPOCTPAaHCTBO, PasMEPHOCTb KOTOPOro COBHazaeTr ¢ pas-
MepHOCTHIO BCEro MpocTpaHcTra .
8. lan xakux 3HaueHHH A (M3 [TOAA KOMNJAEKCHLIX YMCENd) CHCTEM2 YPaBHEHRIl

x—;—any—nzzy,
2x4+ y— z=hux,
x4+ y— z=0

¥MeeT Henyvaepbe peumrenue? Jas xakux 3Havenuit A MpOCTPaHCTBO PelleHUH 3ToM
CHCTEMbl HME€eT HauBLICIIYIO Pa3MepHOCTH?
9. Jlas kakMx 3Haye¢HMP napameTpa A CHCTeMa YpaBHEHHH

x4+ y+(—2z=1,

Ax -3y 4 hz==2
COBMECTHA?
10. Kaxosul pa3smepHOCTH IPOCTPAHCTB PEHICHBH CHCTCM
x— iy-- dz=0 X —yi +zi =0
Jx - ky— z==0 ¢, Xj YR —z =0,
X — iy4- (2 — j)z=0 x —yi 4z(2—j)=0

paccMaTpvBaeMBIX Haj TenoM KBaTepHRoHoB (m. 1.5)?

11. CywecTByer AM MHOFOWIEH OT KBAaTePHHOHHBIX NEDEMEHHHX &, b, ¢, d
C KBaTePHHOHHBIMU ko3dduUHeHTaMH, o6paLleHHe KOTOPOTo B HYAb ABJIAN0CH Obl
HeoOXOAAMBIM H JNOCTaTOYHBIM YCIOBHEM AJA8 CYLIECTBOBAHHA HEHYIEBOrO perie-
HHA Y CHCTeMbl JIMHEeHHHIX ypaBHeHuH

ax--by=0, x4 dy=0?

12. CymecTByeT ¥ MHOTOuleH ot a, @, b, b, ¢, ¢, d, d, y.noanernopmomuﬁ
TpeGoBaHHAM DIpeAibiNy 11 ero ynpaxHnennar ) j

il



Faasga UI
JIMHEHHDLIE INMPEOBPA30BAHHU A

OcHOBHOIT 1eaplo HacTOsLeH IJaBbl ABJASETCST H3YUeHHE CBOHCTB
upecOpascBaHuil TuHedHbIX npocTpaHeTB. B §§ 8, 10 1 B . 9.1, 11.1,
11.2 nMKakuX orpasudyeHHH Ha OCHOBHOe TeJIO He HaKJaJbIBaeTcs.
B nn. 9.2, 9.3, 11.3, 11.4 u B § 12 npeanonaraercs, 4T0 OCHOBHOE TeJO
——gBaseTcd mnoJjeM. Bo BBOZHOM § 7 ycTaHaBiuBaeTcs PAL MOHATHIE
K CBOWCTB, OTHOCAIIMXCHA K INpecOpa3’oBaHUSIM COBEpPIICHHO I[1POU3-
BOJIBHBIX MHOMKECTB.

§ 7. Mpeodpa3oBaHusi NPOU3BOJbLHBIX MHOXKECTB

7.1. Npoussepenne npeoOpaszosaHuit. PaccMOTpHM 11pOU3BOJIBHOE
MHOXKECTBO OOBEKTOB IN. D10 MHOXKECTBO MOXKET COCIOATbH KaK H3
KOHeYHOro, Tak M K3 OeCKCHEUHOIo 4McJaa 3saeMeHTOB. [1peobpasosa-
Huem MHO:xKecTBa U HasbiBaeTCcsl TAKOH 3aKOH, KOTOPBIH MO3BOJISIET,

3HAd9 KakoH-/1u00 3JieMeHT MHGXKecTBa I, Haxo-
dhs JUTb CHOBa HeKOTOpbI# asemeHT U3 IN. Mol yc-
JIOBUMCH 0003HauaTh npeodpa3oBaHHs GyKBaMH
o, B, ...Eciu m — anement u3 M, TOUepes
me# OygeT o003HauaThCH TOT 2JEMEHT MHOKe-
bl f cTBa I, KOTOPHI IOJIyuaercss H3 3JIEMEHTa m
II0CPEACTBOM I1Pe0BpPa3cBaHHA e . DNIEMEHT Mmos
HasblBaeTcst 00pasom 3JieMeHTa i IpU N peob-
pasoBaHHH o#, a m HasblBaeTICs npPOo6pasoMm
sJieMeHTa Mot .
PaccmorpuM B KauecTBe NpHMepa COBOKYII-
Puc. 2. HOCTb BCeX TOYeK I[JIOCKOCTH H 0003HA4YMM
yepes # npecOpasoBaHHe, 3aKJIOYaONeecs
B HOBOpOTe TOYEK AJTOH NJOCKOCTH Ha 90° 0KOJIO HEKOTOpoH ee
toukd O mporusB yacosofl crpeskH (puc. 2).
[Tonb3ysicb PUCYHKOM, Mbl BUIHM, 4YTO

all="b, cl=d.

Ananoruuno, ecan & o3HauaeT CABMr ToueK Ha 1 mapanienpHO

ocu Oa, TO
a@:c, b.@:f.
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JIBa npeo6pa3oBaius o#, <8 MHOKecTBA M HA3BIBAIOTCH PABHLIMU,
eCNH IJIs1 KaXJaoro asjnemeHrta m U3 i

Mo = mdB.

OnHHM H3 OCHOBHBIX MOHSITHH TeOpHH NpecOpas’oBaHHil ABASETCH
NOHATHE MPOH3BeieHUs] MpeoOpa3oBaHWi, KOTOpOe BBOIHTCS CJELYO-
1HM obpasoMm. IlycTb JaHbl npeoﬁpasosaHHﬂ o#, & MHOKecTBa .
[TepBoe U3 HUX IepeBOLUT NPOU3BOJLHLIE 3JeMeHT /1 MHOXecTBa N
B me#. Ecnu K HOBOMY 5/eMEHTYy NpHMeHHTh NpeoGpasoBanue 7,
TO FAOJYYHTCST 3JIEMEHT (mvf)@/d [Tpeobpasoranue, nepeBogsimee m
HEMOCPENCTBEHHO B (mo#) <, HasbiBaeTcsl npoussederueM o# Ha <X
H ofosnauaercst <. Takum 006pa3oM, MO OlpejeNeHHI0

m (AR == (Meaf) B

Ecnn x aJeMeHTy m CHauala NpPHMEHHTh mpeoGpasoBanie B,
a 3ateM o, TO MOJYUHTCH 3JeMeHT (msh)e#, KOTOPHI MOXeT He
coBNACTb ¢ (me#)<B. JlefcTBUTE/IbHO, B pa30GpaHHOM BHILE MpHMepe
C I1JIOCKOCTBIO HMeeM

a(%‘@)-_—:(aﬂ).@:b@':f;
a (DU = (@D)U =cll =,

caefoBatenbHo, X7 # Z¥. Taxum obpasoM, npoussederue npeobpa-
308aHuULl 8000We 3asucum o nopsaoKa comuoxcumened. Mel BHAUM, 4TO
OAMH H3 OCHOBHBIX 3daKOHOB, KOTOPLIM MOAYHHSAETCH IIPDOU3BENEHHE
uhcesa, Tepserca Aas npeobpasobauuil. OnHakKo ApPYrofi OCHOBHOMH
3aKOH — QCCOUUAMUBHOCb YMHONMCEH A — RJIs TIpeoOpa3oBaHKil coxpa-
Hsercd. B camom nene, myctb o, ¥, € — npousBoJbHbE Npeobpa-
30BaHHs MHOxKecTBa M, m — OJZHH H3 ero aaeMenToB. CorJiacHo ompe-
JeJieHHI0 HMeeM

m ((e#£B) &) = (m (e#F)) € = ((met)H) T,
m (e (BE)) = (met) (RBE) = ((me#) F) &,

OTKYyZa
(AR EC == o (FE).

[lonb3ysicb 3THM 3aKOHOM, JErKO BBIBECTH, UTO npoussederue aw06020
KOHEUHO20 HucAq npeobpasosanuil, 3anucanHbix 8 onpedeseHHom nopaoke,
He 3asucum om cnocoba paccmarosku ckobox. Tak, HampuMmep,

(A B) (€D )= ((c#B) C) D = (o (BT)) T ==t (HC) D).

Ilostomy B mpousBefeHHsIX, COepKAUIMX HECKOJIbKO COMHOXKHTeJEH,
MOXKHO ONYyCcKaThb CKOOKH H TOBOPHTbL NPOCTO O IPOH3BeIeHHH JBYX,
Tpex W OoJjblnero uucja npecbpasopanuii. [Tpoussenenne n MHOXH-
Tesiefi, paBHBIX o, HasbiBaeTcsi n-f creneHbio IpeobpazoBaHusa of
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H cOo3Hauaercsl o#". JleficTBHS CO cTeNeHSMH NMOAUHHSIOTCA OOBIUHBIM

npaBHaaM
A Mo A " == @/fmm (1)
(ot o= o, (2

FIOKA3aTeJbCTBO KOTOPHIX OUeBHIHO.
Ecau npousBefenue ABYX npeo6pasoBaHHu o, Jo HE 3aBHCHT

OT II0OpAfKAa COMHOXHTeNeH, TO o, <0 HasbBAOTCS nepecran06oy-

HotMu Wi Kommymupyrouumu. Popmyaa (1) nokaseiBaer, 4To crie-

NneHu 00R020 U Mo2o Xe npeod pasosanis nepechtanosodirsr mexcdy cobol.
Ecan npecbpasosanus e#, <% NepecTaHOBOUHbI, TO

(A PBY = 0 # B AR == oA ABR == oA T
(A B == 0" TB", ()

Eciu ke o u <% ne nepecraHoBouHBl, To opmy.na (3) MOKeT OKa-
3aTbCsl HEBEpHOH.

7.2. EpuHuuynoe u oGparHoe mnpeoOpasosanus. Cpeld Bcex Ipe-
o0pa3oBaHUH MHOXKecTBa IN ocofoe MecTo saHHMaeT ipeo0pasoBaHiue,
CTaBsAliee B COOTBETCTBHE KaKAOMY 3JIEMEHTY 1 3TOIO0 MHOXECTEa
TOT Ke caMbli 3JeMeHT M. 370 npeoOpa3oBaHHE HOCHT HasBaHLe
e0uHu H020 NN moxcoecmserHozo U 6yleT HaMu 0603HadaTbCs yepes .
Takum oGpasoMm, js Joboro m

U BoodIe

mp=m.

IlycTh o# — npousBosbHoe npecbpasosaHue mHoKecTBa M. Tak Kak

PPV o .4 WY IV L S . 4
Mot )—\Hp) e —HieT,

TO
Bot == of B =cf.

Ecnu ana npeobpasoBaHus o MOXKHO HalTH Takoe mpeofpaso-

BaHHEe B, UTO

10 ¢ HasbiBaercs oﬁpamnbm 0 OTHOLIEHHIO K o#, a8 caMo e# Hasbl-
BAeTCH Uupa“mujribtm. Jlerko BUJeTh, UTO Kajcdoe uupunmm()é f‘LﬁéOu-
pasosanue umeerm moabKo 00HO oOpamwuoe, eHCTBUTENBHO, €ClaH orf

nMeerT jgBa oOpaTHblx npeobpasoBanust B, &, To, YMHOXas COOTHO-

iedgue

i

cleBa Ha <8 W TNOMB3YACh paseHCTBaMH (4) M acCOUHATHBHOCTBIO
YMHOXKeHUS NpeoDpasoBanuil, no.nquM 8% =cBY, Wil & =7,



n 1192
D 1 I

wh
os. |
-
i3
C
!
L
Le
W
<
o
e

[TpecGpasoBanue, oOpaTHoe IO OTHOLIEHHI0O K o7, 0003Ha-
yaercsl o7 !. CooTHOWeHHS (4) CHMMETPHYHBI OTHOCHTEJBHO of, o,
N03TOMY, ecan <8 o0paTHO MO OTHOLIEHHIO K o#, TO o# 06pa1Ho
no oruowenuo K <, 1. e.

+

(2N = o, (5)

[Tonoxum mo onpejeneHuro
A =8, A =(2AY" (n=1, 2, 3,..).

Ha (4), (5) nerko caexyer, urto ¢opmyast (1), (2) roansl He TOJILKO
LSS LEeJIbIX  FOJIOKHTE/JBHBIX II0KasaTedeli, HO M JJs BCeX LeJblx
noxKasatesei. B udacrtHOCTH,

(4 == (oY = ot

Janee, cooTHOLIEHUC

AR T N1 =§
NOKa3bIBaeT, 4TO

(e ) V== 1ot L,

7.3. Paau OIHO2HAUHLIE nnpnﬁnaqgnauua He Beg

ullul.sv NFpA LRSS FAIRA L AR AR L s LR AT AE . A Av A1

pazoBanHe obpartumc. Crepyiollas TecpeMa YKasblBaeT HarJsIHbiH
npu3HaK oGpaTHMBIX NpecOpa3oBaHuil.

Teopewma. [laa moeo umobs: npeobpasosarnue o# MHoxcecmsa I
66110 o6 pamumsin, HeodXo0UMO 1 DOCMAMOMHO, 1mobsL o ObiAD 83QUMHO
0OHO3KRauHbIM 000 paxceruem MHoxcecmnsa M Ha cebia, m. e. 4nobst
Kaxcobiti aaemenm us M umen 8 I npoobpas u 4imoGoL PABAUYHbLE

YLIPIO N i AT ATIL D

AND ORI 112 N monoanAi stirk 1 no N0
£ puuuownucm @t 8 pPUASAUYUH bie

AL LI LUL (2 2% e i LC’JUUUUW/H&DU L bf./
SAeMEHITBL.

HokaxeM cHadasga HeoOxoxumocTb, [lycTb o# wumeer obpaTHOe
npeoGpasoBanue <%, Tak 4TO

AR == Bk = .

Bosbmem B 9 npou3BOJIbHBIE 3JEMEHT /M, W NMyCTh meB=n. YMio-

wTr Oy MAMYYATIIATITTY AR rAYr ey o7 TR S TEYIETTIR O

Mman JlU LOUIHULL[CHYIC Ha [Erg A H SDaANCTIlinand e A "ICPCJ (9, llUJIJ"‘lYlJVl
m=ne#, T.e. KaXIpll 37eMeHT m u3 IN saBasercs ofpa3oM HEKO-
Toporo sjeMenTta n U3 M. C npyro#i CTOpPOHBI, €cJH JBa 3JeMeHTa m,,
my nepeBOASTCS npecbpasoBaHHEM o# B OAHH H TOT XK€ 3JEMEHT

My = Mgo#,

TO, YMHOXas 3TO COOTHOWIeHHE Ha <B, MOJAYYHM 1y ==ms. Ciejoba-
TeJbHO, KaxJplH a/7eMeHT U3 It umeer B Ui TOJNIBKO OAHH npoobpas.
JokaxeM Tenepb AOCTATOYHOCTB yCA0OBHH. COryiacHO YCJIOBHAM AT
KaxJ0ro ajeMeHra m B MHOXecTBe )1 HaljeTcs oiuH W TUNBKO OJHH

3JIeMeHT n, AJS1 KOTOpPOro
ne# =m,. (6)
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O6o3nauuM NpeoGpa3oBaHue, nepepojsiuee m B n, depe3 <F. Takum
o0pasoM, h .
mﬂ? = n. (7)

Ymuoxkas (7) Ha o# H MOJb3YysCh paBeHcTBOM (6), MOAy4YHM
m (Bt ) = net =m.

Tax Kak m — MPOU3BOJIBHBIN 3JeMEeHT, TO oTciopa Bof =§. Anua-
JoruunsiM obpasoM, ymHoxas (6) Ha <% B nodbsysice (7), NOJAY4HM
oA I =§. CnenoparesbHO, < eCTb HCKOMOe ofpaTHoe npeolpaso-
BaHHe.

7.4. Noacranosku, IIpeobpa3oBaHusi KOHEUHBIX MHOKeCTB OObIUHO
3a7al0T [OCPeACTBOM TabJaul, Y KOTGPbIX B II€PBGH CTpPOKe MHUIIYT
B KaKOM-HHOYIp nopsiike o0O3HAauYeHHs 3JeMEHTOB 3aJaHHOIO0 MHO-
’KEeCTBa, a IOA HUMH — ODO3HAUYEHUS COOMBEMCHIBYIOULULX UM DJIeMeH-

toB. Hanpuwmep,
. (1 2 3
3 1 2

ecTb npeobpasoBanue MHOKecTBa yuces 1, 2, 3, npu kotopom 1 ne-

pexoauT B o, 2 B 1, 3 B 2 HJM, HOJMb3YSACh YCTAHOBJEHHLIMH BbiLIe
0603HaueHUIMH,

O6paTtumble npecOpa30BaHHA KOHEYHbIX MHOMKECTB Ha3bIBAKOTCS
nodcmanoskamy. HTcbbl npeobpasoBaHHe, 3anHCaHHOC TabJHIle..,
OBLJIO NOACTAHOBKOH, HEOOXOAUMO H JOCTATOUHO, 4YTOObI HE TOJBKO
B BepXHeH CTPOKe, HO UM B HH:KHeH HAaXOJH/JIHUCh OOO3HAUEHUS BCeX
3/IEMEHTOB MHOXKECTBA, NIPHUYEM KaKablll 3JeMeHT JOJIKEeH BCTPeuarhbCsi
ToIbKO pa3. Ilna 3anucu o6GpaTHOH [OACTAHOBKH ¢ ' JOCTaTOYHO,
O4YeBHJAHO, B Tabjuue [J8 © HHXKHIOIO CTPOKY CclesaThb BepxHef,
a BEPXHIOK — HUXKHEH.

[Tyete F(xy, ..., X,)—Kakas-1H60 (QYHKIHMS OT NepeMEeHHBIX
X1, ---y Xp, @ ©-— [IOACTAHOBKA uwuces 1, ..., n. Pesyapratom mnojg-
CTAHOBKH ©, IPOU3BEIEHHGH HAZ mNepeMeHHbIMH Xi, ..., X, B (PyHK-

IIHH F, 10 OIpene/CHHI0 Ha3biBA€TCs BbIPA2KCHHE
Fc:F(xl:n Tty xn:)-

M3 sroro onpejeneHHUst HeNOCPEACTBEHHO CJelyeT, YTOo JJS JHOOBIX
NOACTA