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Introduction

The original source of information is [I]. This text does not claim to have any official authority
or originality.

1 Propositional Logic

1.1 Conjunction

Applicable rules:



P q . PAgq PAgq
—— [A—intro] —— [A—eliml] —— [A—elim2]
PAg D q

These three rules say that:

1. From T = p and T |= ¢ follows also that T' = p A q.
2. From T |= p A ¢ follows also that T |= p.
3. From T |= p A q follows also that T |= q.

Example 1 The fact that conjunction commutes

PAg
—— [A—comm]
URAY 2

can be proved in Z. The set of the assumptions has one item and that item is proposition p A g.
We want to prove proposition ¢ A p. Thus, we start with something like this:

pAq
qNp

We see that we know what assumptions can be used and to what conclusion we want to go. We
have to have to make one step toward the complete prooftredﬂ It is natural and obvious that we
have to introduce the bottom conjunction.

pAg PG

p .
[A—intro]
qgAp

Now we have to prove two propositions: ¢ and p. To do that, we can use any proposition from
the set of assumptions (in this case that set has only one element: p A g. This fact is also visible
in the incomplete prooftree above.

It is also obvious how we should proceed. We are able to prove ¢ directly from p A g.

PAg p/_\q
—— [A—elim2]
q

b .
[A—intro]
qnp
1To be able to find the sequence of such steps is part of the ars inviendi [2]. This skill/gift has nothing to do
with any of the formal logical systems. It is more or less inherent to us all.




The same can be done with p.

PAgQ PAQ

—— [A—elim2] —— [A—elim1]

q p .
[A—intro]

qNDp

Another prooftree completed purely from the given three rules related to conjunction can be
found in Example [I0]

Example 2 It is possible to prove that conjunction is an idempotent operation

p
—— [A—idempot]
PAD
The proof-tree is of | direction is:
p p .
—— [A—intro]
PADP
The proof-tree of T direction is:
PAD
—— [A—eliml]
p
1.2 Disjunction
Applicable rules:
[4] (4]
P q Pl [q]
—— [V—introl] —— [V—intro2] pVa r r _
pVyq pVq [V —elim[]

These three rules say that:



1. From T = p follows also that T = p V q.
2. From T = q follows also that T = p V q.
3. From T =pVgand T,p = r and T,q = r follows also that T = r.

Example 3 The fact that disjunction commutes

pVyq
—— [V—comm]
qVp

can be proved as follows

[1] (1]
@ [V—intro2] i [V—introl]

pVvVyq qVvp qVvp

[\/—elim[l]]
qgVvVp

Example [11| contains a prooftree which does not employ different rules but those introduced at
the beginning of this section.

Example 4 It is possible to prove that disjunction is an idempotent operation:

L

[V —idempot)
pVp
The proof-tree of the | direction:
p
—— [V —introl]
pVDp

The proof-tree of the T direction:

pvp [pIM [p)P
p

[V —elim™]



1.3 Implication

Applicable rules:

p p=q [p] 1
———— [= —elim] q )
q [= —introll]
p=4q

These two rules say that:

1. From T' = p and T |= p = ¢ follows also that T |~ q.
2. From T, p |= q follows also that T' = p = q.

Example 5 We can replace a conjunction of antecedents in an implication by separate an-
tecedents: (p Aq = r) = (p = (¢ = 7)). To see how this can be established, consider the
incomplete proof tree:

(PAg=1)= (= (g=7)

[pAg=r
= (¢g=>r
idndClndy [= —introl!]]
(phg=r1)= @@= (g=r))
pAg= ]
[p]™
=7
% [= —introl?]
= (¢g=r
b= [= —introl!]]

(pAg=r1)= (= (g=1))




r
[= —introl?l]

q=r
ﬁ [= —introl?]
p=(qg=r

[= —introl!]]

(pAhg=r1)= (= (¢=71))

P (2]
[q]"
pAq [prg=r" :
[= —elim]
[= —introl?l]
q=r
ﬁ [:> —intI‘O[Q]]
p=(g=r
[= —introl!]]

(pAhg=r)=(p=(¢g=71))

(2] [3]
b q
7] 4] [A—intro] o
pPAg [pAg=r] :
—elim
[= —elim]
,
[= —introl?l]
q=r
—— [= —introl]
p = (q = 7") . [1]
[= —introl!]
prg=r1)={@=(¢=r))
1.4 Equivalence
Applicable rules are:
p=q q=p p<=q p<=yq
—— [& —intro] —— [© —eliml] —— [© —elim2]
P<=4q pP=4q q=7p



These three rules say that:

1. From T =p = qand T = ¢ = p follows also that T = p & ¢.
2. From T |= p & ¢ follows also that T = p = q.

3. From T |= p & ¢ follows also that T = ¢ = p.

Example 6 If p is stronger than ¢, then p A ¢ have the same strength. Le.

p=4q

—— [subsume]
PGP

It can be proved as follows:
pP=4q

PAGSDp

p=4q p=4q

PAG=4q pépAq[

< —intro]
PAg=D
p=4q p=4q
[p A g [p]?
A
N — [= —introl!]] _PRg [= —introl?]]
PANG=4q p=pNg ,
P [ —intro]

Note that the sets of the original assumptions was enriched differently above the sub-goals ¢ and
PAg.




p=4q

(1]
A
|—p .q—l p=q
. [p]"
p p=4q . :
[= —elim] :
q
— = introl] PR o)
PANG=q p=pPNg .
iy [ —intro]
[pnq™ (e
—— [A—elim]] [p]
p p=4q . :
[= —elim] :
q : A
———— [= —introl!]] _PRg [= —introl?!]
PANG=q p=DpNgq .
Py [ —intro]
p :>[ ? p=4q
p1® [p]®
'p A gq]" ‘ :
Ipnal™” [A—elim1] : :
p p=q .
p [= —elim] P . 1 [A—intro]
, pAq
———— [= —introlY] ——— [= —introl?]
PAg=q p=pAgq .
i [« —intro]
At
2
'pAg]™ m‘
—— [A—eliml] 2 :
p p=4q .
p [= —elim] WT(] [A—intro]
. pPAg
———— [= —introl] ———— [= —introl?]]
PAG=q p=pNq .
Py [« —intro]




1] 2
DAg (2]
! [A—elim1] M [= —elim]
p p=q , p]®
. [= —elim] - [A—intro]
= introlt] PR L o)
PAG=q pP=DpPA¢q
[« —intro]
PANGg<=Dp



1.5 Negation

Applicable rules are:

[p] 1 p —p [ lim] [—p] g
l . ——elim l i
false [——introl] false _false [false—elimll]

These rules say that:

1. From T, p = L follows also that T = —p.
2. From T |= p and T |= —p follows also that T |= L.
3. From T, -p |= L follows also that T = p.

Example 7 The following inference rule:

2 [—\—\ —elim]
p
can be proved as follows: | direction
————— [~—elim]
false
[false—elim!]
p
and: T direction
p [-"
———— [~—elim]
false
[~ —introl!]
—\—\p

Example 8 One of the de Morgan Laws states that the negation of a disjunction is the con-
junction of negations:

~(pVaq)

[deMorganl]

10



It can be proved as follows: | direction

[p)t [q1™

—— [V—introl] —— [V—intro2]
pVaq =(pVq) A —(pVq) ,
Tal [-—elim] Fal [-—elim]
alse alse
[-—introl] [-—introl?]
-p -q .
[A—intro]
—p A g

and T direction:

[~=(p A g)]™

[-——elim]
—pA g PAg
[A—elim1] — [A—elim1]
[-—elim]
false
———— [false—elim!!]]
~(p A q)
The T direction could be alternatively proved also as:
[ g1 .
———— [ —clim]
“pA g PAq
[A—elim2] —— [A—elim2]
[~—elim]
false

—— [false—elim!]
=(pArq)

Example 9 One of the de Morgan Laws states that the negation of a conjunction is the dis-
junction of negations:

=(pAq)
—pV g

[deMorgan2]

It can be proved as follows: | direction

11



[~(=pV ~¢)™

[~(=pV ~¢)]™

[deMorgan1] [deMorgan1]
—— [A—eliml1] —— [A—elim?2]
e [ﬁﬁ—ellm] fr— [ﬁ‘!—ellm]
p q .
[A—intro]
pPAg ~(pAq) :
Talse [-—elim]
[false—elim!!]
and T direction
(1] 1]
PAq PAq
[ 1 [A—elim1] ! [A—elim2]
[-p]" [—q]™
[-—elim] [-—elim]
—pV g false false
[V —elim[?]]
false
—— [~ —intro[!]
—(pAq)
Example 10 The fact that conjunction is associative:
pPANQ)NT
77( ) [A—assoc]
pA(gAT)
can be showed as follows: | direction
ANg)NAr
( ) —(p 7 [A—elim1] ( )
PAG)AT pAq pAg)NT
—— [A—eliml1] —— [A—elim2] ——— [A—elim?2]
PAgq q r
—— [A—eliml] [A—intro]
p qgnNT
[A—intro]
pA(gAT)

and T direction:

12



pA(gAT)

[A—elim?2]
ANgAT AT ANgNAT
M [A—elim1] 1 [A—elim1] M [A—elim2]
D q . gnT .
[A—intro] [A—elim2]
IpAgq r
[A—intro]
(pAg) AT

Example 11 The fact that disjunction is associative:

(pvqgVvr

———— [V —assoc]
pV(gVr)

13
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Example 12 Tertia non datur:

pV
can be proved simply as:
[ (1
% [deMOrganl] % [deMOrganl]
PR [A—elim1] PR [A—elim2]
False [-—elim]

[false—elim[]

pVp

Here we show proofs of some of the propositions in [?] on page 19, exercise 1.1

Example 13 Exercise 19/7 in [?]. This:

alNa<a

can be proved as:
(1] (2] [2]
ala a a
! [A—elim1] & [A—intro]
a ala
o introlt) _ORY L ntrol?)
alNa=a a=ala
[ —intro]
alNa<a
Example 14 Exercise 19/8 in [?]. This:
aVasa

can be proved as:

15



1] (2] (2] (3]
aVa a a a
[ ] [a] [a] [V —elim!] [a] [V—introl]
a aVa
——— [= —introl] ——— [= —introl¥]
aVa=a a=aVa
[ —intro]
aVa<sa
Example 15 Exercise 19/18 in [?]. This:
aV(anb) sa
can be proved as:
[anp)®
fav (@nd? [l el ]
[V —elim!?] —— [V—introl]
a aV(aAbd)
S S —G _eVIeAD) L trol)
aV(aAb)=a a=aV(aNDd)
[< —intro]
aV(anb) S a
Example 16 Exercise 20/19 in [?]. This:
an(aVh) < a
can be proved as:
an(avb)]M
Len@VOT gy
a
— [= —introl!]]
anh(aVd)=a a=aA(aVb)
[« —intro]

aN(aVd)&a

Example 17 Exercise 20/20 in [?]. This:

16



(a=b) < (—aVb)
can be proved as:

o] [~a)”

False [-—elim]

[false—elim!®]

—a v o] b]"!
il b T (v —etim®)
; [= —introl*])
a=
[= —introl?]
[~(-a v —)]*
pr——————————— deMOI‘ anl
[~ (=a v —b)] ey LdeMorsand]
———————— [deMorganl] —— [A—elim2]
——a A b [ lim1)
—— [A—elim
= [-——elim :
a [a = b] g :
; [= —elim] = [A—elim2]
——elim
false [ ]
; [false—elim!?]
ey [= —introl!]] [= —introl?]]
(a=b) = (—aVb) (maVb)= (a=0)
[ —intro]

(a=b) < (—aVb)

2 Predicate Logic

2.1 Substitution

By substitution we mean replacing all free occurrences of a given substitutee (some variable) by
a given substituent (some term). There are certain rules we must obey when doing substitution.

We can give equivalences to explain the effect of substitution into quantified expressions. In the
simplest case, the variable being substituted for has the same name as the one being quantified:
(Vz:aep)it/x] < (Vx:aep)
(Fz:aep)it/z] < (Br:aep)

17



Substitution affects only free occurrences of a given variable. All occurrences of the = variable
above are bound.
Example 18 Consider the predicate:
Jp : Person e =(p LooksLike o)
Substitution of the term m instead of all free occurrences of p results in
Jp : Person e =(p LooksLike o)
I.e. the predicate will be unchanged because the variable being replaced is the one which is being

quantified.

If the quantifier is binding some variable other than x, then the substitution will have more of
an effect. If y is not free (it does not occur as free variable) in ¢, then then

(Vy:aep)it/z] & (Yy:aeplt/x])
(Fy:aep)lt/z] & (Jy:aep[t/z])

Example 19 Consider the predicate:
Jp : Person e —(p LooksLike o)
Substitution of the term m instead of all free occurrences of o results in
Jp : Person e =(p LooksLike m)
The predicate changed in a desired way.
If y is free (occurs as free variable) in ¢, then we choose a fresh variable z, different from x and
not appearing in t:

(Vy:aep)lt/az] & (Vz:aeplz/yllt/x])
Gy:aep)t/z] & (Cy:aeplz/ylt/x])

By using z instead of y for the name of the quantified variable, we have avoided any possibility
of unintentional variable capture (of the originally free variables occurring in t).
Example 20 Consider the predicate:
Jp : Person e —(p LooksLike o)
Substitution of the term p instead of all free occurrences of o cannot be done as:

Jp : Person e —(p LooksLike p)

18



because originally free variable p becomes captured and thus it would change the original meaning
of the predicate in an undesired way.

The rule above says that since p (quantified variable) occurs free in p (substituent) we have first
to change the quantified variable p to some fresh variable (say z) and then substitute a given
substituent instead of a given substitutee. Thus, we get:

3z : Person e =(z LooksLike p)

If the major operator in an expression is not a quantifier, then the effect of substitution is easy
to explain:

(-p)[t/x] & -plt/a]
(pAQlt/x] < plt/x]Aqlt/ ]
(pVvalt/z] < plt/x]Vqlt/x]
p=qlt/z] < plt/z]=qlt/x]
(pelt/z] < plt/z] gt/

2.2 Universal Introduction and Elimination

In general, the truth-table technique for giving meaning to connectives and reasoning about them
is useless for the quantifiers, since the sets that bound variables may range over are simply too
large. However, we may build upon the natural deduction system of the previous chapter by
adding rules to introduce and eliminate quantifiers.

If we view universal quantification as a generalized conjunction, then we should be able to
generalize the rules for conjunction to get the rules for the universal quantifier. Consider first
the introduction rule. In order to prove p A ¢, one needs to prove both p and ¢. In order to prove
Vz : a e g, one must prove that p is true for each value in a. This doesn’t sound terribly hopeful,
as it might involve an infinite number of premises, and therefore an infinite number of proofs.

A better approach might be to prove that p holds for an arbitrary member of a: if we make no
assumptions whatsoever about which member of a we choose in order to prove p, then our proof
generalizes to all members.

[z € a] g
p

S J V()
Vr:aep

This rule is applicable only if = is not free (does not occur as free variable) in the
assumptions of p. If z appeared free in any of the assumptions used to prove p, that could
enable us to prove p under these constraints even though p does not hold for any value taken
from a. Only with the above additional requirement can be the above rule correct. In other
words:

19



e From T,z € a |= p follows also that T |=Va : a e p.

From conjunction, one may conclude either of the conjuncts; by analogy, from a universally
quantified predicate, one may conclude that the predicate holds for any value in the range.
Suppose that we have the universally quantified predicate Vx : a e p, and that the expression ¢
denotes a value from a; then p must be true of ¢.

tea Vr:aep

V—elim
plt/ z] | |

In other words:
e From T =z €aand T =V : aep follows also that T = p[t / z]
A special case of the last rule takes t as x:

r€a Vr:aep

[V—elim)]
p

Example 21 The universal quantifier distributes through conjunction. We will prove this in
the one direction only.

weal® [voiaepnq® WP CLL) ¥ Vo aepng! Y~ elim]
DAg _ PAq .
—— [A—eliml] —— [A—elim2]
L [V —introl?] 1 [V —introl*!]
Vr:aep Vr:aeq
[A—intro]

(Vz:aep)A(Vx:aeq)

[= —introl!]]
(Vex:aepAq)= ((Vx:aep)A(Vx:aeq))

2.3 Existential Introduction and Elimination

To introduce an existential quantifier, we must show that a suitable expression t exists: we must
provide an example.

20



tca plt/x
¢[Hfintro]
dr:aep

In other words:
e From T =t € a and T | p[t / z] follows also that T =3z : a e p.

Elimination of the existential quantifier is a more difficult affair. The predicate Jx : a e s states
that there is some object x in a for which s is true. If  appears free in p then simply removing
the quantifier leaves us with an unjustified statement about a free variable z. We cannot, in
general, conclude p from Jx : a e p. To use the information contained in p, we must complete
any reasoning that involves x before eliminating the quantifier.

Suppose that we assume only that x € a and that p holds of z. If we are then able to derive a
predicate r that does not involve x, and we know that there is some z in a for which p is true,
then we may safely conclude r.

[a:éa/\pw]
r

Jx:aep

[3—elim ]
In other words:

e From T =3z :aepand T,z € a,p |= r follows also that T |= r.

This rule is applicable only if = is not free in the assumptions, and z is not free
in r. It is important that nothing is assumed about x during the derivation of r, apart from the
explicit assumptions: z € a and p.

Example 22 The rule:

—(dx:aep
; [deMOrgang]
Vr:ae—p

can be proved as follows:

21



[z eal™ [p?

[3—intro]
Az :aep —(3x:aep) )
false [ elim]
[~ —introl?]]
—|p . 1
— [V—introl!]
Vr:ae—p
Example 23 The fact that:

—(Vx:aep

; [deMOrgan4]

dx:ae-p

can be proved as follows:
3z :ae-p)]H
% [deMorgan?)] 2]
Yz :ae——p [ € a]
[V —elim]
—|—\p
= [~ —elim]
p
— [V—introl?]
r:aep “(Vz:aep
v (V:aep)
false [~ elim]
S [false—elim[]
Tr:.aep

2.4 Couples as bound variables

Here we introduce (for some occasions convenient) possibility to use couples as variables bound
by quantifier or by set comprehension.

Suppose that p(z,y) and g(x,y) are predicates with free variables z and y. Then:

V(z,y): Aep(z,y) = Vc:Aep(cl,c2)

V(z,y): A | p(z,y)eq(z,y) = Ve:A|p(el, c2)eq(cl,c2)
Az,y): Aep(z,y) = Fc:Aep(cl,c2)

x,y): Al plz,y)eq(z,y) = Fc: Al plel,c.2)eq(cl,c2)

22



3 Sets

All the necessary rules are given in [I]. We will not repeat them here.

Additional abbreviations:

Rproji == {r:Rer.i}
R™' == {c:(Rproj2) x (Rproj1) | (c.2,c.1) € R}

Example 24 It is possible to prove that union is an idempotent operation:

AUA:—A [U—idempot)
as follows:
[z e AU A [z e A1
—— [union] —— [\/7ldemp0t]
reAvxe A reAvVaxe A
reA re AUA
[V —introl] [V —introl?]
Ve: AUAezx e A Vm:oneAUA[ ]
A—intro
Ve: AUAexc A)N(Vx: Aexc AUA)
AUA=4 fext]

Example 25 It is possible to prove that intersection is an idempotent operation:

AﬂA:—A [N—idempot)
as follows:
[z e An A [z e A2
reANxzeA reANz e A
e —— [/\—]dempot] —— [union]
re A reEANA
[V—introl] [V —introl?!]
Ve:ANAexc A Vw:oneAﬁA[ . ]
A —1ntro
Ve:ANAexc A)N(Vx: Aoz e ANA)
AUA=14 fext]

23



Example 26 It is possible to prove that intersection is a commutative operation

————  [N—comm]
ANB=BnNA

as follows

[z e BN AWM [z eAnB]¥?
— [inter] — [inter]
SCGB/\ZEGA[/\ | xEA/\:z:GB[/\ ]
—— —comim —_— —comm
xeA/\xeB['t] xEBAxEA['t]
—_——————— |1nter ——————— [1Nnter

reBNA reANB

[V —introl] [V —introl?]

Vr:ANBex e BNA Vr:BNAexc ANB

(Mx:ANBexe BNA)A(Vz:BNAexec AN B)
ANB=BnNA

[A—intro]

[ext]

Example 27 It is possible to prove that union is a commutative operation

—— [U—comm]
AUB=BUA
as follows:
[z e AuBY [z e BU A
meA\/xeB[\/ | xeB\/xeA[v |
S — —comim —_— —comim
xeB\/xeA[ - :EGA\/:L‘GB[ on)
—_————————————— |union —l100(0) 1]
reBUA re€AUB
[V —introl] [V —introl?]

Vr: AUBex e BUA Vr:BUAexec AUB

(Vz:AUBex e BUA)A(Vz: BUAexz € AUB)
AUB=BUA

[A—intro]

[ext]

Example 28 Its possible to prove

24



re A ACB

[subset-mem]

r€B
as follows:
ACB
————— [subset]
zeA Vy: Aeye B
[V—elim]
reB
Example 29 It is possible to prove
plt/x
% | [ intro] 1 [. elim]
p[(t.1,¢.2)/x]
as follows:
—— |eqg-ref —— [eqg-ref
t.lzt.l[q ] t.Qt.Q{q ] ]
cart-proj
t:(t.l,t.Q)[ | prel
——— |eg-sym
(t162)—t oY plt/2]
[eq-sub]
p[(t.1,t.2) /]
Example 30 Its possible to prove
——— [id-sub-cart)
idACAxA

as follows:
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[y e AP [ye AP

[cart-mem]

[z € id A abbrey] (y,y) € Ax A [(y,y) =217 leq-sub]
zey:Ae(y,y) r€EAXA 4
[compre] [cart-mem]
Jy:Ae(y,y) == zleANz2€ A 1)
xleAnx2e A (3~ elim ]
: : A—elim
rleA r2e€A [ ]
[cart-mem]
(z.1,z.2) e Ax A
e [dot-elim]
x € AX
[V —introl]
Ve:idAex e Ax A
[subset)
idACAXA
Example 31 It is possible to prove:
[id-proj1]

(idA)projl = A

as follows:
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[eq-ref]
[y e A" Tyea® y=y
- [cart-mem] _
(y,y) €id A y=(y,y).1
Jr:idAey=uz.1
ye{r:idAex.1}

Vy: Aeye{r:idAex.1}

[3—intro]

[compre]

[V —introll]

reidA :
——— [dot-intro] . —————— [id-sub-cart]
(z.1,2.2) €id A " idACAxA

(x.1,2.2) e Ax A
= [cart-mem]
rleAnz2€ A

= [A—eliml
[y € {x: idAo:c.l}][l] [y:a:.l][z] zrleA - | ]
S n [compre] 1 [eq-sub]
HA oy =1 € :
y Y [3—elim[?]

[subset-mem]

yeA :
[V —introl!l] .
Vy:{z:idAex.l}eyec A Vy:Aeye{zr:idAex.l1}

Vy:{zr:idAexl}eyc A)N(Vy: Aeyc{x:idAex.1})
{z:idAezl1}=A
(idA)projl = A

[A—intro]

ext]

[abbrev]

Example 32 It is possible to prove:

id-proj2
(id A) proj 2 :A[ projZ]

analogously as we proved the previous predicate.

Example 33 It is possible to prove that

=y reA
(z,y) €id A

[id-eql]

as follows:
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[eq-ref]

r=y (Y =(zy fequsub]
e A (z,y) = (z,2)
[3—intro]
Jz:Ae(z,y) = (22)
[compre]
(x,y) €{z: Ae(z,2)}
[abbrev]
(x,y) €id A
and the reverse direction:
[(29) = (2, 2"
P — [cart-eq]
—— [A—elim,eq-trans] o
x =z [z € A] : b
eq-su
reA a
() = (2, 2"
[cart-eq]
(z,y) €id A r=zANy=z
[abbrev] ——— [A—elim,eq-sym,eq-trans]
(z,y) €{z: Ao (z,2)} x=y xeA
[compre] [A—intro]
Jz:Ae(z,y) = (2,2) r=yANrz €A
1 [3—elim!!]
r=yNxe€

Example 34 Analogously as in the previous example, we are able to prove that:

T=y yeA

[id-eq2]

Example 35 It is possible to prove:

(z,y) €id A

id-rev
(y,x) €id A : |

as follows:
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(z,y) €id A (z,y)€id A

x—y/\xeA[id_qu] ac—y/\acEA[id_eql]
——— [A—eliml]] ——— [A—eliml] .
T=y T=y (z,y) €idA
[eq-ref] - [eq-sub]
y=2x (x,x)€1dA[ b
eq-su
(y,x) €id A b

3.1 Couples as bound variables

For convenience, we can define similar abbreviation for using couples instead of single identifier
as we did in Section 2.4

Suppose that p and ¢ are predicates with free variables x and y.

{(xy): Alp} = {c:Alplel/z,c2/yl}
{(z,y): Aeqt = {c:Aeglcl/z,c2/y]}
{(z,y): A|peqt = {c:A|plcl/z,c2/y]eq[cl/x,c2/y]}
4 Numbers

The following rules (taken from [2] §4.1]) are related to numbers.

T=y z#0
7 —[Q2]
S(x) = S(y) o S(a) # 0 Jz:Nex=S5(x) @3
5
PR cr s =sein Y zo=o
Q7 x <y <y
SE.S(y)zz.y—i—x[ ] EIv:]Nov—l—x:y[QS] Elv:]NoS(v)+:c:y[Q9]

The above rules (more or less) form so called Robinson’s arithmetic. The Peano arithmetic
contains an additional rule (actually a schema representing infinite number of rules—one for
each predicate P.)
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The more general form of the above inference rule schema could be (if predicate contains also
some other free variables y = y1,...,y, besides x) as follows:

= = [Ind]
P(z,y)
It is quite easy to prove that
TF#y
——qb
s@Zsw "
The proof of | direction:
S(z) = S(y)|™
[S(z) =5(y)] QI
T=y 7Y ,
[~—elim]
false )
m [ﬁ—lntro[l]]
(—y [abbrev]
S(z) # 5(y)
The proof of T direction:
_ 1
Tr=9l oy
SW=5w  S@#SW o
— [-—introlt)
~@=v) [abbrev]
TFY

Example 36 The proof-tree of the formula 0 + y = y + 0 looks as follows:
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m+y=y+mm

0TS S0t O OS50+ ) S0 =S O
S0+p=0+Sw 0-+5(y) =Sy +0) N
[eq-sub]
0+0=0[Q4] 0+0=0[Q4] .
[eq-sub] [eq-sub]
0+0=04+0 S(0+y):S<y+0)[lnd]
O+y=y+0
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